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Abstract
Recently, developments in the understanding of low-energy N = 1 supersymmetric gauge
theory have revealed two important phenomena: the appearance of new four-dimensional
superconformal field theories and a non-Abelian generalization of electric-magnetic duality
at the IR fixed point. This report is a pedagogical introduction to these phenomena. After
presenting some necessary background material, a detailed introduction to the low-energy
non-perturbative dynamics of N = 1 supersymmetric SU(Nc) QCD is given. The emergence
of new four-dimensional superconformal field theories and non-Abelian duality is explained.
New non-perturbative phenomena in supersymmetric SO(Nc) and Sp(Nc = 2nc) gauge theo-
ries, such as the two inequivalent branches, oblique confinement and electric-magnetic-dyonic
triality, are presented. Finally, some new features of these four-dimensional superconformal
field theories are exhibited: the universal operator product expansion, evidence for a pos-
sible c-theorem in four dimensions and the critical behaviour of anomalous currents. The
concluding remarks contain a brief history of electric-magnetic duality and a discussion on
the possible applications of duality to ordinary QCD.
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1 Introduction
During the past several years there has been a great progress in understanding the non-perturbative
dynamics of supersymmetric gauge theories. The breakthrough has been made in two aspects.
One is in N = 2 supersymmetric gauge theories pioneered by Seiberg and Witten [1, 2]. Based
on the low energy effective action obtained by Seiberg earlier from the non-perturbative β func-
tion analysis [3], which has now been verified up to at most two derivatives and not more than
four-fermion coupling by various calculation methods [4, 5, 6], Seiberg and Witten found that
in the Coulomb phase N = 2 supersymmetric Yang-Mills theory can admit a self-dual electric-
magnetic duality. This kind of duality was originally proposed by Montonen and Olive [7] and
previously it was believed that it could only exist in an N = 4 supersymmetric Yang-Mills theory
[8]. Furthermore, with this duality Seiberg and Witten explicitly showed that the confinement
mechanism is indeed provided by the condensation of magnetic monopoles and justified in su-
persymmetric gauge theory the original conjecture by ’t Hooft and Mandelstam [9, 10]. In the
presence of N = 2 matter multiplets, they also showed that the chiral symmetry breaking is
driven by the condensation of magnetic monopoles.
Another direction in which progress has been made is N = 1 supersymmetric gauge theory,
mainly based on ideas by Seiberg. From an analysis of the quantum moduli space, a series
of exact results has been obtained in N = 1 supersymmetric gauge theory, and an almost
complete phase diagram of N = 1 supersymmetric gauge theory including the dynamical features
and the particle spectrum in each phase has been worked out [11, 12, 13, 14, 15, 16]. In
particular, Seiberg found that the electric-magnetic duality can also exist in the IR fix point
of N = 1 supersymmetric gauge theory, where the theory is described by an interacting four-
dimensional superconformal field theory. This report concentrates on these new four-dimensional
superconformal field theories and N = 1 duality.
It is not accidental that so many non-perturbative results can be obtained in supersymmetric
gauge theories. Supersymmetric quantum field theory is much more tractable than usual quan-
tum field theory. One of the most remarkable characteristics of supersymmetric gauge theory is
the non-renormalization theorem [17, 18, 19], which claims that an interaction vertex of a su-
persymmetric gauge theory is not spoiled by quantum corrections. If the theory is expressed in
superfield form, this immediately implies that the classical superpotential withstands quantum
corrections and thus remains holomorphic. This property imposes a very strict constraint on
the form of the interaction vertex at the quantum level.
In addition, there is another direct consequence of the non-renormalization theorem. Since
the vertex receives no quantum corrections, one can always define the vertex renormalization
constant to be one. Thus the renormalization of the coupling constants is only related to the wave
function renormalization constants. This means that the beta function of the theory depends
only on the anomalous dimensions of the fields. In supersymmetric gauge theory with gauge
group G and Nf species of matter field in the representation Ti (i = 1, 2, · · ·, Nf ), this fact is
quantitatively manifested in the NSVZ (Novikov-Shifman-Vainshtein-Zakharov) beta function
[20, 21]:
β(NSVZ)(g) = − g
3
16π2
3T (G)dimG−∑Nfi=1 T (Ri) [1− γi]
1− T (G)g2/(8π2) , (1.1)
where γi are the anomalous dimensions of the matter fields, and the group invariants T (G) and
3
T (R) are defined as follows:
TrR(T
aT b) = T (R)δab, T (G) = T (R = adjoint representation). (1.2)
The explicit form of this beta function provides a possibility to determine the non-trivial IR
fixed points. It should be emphasized that the NSVZ beta function (1.1) is a non-perturbative
result and is valid to all orders. Furthermore, recalling that there exists a direct connection
between the trace anomaly and the beta function, for example in a pure Yang-Mills theory [22],
θµµ =
β(g)
2g
FµνF
µν , (1.3)
one can see that at fixed points, the trace anomaly vanishes and hence conformal symmetry
emerges since θµµ is the measure of quantum conformal symmetry [23]. Therefore, an interacting
superconformal field theory can arise at the IR fixed point. The NSVZ beta function says that
for an asymptotically free supersymmetric gauge theory, such an IR fixed point must exist.
The origin of the non-renormalization theorem lies in the supersymmetry, which ensures
the cancellation of quantum fluctuations from the bosonic and fermionic modes, since in a
supersymmetric field theory the same number of bosonic and fermionic degrees of freedom
occur in a supermultiplet, and they contribute to a virtual process with the same amplitude
but with opposite sign. The basic building blocks of a quantum field theory are the Green
functions. As manifested in the Green functions supersymmetry, just like a usual local internal
symmetry, leads to relations between various Green functions, which take the form of Ward-
Takahashi (WT) identities. With the assumption that the supersymmetry is not spontaneously
broken, these WT identities impose strong constraints on the form of the Green functions. For
example, the chiral supersymmetric WT identities not only determine that the Green function
of the lowest component field in a chiral multiplet is space-time independent, but also, together
with the internal symmetries, renormalization group invariance and other physical requirements,
specify the explicit dependence of the Green functions on the parameters of the theory such as
masses and coupling constants [24, 25]. This is another important reason why supersymmetric
gauge theories are under better control.
The algebraic foundation of a supersymmetric field theory, superalgebra, is an extension
of the usual Poincare´ symmetry. It unifies some of the most fundamental conserved currents
such as the energy-momentum tensor, the supercurrent and the axial type R-current into a
supermultiplet. Consequently, the quantum anomalies of these currents should also fit into a
supermultiplet [26, 27]. Furthermore, there exists a new type of anomaly, which was originally
found in Ref. [28] and independently re-derived by Konishi [29]. This anomaly gives a connection
between the squark condensation and the gluino condensation. All these new features provide
possible ways to explore the non-perturbative aspects of a supersymmetric gauge theory.
The vacuum structure of a supersymmetric gauge theory and the relevant non-perturbative
dynamics have a rich physical content. Unbroken supersymmetry requires that there exists
at least one ground state with zero energy [30, 31]. In a four-dimensional supersymmetric
gauge theory there usually exists a continuous degeneracy of inequivalent ground states [32].
Classically, these ground states correspond to the flat directions of the scalar potential and thus
form a classical moduli space. Along these flat directions, some of the squarks can acquire
expectation values which break the gauge symmetry. As a consequence, some fields will acquire
masses due to the super-Higgs mechanism and the moduli space will be characterized by the
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light degrees of freedom. At the origin of the classical moduli space the gauge symmetry will
be restored fully. Quantum mechanically, a dynamically generated superpotential can arise
and dynamical supersymmetry breaking occurs. Consequently, the vacuum degeneracy will be
lifted [32]. Note that the non-renormalization theorem only refers to the perturbative quantum
correction and it does not pose any restriction on the non-perturbative quantum effects. The
vacuum degeneracy may still persist after inclusion of non-perturbative effects, and then the
theory has a quantum moduli space of vacua. The holomorphy of the quantum superpotential
makes it possible to determine the light degrees of freedom and hence the quantum moduli
space [34]. By analyzing the structure of the quantum moduli space, one can get a handle
on some of the important non-perturbative features such as confinement and chiral symmetry
breaking since many non-perturbative physical phenomena are related closely to the vacua such
as mass generation and fermion condensates etc. If the dynamically generated superpotential
has erased all vacua, then dynamical supersymmetry breaking occurs. Supersymmetry breaking
induced by non-perturbative quantum effects was proposed by Witten nearly two decades ago
[30, 31]. Only in recent years have its possible physical applications been considered. This
kind of supersymmetry breaking mechanism introduces very few physical parameters and thus
has a great advantage over the soft supersymmetry breaking mechanism. At present dynamical
supersymmetric breaking is a popular topic in supersymmetry phenomenology [35].
The non-perturbative aspects of an N = 1 supersymmetric gauge theory exhibit a rich phase
structure, depending heavily on the choice of gauge group and the matter contents [14, 15, 16].
The most remarkable non-perturbative dynamical phenomenon is that in a special range of
colour number and flavour number, i.e. in the so-called conformal window [14], the theory may
have a non-trivial infrared fixed point implied from by NSVZ beta function (1.1), at which
the theory becomes a superconformal field theory. In particular, it now admits a physically
equivalent dual description but with the strong and weak coupling exchanged [14].
The emergence of N = 1 superconformal symmetry in the IR region has a great significance.
In addition to N = 4 supersymmetric Yang-Mills theory and N = 2 supersymmetric gauge
theory with vanishing beta function, this is a new non-trivial conformal field theory in four
dimensional space-time. Especially, the N = 1 supersymmetric gauge theory has in general
the property of asymptotic freedom, at high energy it can be regarded as a free field theory.
Thus the existence of the IR fixed point means that an off-critical quantum field theory can be
regarded as a radiative interpolation between a pair of four dimensional conformal field theories
[36]. A conventional method to observe the physical phenomena at different energy scales is to
investigate the flow of some physical quantity along the renormalization group trajectory from
the UV region to the IR region. In two-dimensional quantum field theory, there is a famous ”c-
theorem” on the renormalization group flow proposed by Zamolodchikov [37]. It states that there
exists a c-function C(g) of the coupling g associated with the two-point function of the energy-
momentum tensor, which decreases monotonically along the renormalization group flow from
the UV region to the IR region and becomes stationary at the fixed point, where the theory is a
two-dimensional conformal invariant quantum field theory and the c-function coincides exactly
with the central charge ( the coefficient of the conformal anomaly). Since the central charge
actually counts the number of dynamical degrees of freedom of the theory [38, 39], this theorem
shows precisely how the information about the dynamical degrees of freedom at short distance
is lost in the renormalization group flow to long distance. Therefore, it would be helpful for
the study of some non-perturbative dynamical phenomena in four dimensional quantum field
theory if a four dimensional analogue of the c-theorem could be found. For example, one could
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get insight in a number of non-perturbative phenomena such as confinement, chiral symmetry
breaking, supersymmetry breaking and even the Higgs mechanism.
However, unexpectedly the search and verification of a four dimensional c-theorem turned
out to be extremely difficult. Soon after the proposal of the two dimensional c-theorem, much
effort was put into looking for a candidate for a c-function and checking its evolution along
the renormalization group flow was made [40, 41, 42], but a general proof of the existence of
a monotonically decreasing c-function is still lacking. Recently, some progress has been made
in this direction [43]. The availability of a series of exact results in N = 1 supersymmetric
gauge theory and especially the discovery of superconformal symmetry in the IR fixed point
has provided useful tools for testing c-theorems and finding the right c-function. As in the
two-dimensional case, a candidate for a c-function should be related to the central function [44],
which is the coefficient function of the most singular term in the operator product expansion
of the energy-momentum tensor and should coincide with the conformal anomaly coefficients
at the fixed points. A qualitative analysis using the exact results give the first indications of
the possible existence of a four dimensional c-theorem in N = 1 supersymmetric gauge theory
[45]. Furthermore, asymptotic freedom implies that various quantities at the UV region can be
determined in the framework of a free field theory, while the superconformal invariance at the IR
fixed point allows an exact calculation on the anomaly coefficients at the IR region [36]: the trace
anomaly of the energy-momentum tensor and the chiral anomaly of R-current lie in the same
supermultiplet and the latter can be exactly calculated through the ’t Hooft anomaly matching.
An explicit calculation suggests that the central function coinciding with the coefficient of the
Euler term of in the trace anomaly at the IR fixed point is the most appropriate candidate for
the c-function [36, 46].
The N = 1 four dimensional superconformal field theory arising at the IR fixed point has also
some remarkable features in comparison with the two dimensional case [47, 48]. The operator
product expansion of two energy-momentum tensor operators or of an energy-momentum tensor
and a conserved current does not close, another current called the Konishi current must be
introduced to ensure closure. Consequently, a four dimensional superconformal field theory is
characterized by two central charges and a conformal dimension. The central charges are four
dimensional superconformal invariants in the sense that they receive no higher order (more than
two-loop) quantum correction and remain at their one-loop values (i.e. always proportional to
the number of dynamical degrees of freedom), while the conformal dimension does not, it can
receive quantum corrections from every order [48].
The dual theory arising at the IR fixed point is of significance since it gives an equivalent phys-
ical description to the low energy dynamics of the original theory but in terms of a fundamental
Lagrangian of a supersymmetric gauge theory with one (or several) additional superpotential(s).
The dynamics of the mesons and baryons in the original theory can be equivalently replaced
by the dynamics of dual fundamental dynamical degrees of freedom and one (or several) gauge
singlet particle(s). Especially, the gauge couplings of the original and the dual theories are in-
versely related. This provides a possibility to study the low-energy non-perturbative dynamics
of the original theory through the perturbation theory of the dual theory.
There have already appeared several excellent reviews on N = 1 duality with different
emphasis such as those by Intriligator and Seiberg [16], Shifman [49], Shifman and Vainshtein
[50] and Peskin [51]. The present review mainly emphasizes superconformal field theory. It
is written a pedagogical manner, giving detailed mathematical derivations and explanations of
these new developments and including much of the preliminary knowledge needed to understand
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the new progress such as the representation of conformal algebra, the renormalization group
equation, anomaly matching, phases of gauge theory and the Wilson effective action, etc. This
report is based on a series of discussions and seminars in the theoretical physics group of the
University of Helsinki and Helsinki Institute of Physics. We hope that it may prove helpful for
beginners interested in this topic.
The organization of this report is as follows: Sect. 2 contains some background material. We
first review the definition of conformal transformations, the derivation of the conformal algebra
and the field representation of conformal algebra in terms of Wigner’s little group method. In
a renormalizable relativistic quantum field theory, scale symmetry implies conformal symme-
try, the anomalous breaking of scale symmetry means the violation of conformal symmetry at
quantum level. We thus introduce scale symmetry breaking in the context of a massless scalar
field theory and the renormalization group equation, which plays the role of anomalous Ward
identity of scale symmetry. Since new developments occur in supersymmetric QCD, the super-
symmetric extension of the non-supersymmetric theory, we introduce the chiral symmetry of
ordinary QCD and its breaking. We discuss the possible (external) chiral anomaly in QCD and
the ’t Hooft anomaly matching. We shall see that the ’t Hooft anomaly matching is an impor-
tant tool to investigate electric-magnetic duality. The non-perturbative dynamical structure of
a quantum field theory is quite rich and the theory can present several phases. The discovery
of new non-perturbative phenomena in supersymmetric gauge theory has verified this. Hence
it is necessary to introduce the various phase structures and their dynamical behaviour. The
N = 1 superconformal algebra is the algebraic foundation of constructing a superconformal field
theory, and thus based on the current supermultiplet and the Jacobi identities, we give the full
superconformal algebra. Further, we review the representation of the superconformal algebra
in field operator space. It is much more complicated than the ordinary conformal algebra: the
ordinary conformal algebra can be realized on one type of fields, whereas the superconformal
algebra must be realized on a supermultiplet. In particular, the representations realized on dif-
ferent supermultiplets, such as the chiral and the vector ones, have their own specific features.
In particular, the representation of the superconformal algebra on the chiral multiplet yields a
simple relation between the conformal dimension of the chiral superfield and its R-charge, which
has played a key role in determining Seiberg’s conformal window.
From Sect. 3, we begin to introduce the low-energy dynamics of supersymmetric QCD. Super-
symmetric gauge theory exhibits some new characteristics compared with the non-supersymmetric
case, the most important of which are R-symmetry and holomorphicity. Thus we first give a
detailed introduction to these two aspects. We explain in detail how to combine the anomalous
R-symmetry and the axial vector UA(1) symmetry to get an anomaly-free R-symmetry, and
then introduce the low-energy dynamics of supersymmetric QCD. Since supersymmetric QCD
is a theory sensitive to flavour number Nf and colour number Nc, we analyze the theory with
respect to different ranges of Nf and Nc. Using the Georgi-Glashow model to illustrate the
general definition of a classical moduli space, we explain how to describe the classical moduli
space of supersymmetric QCD in the cases of Nf < Nc and Nf≥Nc, respectively. Especially
for Nf = Nc and Nf = Nc + 1 the constraint equations characterizing the classical moduli
space are explicitly given. A large part of this section is devoted to describing the quantum
moduli space and low energy dynamics of supersymmetric QCD. In the case Nc < Nf , we give a
detailed derivation of the ADS (Affleck-Dine-Seiberg) superpotential and argue the reasonable-
ness of this non-perturbative superpotential by considering its various limits and the physical
consequences obtained from this superpotential. When Nf = Nc, we show how the quantum
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corrections have modified the classical moduli space and what physical effects are produced, and
check the reasonableness of these physical pictures using the anomaly matching condition. For
Nf = Nc +1, we introduce the effective superpotential to determine the quantum moduli space
and the physical effects resulting from the quantum moduli space, ’t Hooft anomaly matching
providing a strong support. For the case Nf > Nc, we show that the NSVZ beta function implies
a nontrivial IR fix point in the conformal window 3Nc/2 < Nf < 3Nc. Then we briefly explain
the situation in the range Nf > 3Nc, where the asymptotic freedom of the theory is lost.
In Sect. 4, we concentrate on non-Abelian electric-magnetic duality in the conformal window
by first introducing the dual description of supersymmetric QCD and showing the reasonableness
of this duality conjecture using ’t Hooft’s anomaly matching. Then we explain what non-Abelian
electric-magnetic duality is and how the duality arises in the conformal window and show how the
duality remains valid in various limits. The duality in the Kutasov-Schwimmer model is briefly
reviewed since it provides a possibility to study the non-perturbative aspects of supersymmetric
extensions of the Standard Model. This model also gives a deep understanding to the duality
of N = 1 supersymmetric QCD. Sect. 5 mainly summarizes the non-perturbative phenomena of
N = 1 supersymmetric SO(NC) gauge theory. In contrast to the SU(Nc) case, the gauge group
SO(Nc) is not simply connected and has only real representations. Depending thus heavily
on the number of colours and flavours, the theory has richer and more novel non-perturbative
dynamical phenomena. When Nf≤Nc − 5, a dynamical superpotential is generated by gaugino
condensation. In the cases Nf = Nc−3 or Nc−4, the theory has two inequivalent ground states,
and some exotic particle states appear. When Nf = Nc − 2, the theory is in a Coulomb phase
and the particle spectrum contains magnetic monopoles and dyons, and the oblique confinement
conjectured by ’t Hooft occurs naturally. As in the SU(Nc) case, in the range Nf≥4, Nf≥Nc−1,
the theory has a dual magnetic description, a supersymmetric SO(Nf−Nc+4) gauge theory. The
most novel dynamical phenomenon is that the SO(3) gauge theory exhibits electric-magnetic-
dyonic triality. In the one-flavour and two-flavour cases, a quantum symmetry with a non-local
action on the matter field arises. If the theory has three flavours, it was surprisingly found
that the N = 1 duality in the SO(3) theory can actually be identified as the electric-magnetic
duality of N = 4 supersymmetric Yang-Mills theory. Further, the concrete form of the dyonic
dual of the SO(Nc) gauge theory with Nf = Nc − 1 is introduced since its dual magnetic
theory is an SO(3) gauge theory, while the SO(3) gauge theory has a dual dyonic theory. This
means that the SO(Nc = Nf + 1) theory should also admit a dual dyonic theory. Another
typical supersymmetric model showing duality, the Sp(Nc) gauge theory, is briefly reviewed. In
Sect. 6 we introduce some of new progress in exploring four-dimensional superconformal field
theory and non-Abelian electric-magnetic duality including ’t Hooft anomaly matching in the
presence of higher quantum corrections, the universality of the operator product expansion in
four-dimensional superconformal field theory and the explicit evidence supporting a possible
four-dimensional c-theorem in supersymmetric gauge theory. In the concluding remarks, Sect. 7,
we briefly recall the history of searching for electric-magnetic duality symmetry in relativistic
quantum field theory and explore the possible applications of the non-perturbative results of
N = 1 supersymmetric gauge theory to ordinary QCD by softly breaking the supersymmetry.
2 Some background knowledge
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Translations x′µ = xµ − aµ h(x) = 0
Scale transformation x′µ = e−ǫxµ h(x) = −2ǫ
Lorentz transformation x′µ = Λµνx
ν h(x) = 0
Special conformal transformation x′µ =
xµ + bµx2
1 + 2b·x+ b2x2 h(x) = −4b·x
Table 2.1.1: Conformal transformations.
2.1 Four-dimensional conformal algebra and its representation
Conformal transformations preserve angles but change the scale. In a flat space-time, they are
defined by the following transformation of the line element [52],
ds′2 = ηµνdx
′µdx′ν = f(x)ds2 = f(x)ηαβdx
αdyβ, (2.1.1)
where f(x) is a scalar function and ηµν is the space-time metric. The concrete form of the
conformal transformation can be found by considering infinitesimal transformations
x′µ = xµ − ǫµ(x). (2.1.2)
Eqs. (2.1.1) and (2.1.2) give
∂µǫν(x) + ∂νǫµ(x) = −(f(x)− 1)ηµν≡− h(x)ηµν . (2.1.3)
and further, after contracting ηµν with (2.1.3),
h(x) = − 2
n
∂µǫ
µ(x), (2.1.4)
∂µǫν(x) + ∂νǫµ(x) =
2
n
∂αǫ
α(x)ηµν , (2.1.5)
where n is the dimension of space-time. Thus
(n− 2)∂µ∂νh(x) = − 2
n
(n− 2)∂µ∂ν∂ρǫρ = 0. (2.1.6)
For n > 2, Eq. (2.1.6) implies that h(x) is at most linear in x and from (2.1.4) that ǫµ(x) is at
most quadratic in xµ. The general form of ǫµ(x) is
ǫµ(x) = aµ + ǫxµ + ωµνxν + 2b·xxµ − bµx2, (2.1.7)
where a and b are constant n-dimensional vectors, ǫ is an infinitesimal constant and ωµν = −ωνµ.
The finite form of the above infinitesimal conformal transformations is listed in Table (2.1.1).
Counting the number of the generators, the dimension of the conformal group is (n+1)(n+2)/2.
It is isomorphic to the orthogonal group O(n, 2) in Minkowski space. For n = 4, it is a 15-
dimensional space-time symmetry group.
The infinitesimal version of the conformal transformation clearly shows that the conformal
group is a generalization of the Poincare´ group. Thus, in addition to Pµ and Mµν , the set of
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generators consists of n+1 new ones, D andKµ, which correspond to scale and special conformal
transformations, respectively.
According to the relation between symmetry and conservation law (Noether’s theorem),
corresponding to each continuous global invariance, there exists a conserved current jkµ. The
space integral of the time component gives a conserved charge, Qk =
∫
d3xjk0 , and the conserved
charges yield a representation of the generators of the symmetry group. It is well known that
the conserved current for Pµ and Mµν are, respectively, the energy-momentum tensor θµν and
the moment Mµ,νρ of θµν ,
Mµ,νρ = θµνxρ − θµρxν . (2.1.8)
The generators of the Poincare´ group are hence
Pµ =
∫
d3xθ0µ, Mµν =
∫
d3xM0,µν(x, t). (2.1.9)
In a quantum field theory with conformal symmetry, the energy-momentum tensor θµν is
traceless,
θµµ = 0. (2.1.10)
Using this condition of tracelessness, one can construct the conserved currents for the scale and
special conformal transformations,
dµ = x
νθνµ, kµν = 2xνx
ρθρµ − x2θνµ, (2.1.11)
and the corresponding generators
D =
∫
d3x d0(x, t), Kµ =
∫
d3x k0µ(x, t). (2.1.12)
The full conformal algebra can be worked out in a model independent way,
[Mµν ,Mαβ ] = i (ηµβMνα + ηναMµβ − ηµαMνβ − ηνβMµα) ,
[Mµν , Pρ] = −iηµρPν + iηνρPµ,
[Mµν ,Kρ] = −iηµρKν + iηνρKµ,
[D,Pµ] = −iPµ, [D,Kµ] = iKµ,
[Kµ, Pν ] = −2i(ηµνD +Mµν),
[Kµ,Kν ] = [Mµν ,D] = [Pµ, Pν ] = 0. (2.1.13)
The four-dimensional conformal group is isomorphic to the pseudo-orthogonal group O(4, 2),
whose covering group is SU(2, 2). The conformal algebra (2.1.13) can be brought into a form
which exhibits the O(4, 2) (or SU(2, 2)) structure by the identification
Mab = (Mµν ,Mµ5,Mµ6,M56),
Mµ5 =
1
2
(Pµ +Kµ), Mµ6 =
1
2
(Pµ −Kµ), M56 = D. (2.1.14)
Then Mab satisfy the algebraic relation of the group O(4, 2) (or SU(2, 2))
[Mab,Mcd] = −iηacMbd + iηadMbc + iηbcMad − iηbdMac, (2.1.15)
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where ηab = diag(+1,−1,−1,−1,+1,−1), a, b, c, d = 0, · · ·3, 5, 6. Therefore, the representations
of the conformal algebra can be obtained through those of O(2, 4) (or SU(2, 2)).
The conformal group in a quantum field theory is realized through unitary operators T (g),
which are exponential functions of the generators and which transform the field operators as
T (g)ϕr(x)T (g)
−1 = Srs(g, x)ϕs(g
−1x). (2.1.16)
Here r is a generic index labelling the fields and the matrices Srs form a representation of
the conformal group. The infinitesimal form of Eq. (2.1.16) involves the commutators of the
generators with the fields, and thus the action of the conformal group on the fields is determined
by these commutation relations. We can deduce the form of these commutators using the method
of induced representations.
The starting point are the translations, generated by the momentum operators Pµ,
[Pµ, ϕr(x)] = −i∂µϕr(x), (2.1.17)
or, equivalently,
eiP ·xϕr(0)e
−iP ·x = ϕr(x). (2.1.18)
From (2.1.16) we see that if g is a transformation belonging to the stability group or little group
of x = 0, i.e. leaves x = 0 invariant, then the commutator of a generator of the little group with
a field operator at x = 0 will only involve the field at that point. Let {Sa} be the generators of
the little group obeying the algebra [
Sa, Sb
]
= ifabcSc. (2.1.19)
If we now posit the commutation relations
[Sa, ϕr(0)] = −(σa)rsϕs(0), (2.1.20)
the matrices {σa} will form a representation of the little group algebra (2.1.19):[
σa, σb
]
= ifabcσc, (2.1.21)
as can be easily checked from the Jacobi identities involving two generators Sa, Sb and the field
ϕr(0). Translating the relations (2.1.20) to a general point x,[
eiP ·xSae−iP ·x, ϕr(x)
]
= −(σa)rsϕs(x), (2.1.22)
and evaluating
exp[ixµPµ]S
aexp[−ixµPµ] =
∞∑
n=0
in
n!
xµ1 · · ·xµn [Pµ1 , [· · · , [Pµn , Sa] · · ·]]], (2.1.23)
the equations for the commutators [Sa, ϕr(x)] are obtained, i.e. a representation of the conformal
algebra on the field operators is induced.
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From Table 2.1.1 we see that for the conformal group, the generators of the little group are
Mµν , D and Kµ. Thus we can write
[Mµν , ϕr(0)] = −(Σµν)rsϕs(0),
[D,ϕr(0)] = −i∆rsϕs(0),
[Kµ, ϕr(0)] = −(κµ)rsϕs(0), (2.1.24)
and the matrices Σµν ,∆ and κµ obey the same algebra as the corresponding generators, viz.
[κµ, κν ] = [∆,Σµν ] = 0, (2.1.25)
[∆, κµ] = iκµ, (2.1.26)
[κρ,Σµν ] = i(ηρµκν − ηρνκµ), (2.1.27)
[Σρσ,Σµν ] = i(ησµΣρν − ηρµΣσν − ησνΣρµ + ηρνΣσµ). (2.1.28)
Note that if the Σµν , which according to (2.1.28) form a representation of the Lorentz algebra,
generate an irreducible representation, Schur’s lemma implies, by virtue of (2.1.25), that the
matrix ∆ is proportional to the unit matrix:
∆rs = idδrs. (2.1.29)
Here d is called the scale or conformal dimension of the field. In this case it follows from (2.1.26)
that κµ = 0.
The relations (2.1.24) can now be translated to a general x. We need to evaluate
eiP ·xMµνe
−iP ·x =Mµν − xµPν + xνPµ,
eiP ·xDe−iP ·x = D − x · P,
eiP ·xKµe
−iP ·x = Kµ − 2xµD + 2xνMνµ + 2xµ(x · P )− x2Pµ. (2.1.30)
Inserting (2.1.30) into (2.1.22) and using (2.1.17), we finally get
[Mµν , ϕr(x)] = −i(xµ∂ν − xν∂µ)ϕr(x)− (Σ)rsϕs(x),
[D,ϕr(x)] = −i(x·∂)ϕr(x)−∆rsϕs(x),
[Kµ, ϕr(x)] = i(x
2∂µ − 2xµ(x·∂))ϕr(x)− 2xµ∆rsϕs(x)
+2xν(Σµν)rsϕs(x)− (κµ)rsϕs(x). (2.1.31)
Together with (2.1.17), these give the action of the conformal group on the fields.
Finally, let us briefly mention the finite dimensional representations of the conformal algebra
on the state space of a quantum field theory. Usually, to find a representation of a Lie algebra, one
should first find the lowest (or highest) weight state, then use the raising (or lowering) operators
to construct the whole irreducible representation. Each irreducible representation is labelled
by the quantum numbers associated with the eigenvalues of the Casimir operators. For the
conformal group, the finite-dimensional irreducible representations of its subgroup, the Lorentz
group, are labelled by the angular momentum quantum numbers (j1, j2), since the Lorentz
group is locally isomorphic to SU(2)×SU(2). The lowest weight states are (−j1,−j2). Since Pµ
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Weight (magnetic) quantum numbers Poincare´ quantum numbers
(d, j1, j2) (m, s) or (m,λ)
d = j1 = j2 = 0 Trivial 1-dimensional representation
j1 6=0, j2 6=0, d > j1 + j2 + 2 m > 0, s = |j1 − j2|, · · ·, j1 + j2 (integer steps)
j1j2 = 0, d > j1 + j2 + 1 m > 0, s = j1 + j2
j1 6=0, j2 6=0, d = j1 + j2 + 2 m > 0, s = j1 + j2;
j1j2 = 0, d = j1 + j2 + 1 m = 0, λ = j1 − j2.
Table 2.1.2: Unitary representation of conformal algebra.
and Mµν constitute the Poincare´ algebra, the quantum numbers classifying its representations,
the particle mass m and spin s for m2 > 0 or the helicity λ for m2 = 0, also play a role
in characterizing the representations. In particular, the commutation relations [D,Kµ] = iKµ
and [D,Pµ] = −iPµ imply that the conformal dimension d, the eigenvalue associated with
the scale transformation generator D, is another (magnetic) quantum number labelling the
representations of the conformal algebra and Pµ, Kµ are the raising and lowering operators,
respectively. This can be easily seen as follows. Assume that |ϕ(0)〉 is an eigenstate of −iD,
− iD|ϕ(0)〉 = d|ϕ(0)〉. (2.1.32)
Then
DKµ|ϕ(0)〉 = ([D,Kµ] +KµD) |ϕ(0)〉 = i(d+ 1)Kµ|ϕ(0)〉,
DPµ|ϕ(0)〉 = ([D,Pµ] + PµD) |ϕ(0)〉 = i(d − 1)Pµ|ϕ(0)〉. (2.1.33)
Thus, given a conformal dimension d, the lowest weight is
λ = (d,−j1,−j2). (2.1.34)
It was found that there are only five classes of unitary irreducible representations of the four-
dimensional conformal algebra. They are listed in Table (2.1.2). They differ in their Poincare´
content (m, s) or (m,λ) [54].
A state in the Hilbert space is generated by the action of an operator on the vacuum,
|O〉 = O|0〉. (2.1.35)
Without spontaneous (conformal) symmetry breaking, the quantum states and the quantum
operators are in one-to-one correspondence. An operator generating a quantum state with the
lowest weight (d,−j1,−j2) is called a primary field. An operator with conformal dimension d+n
is called an nth-stage descendant field.
Although the conformal symmetry must be broken in physics, we see that these unitary repre-
sentations of the conformal algebra have imposed highly nontrivial constraints on the conformal
dimensions of the fields.
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2.2 Scale symmetry breaking and renormalization group equation
The scale symmetry is at the heart of conformal symmetry. In fact, in a renormalizable relativis-
tic quantum field theory, scale invariance implies conformal symmetry. However, scale symmetry
cannot be an exact symmetry in the nature, since in a field theory with exact scale symmetry
the mass spectrum must be continuous or massless. To break scale invariance, three roads are
open to us. The first would be to break the symmetry explicitly by introducing terms containing
dimensional parameters into the Lagrangian. We shall not consider this case. A second way
is spontaneous breaking, D|0〉6=0. In this case, Goldstone’s theorem implies that there will be
a corresponding massless Goldstone boson, which is awkward from a phenomenological point
of view. There remains the third alternative, anomalous symmetry breaking. This means that
although the classical theory is symmetric, there is no quantization scheme that would respect
the symmetry. In a quantum field theory, renormalization introduces a scale into the theory and
scale symmetry is broken.
To discuss the anomalous breaking of scale symmetry, we shall first derive the naive Ward
identity corresponding to scale transformation and then compare it with the renormalization
group equation. The renormalization group equation can in fact be thought of as a kind of
anomalous scaling Ward identity since it reflects the scale dependence of a physical amplitude.
We take the massless scalar field theory
L = 1
2
∂µφ∂
µφ− 1
4!
λφ4, (2.2.1)
as an example. Consider a general Green function with the dilatation current,
〈0|T [dµ(y)φ(x1)· · ·φ(xn)]|0〉. (2.2.2)
Taking the derivative with respect to yµ gives
∂
∂yµ
〈0|T [dµ(y)φ(x1)· · ·φ(xn)]|0〉 = 〈0|T [∂µdµ(y)φ(x1)· · ·φ(xn)]|0〉
+
n∑
i=1
δ(x0i − y0)〈0|T [φ(x1)· · ·[d0(y), φ(xi)]· · ·φ(xn)]|0〉. (2.2.3)
Integrating over y, using the scale transformations
i[D,φ(x)] = δφ(x) = (dφ + x
µ∂µ)φ, (2.2.4)
the classical relation θµµ = ∂
µdµ=0 and discarding the surface term, we get the Ward identity∫
d4y〈0|T
[
θµµ(y)φ(x1)· · ·φ(xn)
]
|0〉 = i
n∑
i=1
〈0|T [φ(x1)· · ·δφ(xi)· · ·φ(xn)] |0〉
= i
n∑
i=1
〈0|T
[
φ(x1)· · ·
(
dφ + x
µ
i
∂
∂xµi
)
φ(xi)· · ·φ(xn)
]
|0〉
= i
(
ndφ + x
µ
1
∂
∂xµ1
+ · · · + xµn
∂
∂xµn
)
〈0|T [φ(x1)· · ·φ(xn)] |0〉 = 0. (2.2.5)
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In momentum space, this gives(
−
n−1∑
i=1
pi· ∂
∂pi
+D
)
G(n)(p1, · · ·, pn−1) = 0, (2.2.6)
where D≡ndφ − 4n + 4 is just the canonical dimension of the Fourier transform of the Green
function 〈0|T [φ(x1)· · ·φ(xn)]|0〉. Parameterizing the momenta pi = etp(0)i with p(0)i being certain
fixed momenta, and considering the corresponding 1PI Green function Γ(n)(etp
(0)
i ), we have(
− ∂
∂t
+D
)
Γ(n)(etp
(0)
i ) = 0, (2.2.7)
and hence
Γ(n)(etp
(0)
i ) = e
DtΓ(n)(p
(0)
i ). (2.2.8)
This means that the Green function has canonical scaling dimension. However, this is not
correct, since the naive scaling Ward identity ignores quantum effects. As a consequence of
renormalization, anomalous dimensions have to be added to the canonical ones.
Renormalization is a necessary procedure to deal with UV divergences. Its basic idea is to
absorb the divergences into a redefinition of the parameters and a rescaling of the fields. To
extract the UV divergences, one should impose renormalization conditions on the renormalized
Green functions. Under different renormalization prescriptions, the renormalized Green func-
tions can differ by a finite quantity. Physical results should, however, be independent of the
renormalization prescription. Since the renormalized parameters depend on the renormalization
prescription, a change in the prescription is compensated by simultaneous changes of the renor-
malized parameters of the theory. Hence the physical amplitude can remain invariant and this
is described by renormalization group equations (RGE). For massive λφ4 theory, the renormal-
ization group equation for the 1PI part of the renormalized Green function G(n)(p1, · · ·, pn−1)
is [
µ
∂
∂µ
+ β(λR)
∂
∂λR
+ γm(λR)mR
∂
∂mR
− nγ(λR)
]
Γ
(n)
R (pi, λR,mR, µ) = 0, (2.2.9)
where β(λR), γ(λR) and γm(λR) are the β-function of the scalar self-coupling, the anomalous
dimensions of wave function and mass renormalization. However, this equation is of little practi-
cal use since it only describes the dependence on µ. It allows us, however, to derive an equation
describing the behaviour of Green functions under a variation of the external momenta. We
rescale the momenta,
pi≡ρp(0)i , i = 1, 2, · · ·, n, (2.2.10)
with p
(0)
i being certain fixed momenta, and get(
ρ
∂
∂ρ
+ µ
∂
∂µ
+mR
∂
∂mR
−DΓ
)
Γ
(n)
R (ρp
(0)
i ,mR, µ, λR) = 0. (2.2.11)
The combination of (2.2.11) and (2.2.9) gives the RGE we prefer,[
ρ
∂
∂ρ
− β(λR) ∂
∂λR
+ (1− γm(λR))mR ∂
∂mR
+ nγ(λR)−DΓ
]
Γ
(n)
R (ρp
(0)
i ,mR, µ, λR) = 0.(2.2.12)
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The solution to the RGE (2.2.12) can be worked out by defining the running functions λ(ρ)
and m(ρ) with the boundary condition,
λ(1) = λR, m(1) = mR, (2.2.13)
and the running β-functions and the anomalous dimension γm for the mass renormalization,
β(λ(ρ)) = ρ
d
dρ
λ(ρ),
[γm(λ(ρ))− 1]m(ρ) = ρ d
dρ
m(ρ). (2.2.14)
With the replacement of the renormalized parameters mR and λR by the corresponding running
coupling, the RGE (2.2.12) is converted into an integrable differential equation,[
d
dρ
+ nγ[λ(ρ)]−D
]
Γ
(n)
R (ρp
(0)
i , λ(ρ),m(ρ), µ) = 0. (2.2.15)
The solution can be easily written out
Γ
(n)
R (pi, λR,mR, µ) = Γ
(n)
R (ρp
(0)
i , λR,mR, µ)
= ρDΓexp
[
−n
∫ λ(ρ)
λR
γ(λ′)
β(λ′)
dλ′
]
Γ
(n)
R (p
(0)
i , λ(ρ),m(ρ), µ)
= ρDΓexp
[
−n
∫ ρ
1
γ(λ(ρ′))
dρ′
ρ′
]
Γ
(n)
R (p
(0)
i , λ(ρ),m(ρ), µ). (2.2.16)
The solution (2.2.16) shows why γ is called the anomalous dimension.
Comparing with the naive scale Ward identity (2.2.8), one can see that the scale symmetry
is broken by renormalization effects. Only when in a massless theory the β-function and the
anomalous dimensions vanish, i.e. the theory is finite, can the Green function have canonical
scaling behaviour
β = γ = 0, (ρ
∂
∂ρ
−DΓ)Γ(n)R (ρp(0)i , µ, λR) = 0,
Γ
(n)
R (ρp
(0)
i , µ, λR) = ρ
DΓΓ
(n)
R (p
(0)
i , µ, λR). (2.2.17)
A main application of the RGE is to discuss the large or small momentum behaviour of
quantum field theory, giving information about the physics at different energy scales. According
to the definition pµ≡ρp(0)µ , the case ρ→∞ is called the UV limit and ρ→0 is called the IR limit.
We assume Eq. (2.2.14)
ln ρ =
∫ λ(ρ)
λR
dλ′
β(λ′)
(2.2.18)
is valid in the whole range 0 < ρ < ∞. Otherwise, the renormalization scale µ could not vary
arbitrarily and the theory would need a cut-off. (2.2.18) is divergent when ρ→∞ or ρ→0. If an
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integral over a finite interval is divergent, the integrand must be singular at either endpoint (or
both). Then one must have β(λ)→0 when ρ→∞ or ρ→0. Thus we have
lim
ρ→∞ or 0
λ(ρ) = λf , β(λf ) = 0, (2.2.19)
that is, λ(ρ) must approach a zero of the β function. The zeroes of β are called fixed points. If
β′(λf ) < 0 with β
′(λ) = dβ/dλ, and limρ→∞ λ(ρ) = λf , λf is called an UV stable fixed point.
If β′(λf ) > 0 and limρ→0 λ(ρ) = λf , λf is called an IR stable fixed point.
For theories with only one coupling constant, λf = 0 must be one of the fixed points. If
λf = 0 is a UV stable fixed point, the theory is called asymptotically free. If λf = 0 is a IR
stable fixed point, the theory is said to be IR stable. For example, QCD is asymptotically free,
while λφ4 theory and QED are IR stable.
One can now see that some theories have asymptotic scale invariance at high energy. From
the solution to the RGE of λφ4 theory,
Γ
(n)
R (e
tp
(0)
i , λ,m, µ) = e
DΓt Γ(n)[p
(0)
i , λ(t),m(t), µ] exp
[
−n
∫ t
0
γ(λ(t′))dt′
]
. (2.2.20)
Near the UV fixed point λf , with the definition ρ≡et, we can approximately write
exp
[
−n
∫ t
0
γ(λ(t′))dt′
]
= ρ−nγ(λf )+ǫ(t), ǫ(t) = −1
t
∫ t
0
dt′[γ(λ(t′))− γ(λf )]. (2.2.21)
If ǫ∝O(1/t) as t→∞, the theory is called asymptotically scale invariant. The asymptotic scale
behaviour of Γ
(n)
R (e
tp
(0)
i , λ, µ) can be obtained by expanding λ(t) around λf . The leading term
is
Γ
(n)
R (e
tp
(0)
i , λ,m, µ)∼ρDΓ−nγ(λf )Γ(n)R (p(0)i , λ,m, µ). (2.2.22)
Rigorously speaking, only γ(λf ) is called the anomalous dimension of the field.
2.3 Chiral symmetry in massless QCD
2.3.1 Global symmetries of massless QCD
The Lagrangian of massless QCD with Nf flavours and Nc colours (colour gauge group G =
SU(Nc)) reads as follows:
L =
∑
αβ
∑
rs
∑
ij
ψαriiγ
µ
αβDµrsδijψβsj −
1
4
F aµνF
µνa, Dµrs = ∂µδrs − igAaµT ars, (2.3.1)
where for clarity we explicitly write the various indices; α, β = 1, · · ·, 4 are the spinor indices,
a = 1, · · ·,dimG = N2c − 1 are group indices, i, j = 1, · · ·, Nf are the flavour indices and r, s =
1, · · ·, Nc are the colour indices. The Lagrangian (2.3.1) has an explicit SUV (Nf )×UB(1) flavour
symmetry,
Ψ−→eiαAtAΨ , Ψ−→Ψe−iαAtA ,
Ψ−→eiαΨ , Ψ−→e−iαΨ, (2.3.2)
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where A = 1, · · ·, N2f − 1 are the SUV (Nf ) flavour group indices and tA are Nf×Nf matri-
ces. The Noether theorem gives the conserved vector current, baryon number current and the
corresponding charges:
jAµ = Ψγµt
AΨ , jµ = ΨγµΨ,
QAV =
∫
d3xjA0 =
∫
d3xΨ†tAΨ , QB =
∫
d3xj0 =
∫
d3xΨ†Ψ. (2.3.3)
Since {γ5, γµ} = 0 and there is no quark mass term, the Lagrangian (2.3.1) possesses yet other
global flavour symmetry SUA(Nf )× UA(1):
Ψ→eiαAtAγ5Ψ , Ψ→ΨeiαAtAγ5 ,
Ψ→eiαγ5Ψ , Ψ→Ψeiαγ5 . (2.3.4)
The corresponding conserved axial vector current, U(1) axial current and charges are as follows,
j5Aµ = Ψγµγ5t
AΨ , j5µ = Ψγµγ5Ψ,
QA5 =
∫
d3xΨ†γ5t
AΨ , Q5 =
∫
d3xΨ†γ5Ψ. (2.3.5)
The vector and axial vector conserved charges form representations of the Lie algebra of the
SU(Nf ) group
[QA, QB ] = [QA5 , Q
B
5 ] = if
ABCQC , [QA5 , Q
B] = ifABCQC5 , (2.3.6)
where fABC are the structure constants of the Lie algebra of SU(Nf ). The Lagrangian (2.3.1)
explicitly exhibits the chiral symmetry
SUL(Nf )×SUR(Nf )×UL(1)×UR(1) (2.3.7)
if it is rewritten by means of chiral spinors,
L = ΨLiγµDµΨL +ΨRiγµDµΨR − 1
4
F aµνF
µνa, (2.3.8)
where the left- and right- handed chiral spinors are associated with the Dirac spinor as follows:
ΨL≡1
2
(1− γ5)Ψ, ΨR≡1
2
(1 + γ5)Ψ. (2.3.9)
The chiral transformation under (2.3.7) are:
Ψ′L(R) = e
iαAtAΨL(R), Ψ
′
L(R) = ΨL(R)e
−iαAtA ,
Ψ′L(R) = e
iαΨL(R), Ψ
′
L(R) = ΨL(R)e
−iα. (2.3.10)
and the corresponding Noether currents and charges are, respectively,
jAL(R)µ = ΨL(R)γµt
AΨL(R), jL(R)µ = ΨL(R)γµΨL(R),
QAL(R) =
∫
d3xjAL(R)0 =
∫
d3xΨ†L(R)t
AΨL(R),
QL(R) =
∫
d3xjL(R)0 =
∫
d3xΨ†L(R)ΨL(R). (2.3.11)
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These conserved charges give the representations of the generators of the symmetry groups
(2.3.7), for example,
[QAL(R), Q
B
L(R)] = if
ABCQCL(R), [Q
A
L , Q
B
R ] = 0, (2.3.12)
and their relations with the the vector and axial vector conserved charge are
QAR =
1
2
(QA +QA5 ) , Q
A
L =
1
2
(QA −QA5 );
QR =
1
2
(Q+Q5) , QL =
1
2
(Q−Q5). (2.3.13)
Note that there are dynamical vector conserved currents, which correspond to global gauge
transformation in colour space,
Jaµ = ΨγµT
aΨ, Q˜a =
∫
d3xJa0 , [Q˜
a, Q˜b] = iCabcQ˜c, (2.3.14)
where T a is the Nc×Nc matrix representation of the generators of the SU(Nc) colour gauge
group and Cabc are the structure constants of SU(Nc).
2.3.2 Chiral symmetry breaking
Although the Lagrangian (2.3.1) possesses a large global flavour symmetry SUL(Nf )× SUR(Nf )
×UB(1) ×UA(1), the observed symmetry is only SUV (Nf )×UB(1). This means that a chiral
symmetry breakdown must occur: SUL(Nf )×SUR(Nf )−→SUV (Nf ), and that the UA(1) sym-
metry also breaks. Unfortunately, up to now the mechanisms for both breakdowns have not
been understood completely.
In fact, the observed hadron spectrum tells us that chiral symmetry should be broken.
Otherwise there would naturally exist parity degenerate states, whereas this is not a feature
of the hadron spectrum. The argument runs briefly as follows. First, according to Coleman’s
theorem, if there is no spontaneous breakdown of symmetry, the symmetry of the vacuum should
be that of the world, i.e. if Q|0〉 = 0, then [H,Q] = 0, H being the Hamiltonian of the theory.
Then consider a state |Ψ〉, which is an eigenstate of both the Hamiltonian H and the parity
operator P ,
H|Ψ〉 = E|Ψ〉, P |Ψ〉 = |Ψ〉. (2.3.15)
If chiral symmetry were not spontaneously broken, we would have
HQL|Ψ〉 = EQL|Ψ〉, HQR|Ψ〉 = EQR|Ψ〉,
PQL(R)|Ψ〉 = PQL(R)P †P |Ψ〉 = QR(L)|Ψ〉. (2.3.16)
Defining the state
|Ψ′〉 = 1√
2
(QR −QL)|Ψ〉, (2.3.17)
we obtain
H|Ψ′〉 = E|Ψ′〉, P |Ψ′〉 = −|Ψ′〉. (2.3.18)
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Therefore, we come to the conclusion that |Ψ′〉 and |Ψ〉 describe parity degenerate particles,
hence the assumption QR|0〉 = QL|0〉 = 0 is not correct. The breaking pattern should be
Qa5|0〉6=0, Qa|0〉 = 0, (2.3.19)
i.e. the axial symmetry is spontaneously broken. Although the mechanism of the spontaneous
breaking of chiral symmetry is not yet understood, the consequences of the breaking pattern
(2.3.19) agrees with experimental observations. The first consequence of the spontaneous chiral
symmetry breaking which agrees with experimental data is the Goldberg-Trieman relation [55,
57]. The second piece of evidence is that some pseudoscalar mesons can be explained as the
Goldstone bosons of the spontaneous breakdown of the chiral symmetry. For example, if we
consider the spontaneous breaking of SUL(2)×SUR(2) in QCD, the triplet of pions has the right
quantum numbers and are candidates for Goldstone bosons. A concrete phenomenological model
which manifests chiral symmetry breaking is the σ model describing the interactions between
nucleons and mesons [55, 57].
Usually, a spontaneous symmetry breaking is described by a non-vanishing vacuum expec-
tation value. However, unlike in electroweak theory, there is no scalar field in QCD. The
characteristic of chiral symmetry breaking is the appearance of a non-vanishing quark conden-
sate
〈0|ΨΨ|0〉6=0, (2.3.20)
or equivalently,
〈0|ΨLΨR|0〉6=0, 〈0|ΨRΨL|0〉6=0. (2.3.21)
Roughly speaking, the dynamical reason for this condensation could be that the coupling con-
stant of QCD becomes strong at low energy. Thus it is possible that in the ground state of QCD
there is an indefinite number of massless fermion pairs which can be created and annihilated due
to the strong coupling. These condensed fermion pairs have zero total momentum and angular
momentum and hence make the ground state Lorentz invariant. Therefore, the QCD vacuum
has the property that the operators which annihilate or create such fermion pairs can have
non-zero vacuum expectation values (2.3.20) or (2.3.21). This can be regarded as a qualitative
explanation of the chiral symmetry breaking in QCD.
2.3.3 Anomaly in QCD
QCD is a vector gauge theory. The couplings of left-handed and right-handed fermions with
gauge field are parity-symmetric, thus no dynamical chiral anomaly arises. This is unlike a
chiral gauge theory such as the electroweak model, where the left-handed and right-handed
fermions can be either in different representations of the gauge group or coupled to different
gauge groups, and the axial vector currents or the chiral currents are dynamical currents. At
the quantum level, if we require that the vector current is conserved, the conservation of the
axial vector currents is violated and this is reflected in the violation of a Ward identity. One
typical amplitude is given by the triangle diagram consisting of one axial vector current and
two vector currents or three axial vector currents. An anomaly will make the quantum chiral
gauge theory non-renormalizable. Thus one must choose appropriate fermion species to make
the anomaly cancel, otherwise we have no way to quantize a chiral gauge theory.
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In QCD, there are two kinds of axial vector flavour currents, the non-singlet one, j5Aµ , and
the singlet one, j5µ. The singlet axial vector current usually becomes anomalous, while the
non-singlet one remains conserved. However, if the quarks participate in other interactions, the
non-singlet axial vector current may become anomalous. Like the dynamical chiral anomaly,
these non-dynamical anomalies still reflect the violation of Ward identities. We consider the
triangle diagrams 〈j5µJaν Jbρ〉 and 〈j5Aµ JbνJcρ〉. At the classical level all the currents are conserved
∂µj5Aµ = ∂
µj5µ = ∂
µJaµ = 0.
In terms of the Fourier transforms of the triangle diagrams:
Γabµνρ(p, q, r)(2π)
4δ(4)(p+ q + r) =
∫
d4xd4yd4zei(r·x+p·y+q·z)〈j5µ(x)Jaν (y)Jbρ(z)〉,
ΓAbcµνρ(p, q, r)(2π)
4δ(4)(p+ q + r) =
∫
d4xd4yd4zei(r·x+p·y+q·z)〈j5Aµ (x)Jbν(y)Jcρ(z)〉, (2.3.22)
the na¨ıve Ward identities read as follows,
(p+ q)µΓabµνρ(p, q, r) = p
νΓabµνρ(p, q, r) = q
ρΓabµνρ(p, q, r) = 0,
(p+ q)µΓAbcµνρ(p, q, r) = p
νΓAbcµνρ(p, q, r) = q
ρΓAbcΓµνρ(p, q, r) = 0. (2.3.23)
Usually the gauge symmetry is required to be preserved,
pνΓabµνρ(p, q, r) = q
ρΓabµνρ(p, q, r) = 0,
pνΓAbcµνρ(p, q, r) = q
ρΓAbcµνρ(p, q, r) = 0. (2.3.24)
(2.3.24) are actually the renormalization conditions for evaluating the triangle diagrams. With
these (physical) renormalization conditions, explicit calculations yield
(p + q)µΓabµνρ(p, q, r) =
i
2π2
ǫνραβp
αqβTr(T aT b)
(p + q)µΓAbcµνρ(p, q, r) =
i
2π2
ǫνραβp
αqβTr(tA{T b, T c}) = 0, (2.3.25)
where the trace is taken over both colour and flavour indices. The corresponding operator
equations in coordinate space are
∂µj5µ = −
g2
16π2
ǫµναβF aµνF
b
αβTr(T
aT b), ∂µj5Aµ = 0. (2.3.26)
Therefore, only the singlet axial current j5µ is anomalous. However, if the quarks interact elec-
tromagnetically, an anomaly for the non-singlet current may exist. As an example, consider the
case of two flavours (Nf = 2),
ψ =
(
u
d
)
. (2.3.27)
Correspondingly, ta = σa/2 and the T s are replaced by the electric charge matrix Q
Q =
(
2/3
−1/3
)
, ∂µj5Aµ = −
e2
16π2
ǫµναβFµνFαβTr(Q
2σA). (2.3.28)
21
If we choose A = 3, we obtain the operator anomaly equation,
∂µj5(3)µ = −
e2
32π2
ǫµναβFµνFαβ . (2.3.29)
It is well known that this anomaly contributes to the decay π0−→2γ.
2.3.4 Anomaly matching
Anomaly matching [58] is a basic tool in testing non-Abelian duality conjectures of N = 1
supersymmetric QCD. Roughly speaking, the matching condition means that in a confining
theory like QCD, the anomaly equations should survive confinement [58, 59, 60]. Concretely,
let us consider SU(Nc) QCD with Nf flavours. The fundamental building blocks are quarks
represented by ψir with i and r being flavour and colour indices, respectively. The general form
of the conserved flavour singlet current is
jµ = ψirγµ[Aij(1− γ5) +Bij(1 + γ5)]δrsψjs, (2.3.30)
where A and B are Hermitian matrices in flavour space. This singlet flavour current will suffer
from a chiral anomaly. Since the observed particles in QCD are colourless bound states of quarks
— mesons and baryons, we should consider the matrix elements of the above current between
these particle states. Let |u, p, α〉 denote a massless baryon state, where u is a solution of the
massless Dirac equation, p is the four-momentum of the particle and α labels the other quantum
numbers of the baryon. The matrix elements of the current operator between these hadron
states are
〈u′, p, α|jµ|u, p, β〉 = u′γµ[Cαβ(1− γ5) +Dαβ(1 + γ5)]u. (2.3.31)
If the symmetry associated with jµ does not suffer spontaneous breakdown, then the following
relation should hold:
Tr(C −D) = NcTr(A−B). (2.3.32)
This is the matching condition suggested by ’t Hooft. Obviously, the matching condition is
connected with the current triangle anomaly. Recalling the Fourier transformation of the triangle
Green function,
Γµνρ(p, q, r)(2π)
4δ(4)(p+ q + r)≡
∫
d4xd4yd4zei(p·x+q·y+r·z)〈0|T [Jµ(x)Jν(y)jρ(z)] |0〉,(2.3.33)
J being the gauge symmetry current, we obtain the anomalous Ward identity,
rρΓµνρ(p, q, r) =
Nc
2π2
Tr(A−B)ǫµναβpαqβ = 1
2π2
Tr(C −D)ǫµναβpαqβ. (2.3.34)
It is well known that this anomaly equation is true to all orders of perturbation theory and
it even survives non-perturbative effects such as instanton correction [60]. Although Γµνρ can
receive contributions from every order of perturbation theory, the anomaly equation remains
the same as given by the zeroth order triangle diagram. Therefore, the anomaly matching can
be formulated in a stricter way: If one treats the massless baryons as if they were fundamental
spin 1/2 particles, i.e. quarks, and ignores all other particles, one still gets the correct anomaly.
This is the reason why (2.3.32) is satisfied. In fact, this matching condition reveals the deep
origin of the anomaly [61]: the anomaly is connected with the IR singularity of the amplitude,
which gets contributions only from the massless spin 1/2 particles.
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2.4 Various phases of gauge theories
The possible phases of a field theory model are associated with symmetries of the theory. Phase
transitions are usually associated with changes of the symmetry. In different phases, the particle
spectrum and the dynamics of the theory can be greatly different. The quantity characterizing
the phase is the order parameter.
In a gauge theory the phases are classified by the symmetry that is realized in the phase.
The order parameter should be gauge and Lorentz-invariant. There are several ways to define an
order parameter. The most common choice is the Wilson loop, which was proposed by Wilson
in 1974 [62]. The definition of the Wilson loop can be illustrated by a simple example of an
Abelian gauge field: Assume that two charges ±e are created at some point in the Euclidean
plane (x, τ), then separated to a distance R and kept static. Finally they come together and
annihilate at another point after some Euclidean time T . The world lines of these two charges
will form a contour. The interaction of these two external charges with the gauge field is
Sint = e
∫
d4xjµAµ = e
∮
Aµdx
µ. (2.4.1)
The current density for two point charges moving on the perimeter of a loop is
jµ = e
dxµ
ds
δ(4)(x− x(s)), 0 < s ≤ 2π, (2.4.2)
with s being the parameter describing the contour. In the path integral formalism, this source
will introduce into the vacuum functional integral an extra factor, the Wilson loop
Ww≡ exp [iSint] = exp
[
ie
∮
Aµdx
µ
]
. (2.4.3)
The generating functional with this point electric charge interaction is just the “quantum Wilson
loop”,
Z = 〈Ww〉. (2.4.4)
In the non-relativistic limit, the quantum Wilson loop is associated with the static potential of
two particles with opposite charges. To see this, we calculate the quantum Wilson loop over a
rectangle with width R and length T . Choosing the gauge condition A0(x, t) = 0, we then have
[63]
〈Ww〉 ≡ 〈Ww(R,T )〉 = 〈ψ(0)ψ†(T )〉, (2.4.5)
where
ψ(0) = P exp
[
ie
∫ R
0
ds
dx
ds
·A(x, 0)
]
, ψ(T ) = P exp
[
ie
∫ R
0
ds
dx
ds
·A(x, T )
]
, (2.4.6)
P denoting the path ordering. Performing the sum over the intermediate states in Eq. (2.4.5)
and using the translation invariance (in Euclidean space)
ψ(T ) = e−HTψ(0)eHT , (2.4.7)
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phase static potential V (R)
at large R
Coulomb 1/R
free electric 1/[R ln (RΛ)]
free magnetic ln (RΛ) /R
Higgs constant
confining κR
Table 2.3.1: Various phases in gauge theory (κ is the string tension and Λ is the renormalization scale).
we get
〈Ww(R,T )〉 =
∑
n
〈ψ(0)|n〉〈n|ψ†(T )〉 =
∑
n
|〈ψ(0)|n〉|2e−EnT , (2.4.8)
whereH is the Hamiltonian and {En} is the energy spectrum of the system. In the limit T →∞,
only the ground state with the lowest energy E0 contributes to 〈Ww(R,T )〉,
〈Ww(R,T )〉 T→∞−→ e−E0(R)T . (2.4.9)
Wilson’s prescription for obtaining the static potential between the pair of charges as a function
of their distance is the following:
V (R)≡ lim
T→∞
[
− 1
T
ln〈W (R,T )〉
]
. (2.4.10)
Thus, the phase can be characterized by the static potential defined in this way. Since the vacuum
expectation value of the Wilson loop operator is determined by the full quantum theory, the
general form of the static potential at large R should be
V (R) ∼ α(R)
R
. (2.4.11)
The generalization of the above discussion to the non-Abelian case is straightforward. The two
test charges should be in conjugate representations r and r of the gauge group and the Wilson
loop operator is the trace of the holonomy operator in the representation r,
Ww = TrrP exp
[∮
Aµdx
µ
]
. (2.4.12)
In Eq. (2.4.11), α is classically a constant, α = g2/(4π), with g being the gauge coupling constant,
but the quantum corrections make α be a function of R, since α runs due to renormalization
effects. Depending on the functional form of α(R) at large R (up to a non-universal additive
constant), the phases are classified as listed in Table (2.4).
In the following we shall give a detailed explanation of each phase and mention the known
field theories possessing such a phase.
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Coulomb phase
This dynamical regime has long-distance interaction behaviour. One typical theory present-
ing this phase is massive QED, where the running of the coupling constant is given by the
Landau formula, which in momentum space reads:
αeff (q
2) =
α0
1− α0/(3π) ln (|q2|/m2) , (2.4.13)
wherem is the mass of the charged particle. Thus α decreases logarithmically at large distances.
However, it stops running at R∼m−1, the corresponding limiting value of α being
α∗eff = αeff(R∼m−1) (2.4.14)
and the static potential at large R being
V (R) ∼ α
∗
eff
R
∝ 1
R
. (2.4.15)
The Coulomb phase also appears in a non-Abelian theory with massless interacting quarks
and gluons, and is then called the non-Abelian Coulomb phase. The Coulomb potential can
emerge at a non-trivial infrared fixed point of the renormalization group. Thus, such a theory is
a non-trivial interacting four dimensional conformal field theory. One known field theory having
this feature is supersymmetric QCD with an appropriate choice of flavours and colours. We
shall give a detailed discussion of this theory later.
Free electric phase
This dynamical feature is also familiar. It occurs in massless QED. From the running of the
coupling constant in momentum space,
αeff(q
2) =
α0
1− α0/(3π) ln (|q2|/Λ2) , (2.4.16)
one can see that the electric charge is renormalized to zero at large distance and thus there
will be a factor ln (RΛ) in the static potential. An intuitive physical reason is that a strong
screening occurs due to quantum effects, and the photon propagator is dressed by virtual pairs
of electrons. This dressing makes the running coupling constant behave as follows at large R:
α(R) ∼ 1
ln(RΛ)
. (2.4.17)
Note that this is greatly different from the massive case, where the running of the effective
charge is frozen at the distance R = m−1. In the massless case, the logarithmic falloff continues
indefinitely. Thus the asymptotic limit of massless QED is a free photon plus massless electrons
whose charge is completely screened. This is why this phase is called a free phase. Strictly
speaking, the model with this phase is ill-defined at short distances, since the effective coupling
grows continuously and finally hits the Landau pole. Usually, this kind of theory must be
embedded into an asymptotically free theory. A free electric phase also occurs in the IR region
of a non-Abelian gauge theory which is not asymptotically free, and it is then called a non-
Abelian free electric phase. Ordinary QCD with Nf > 16 can have this phase.
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Free magnetic phase
The free magnetic phase owes its existence to the occurrence of magnetic monopole states.
Assume that a magnetic monopole behaves like a point particle and participates in interactions
like an electron. Analogous to the free electric phase, the free magnetic phase occurs when there
are massless magnetic monopoles, which renormalize the magnetic coupling to zero at large
distance,
αmeff(R) =
g2(R)
4π
∼ 1
ln(RΛ)
. (2.4.18)
Due to the Dirac condition e(R)g(R) ∼ 1, the electric coupling constant is correspondingly
renormalized to infinity at large distance,
αeeff(R) ∼ ln(RΛ). (2.4.19)
There also exists a non-Abelian free magnetic phase. The known examples are N = 2 SU(2)
Supersymmetric Yang-Mills theory at the massless monopole points [1, 2] and the dual magnetic
theory of N = 1 supersymmetric SU(Nc) gauge theory withNf flavours whenNc+2≤Nf≤3/2Nc
[16].
Higgs phase
In a Higgs phase, the gauge group G is spontaneously broken to a subgroup H by a scalar
field or by the condensation of a fermionic field. The gauge bosons corresponding to the broken
generators will become massive due to the Higgs mechanism. One typical model is the Georgi-
Glashow model, which describes the interaction of an SU(2) gauge field with the scalar field in
the adjoint representation of the gauge group,
L = −1
4
GaµνG
µνa +
1
2
(Dµφ)
a(Dµφ)a − λ
4
(
φaφa − v2
)2
. (2.4.20)
The non-vanishing expectation value 〈|φ|〉 = v leads to the spontaneous breaking of the gauge
symmetry, SU(2)−→U(1). Corresponding to the two broken generators, two gauge bosons
become massive with mass MW = |gv| due to the Higgs mechanism, and one remains massless,
corresponding to the unbroken generator. The dynamics is a little complicated: at a distance less
than M−1W , the static potential is the Coulomb potential ∼ 1/R; at a distance larger than M−1W ,
the interaction force is short-range and the potential behaves as a Yukawa potential, V (R) ∼
exp (−MWR)/R, i.e. the electric charge is exponentially screened. The gauge coupling constant
runs according to the Landau formula at distances shorter thanM−1W , since the remaining theory
is an Abelian gauge theory, and the running is frozen at the distance M−1W . Thus, in the Higgs
phase the static potential between two test charges should tend to a constant value. This can
also be seen from an explicit computation of the Wilson loop in lattice gauge theory, where the
quantum Wilson loop obeys a “perimeter law”,
〈Ww〉 ∼ exp [−Λ× (perimeter)] . (2.4.21)
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Confining phase
Confinement means that the particles corresponding to the fields appearing in the funda-
mental Lagrangian are absent in the observed particle spectrum. One well-known example of
a confining phase is low-energy QCD. In QCD, the microscopic dynamical variables are quarks
and gluons, they carry colour charges responsible for the strong interactions. However, all the
observed particles are colourless hadrons, i.e. bound states of quark-antiquark pairs (mesons)
or three quarks (baryons) or gluons (glueballs). The microscopic degrees of freedom are always
confined. This kind of dynamical feature is called a confining phase. Strictly speaking, the
dynamical mechanism for colour confinement is not quite clarified yet. However, a phenomeno-
logical picture is believed to be as follows.
If we place a static colour charge and a conjugate charge at a large distance from each other,
they will create a chromoelectric field formed like a thin flux tube between the two charges, in
contrast to the electric-magnetic field in the Abelian case, which is dispersed. The flux tube is
a string-like object with constant string tension κ. Both the cross section and the string tension
are determined by the energy scale at which confinement occurs. Thus, the potential between
quarks grows linearly with the distance since the string tension is constant:
V (R) = κR. (2.4.22)
The quarks cannot leave the hadron since this would need an infinite energy. This dynamical
feature manifests itself in the Wilson loop as the “area law”.
This physical picture is reminiscent of the Meissner effect in type II superconductivity. From
the viewpoint of field theory, superconductivity can be thought of as the spontaneous breakdown
of electromagnetic gauge symmetry [64] created by the Bose condensation of the Cooper electron
pairs in the vacuum state. One of the most prominent features in the superconductor is the
exclusion of magnetic fields, the Meissner effect. However, if we put two static magnetic charges
inside the superconductor, since the magnetic flux is conserved, the magnetic field cannot vanish
everywhere. The magnetic flux will be pressed into narrow tubes connecting these two magnetic
charges. A phenomenological model describing this dynamics is the Landau-Ginzburg theory,
S =
∫
d3x
[
−1
2
(∂iψp − 2ietpqAiψq)2 + 1
2
m2ψpψp − 1
4
g (ψpψp)
2
]
, (2.4.23)
where i = 1, 2, 3; p, q = 1, 2; g,m2 > 0 and t is the Hermitian U(1) generator,
t =
(
0 −i
i 0
)
. (2.4.24)
This model is the non-relativistic analogue of a U(1) gauge field interacting with a scalar field.
Defining
ψ1 + iψ2 = ρ exp (2ieφ) , (2.4.25)
we can rewrite the above action as
S =
∫
d3x
[
−1
2
(∂iρ)
2 − 2e2ρ2 (∂iφ+Ai)2 + 1
2
m2ρ2 − 1
4
gρ4
]
. (2.4.26)
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The Landau-Ginzburg action shows spontaneous symmetry breakdown due to the condensation
of electron pairs. The flux tubes are just the vortex solutions of the classical equations of motion
derived from the above action. One can calculate the energy carried by the vortex per unit length
at a distance far away from the magnetic charge source with the result being a constant [64].
Thus, the energy between two magnetic charges in a superconductor grows linearly with the
separation between them.
We expect a similar dynamical mechanism to exist in QCD resulting in colour confinement.
However, there are two difficulties to overcome.
First, in QCD, it is the chromoelectric field that forms flux tubes. The vacuum medium
should expel the chromoelectric field, and this can only be achieved by the condensation of
particles carrying magnetic charge. Thus, if the colour confinement is produced in this way,
it should be a dual Meissner effect. It is well known that monopole solutions had been found
in the Georgi-Glashow model independently by ’t Hooft [65] and Polyakov [66]. In this model
there exists a scalar field and the Higgs mechanism can break the original SU(2) gauge group
to U(1), leading to the emergence of monopoles as soliton solutions to the classical equations
of motion. But QCD, whose gauge group SU(3) remains unbroken, does not have classical
magnetic monopole solutions.
A possible scheme to solve this problem was proposed by ’t Hooft. His idea is quite simple
[67]: choose an appropriate non-propagating gauge condition to reduce the original SU(Nc) QCD
to a multiple Abelian theory with gauge group U(1)Nc−1, i.e. the maximal Cartan subgroup
of SU(Nc). This procedure is called Abelian projection, which can artificially create monopole
configurations. Note that the QCD monopoles obtained in this way are not physical objects,
since they are gauge dependent. Nevertheless, they may play an important role in implementing
the dual Meissner effect in QCD.
A non-propagating gauge means a gauge that is fixed in such a way that no unphysical
degrees of freedoms such as Faddeev-Popov ghosts emerge. A familiar example is the unitary
gauge. Usually, as indicated by ’t Hooft, this kind of gauge choice can render the theory non-
manifestly renormalizable and therefore, in concrete calculations one should go over to a nicer
“approximately non-propagating” gauge condition. Another more important feature of the non-
propagating gauge is that it can induce singularities in space-time. ’t Hooft interpreted these
singularities as the “monopoles”, additional physical dynamical variables.
A concrete method to implement this gauge is as follows. Let us consider some operator that
transforms covariantly under the local gauge transformation U(x),
X −→ UXU−1. (2.4.27)
For instance, X = GµνG
µν , X = GµνD
2Gµν , or X = ψrψs and so on, r, s = 1, · · · , Nc being
colour indices. Then by choosing U(x) appropriately X can be diagonalized,
X =
 λ1 · · · 0... . . . ...
0 · · · λNc
 , (2.4.28)
where the eigenvalues are ordered,
λ1 ≥ λ2 ≥ · · · ≥ λNc . (2.4.29)
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The gauge is not yet fixed completely, as any diagonal gauge rotation
U(x) =
 e
iθ1 · · · 0
...
. . .
...
0 · · · eiθNc
 (2.4.30)
leaves X invariant. These gauge transformations form the group
U(1)Nc−1, (2.4.31)
i.e. the maximal Abelian subgroup of the gauge group. Thus, with this gauge choice SU(Nc)
gluodynamics is reduced to a dynamics ofNc−1 “photons” (the gluon components corresponding
to diagonal generators) and Nc(Nc− 1) “matter fields” (the gluon components corresponding to
all off-diagonal generators) charged with respect to the “photon” fields.
Let us see how the QCDmonopole configurations emerge. As mentioned above, the monopoles
correspond to singularities in space induced by the gauge choice. Singularities arise when two
consecutive eigenvalues of X coincide. Without loss of generality, we consider the case in which
λ1 and λ2 coincide at some space point x0, while the other eigenvalues remain distinct. Close
to x0, a nonsingular gauge transformation brings X into a form comprising a 2 × 2 Hermitian
matrix
λ1+ ǫa(x)σa, (2.4.32)
where 1 is the 2 × 2 unit matrix and σa are the Pauli matrices, in the upper left hand corner;
otherwise, X is diagonal. With respect to the SU(2) subgroup rotating the 1,2-components into
each other, the fields ǫa(x) behave as the components of an isovector. The coincidence λ1 = λ2
at x0 means that
ǫa(x0) = 0, a = 1, 2, 3. (2.4.33)
The vanishing of these three real functions can only happen in isolated points in three-dimensional
space. Thus, ǫa(x) carries the characteristic features of the Higgs field of the ’t Hooft-Polyakov
monopole. Indeed, performing the final step of the gauge fixing, making ǫ1 = ǫ2 = 0 and ǫ3 > 0,
generates Dirac strings in the photon fields A1µ and A
2
µ.
If the U(1) charges of the “matter” field Aijµ are
qi = −qj = g; qk = 0, k 6= i, j, (2.4.34)
then the magnetic charges of the singularity are
(h1, h2, h3, · · · , hNc) = (
2π
g
,−2π
g
, 0, · · · , 0). (2.4.35)
Note that the “elementary monopoles” only have adjacent magnetic charges different from zero.
Monopoles with nonadjacent magnetic charges can only arise as bound states of these “elemen-
tary” poles.
Although we have been able to identify states that could give rise to a dual Meissner effect
through condensation, there remains the formidable problem of showing that this actually is
what happens in QCD. Lattice simulations have given some quite encouraging results, but
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they are still far from complete and many aspects still remain unclear [68]. It was thus very
encouraging that a demonstration of this confinement mechanism could be given for N = 2
supersymmetric Yang-Mills theory [1] and QCD [2]. Seiberg and Witten were able to deduce
an exact low-energy effective action using the electric-magnetic duality conjecture, and showed
that the dual Meissner effect indeed happens.
Oblique confinement
In addition to the various phases introduced above, there still exists another peculiar dynam-
ical scenario in which states with fractional baryon charges can emerge. This phase is called the
oblique confinement phase. Since this phase indeed emerges in supersymmetric SO(Nc) gauge
theory, we shall in the following give a detailed explanation.
Roughly speaking, oblique confinement is produced by dyon condensation. A dyon is a state
carrying both electric and magnetic charges. As a soliton solution in the Georgi-Glashow model
it was first found by Julia and Zee [69] in the gauge choice of non-zero Aa0, the time component
of the gauge field. The magnetic monopole is the static solution of the Georgi-Glashow model in
the gauge condition Aa0 = 0 [65]. The non-zero A0 should give the static solution both electric
and magnetic charges since the electric field does not vanish. It was further shown by Witten
that a non-vanishing vacuum angle θ [70],
L = g
2θ
32π2
GaµνG˜
aµν (2.4.36)
affects the electric charge of magnetically charged states. Although this term is a surface term
and does not affect the classical equations of motion, it makes a particle with the magnetic
charge h necessarily acquire an electric charge,
q =
θg2
4π2
h. (2.4.37)
Before discussing the effects of the θ-vacuum, we shall show that for QCD monopole config-
urations the “electric” charges of off-diagonal gluons and the magnetic charges of singularities
form a (2N − 2)-dimensional lattice.
Consider two particles, (1) and (2), with magnetic charges h
(1)
i and h
(2)
i and electric charges
q
(1)
i and q
(2)
i , i = 1, · · · , Nc labelling the U(1) group. The charges have to obey the Schwinger-
Zwanziger quantization condition,
Nc∑
i=1
(
h
(1)
i q
(2)
i − q(1)i h(2)i
)
= 2πn (2.4.38)
with
Nc∑
i=1
hi =
Nc∑
i=1
qi = 0. (2.4.39)
In ’t Hooft’s terms “the particle (1) has a Dirac quantum n with respect to particle (2)”.
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It is easy to show that a particle, with electric and magnetic charges being integer coefficient
linear combinations of the charges of the particles (1) and (2), still satisfies the Schwinger-
Zwanziger quantization condition with respect to both others. Therefore, the whole particle
spectrum satisfying (2.4.38) and (2.4.39) can be constructed by finding a basis of 2(Nc − 1)
particles with charges h
(A)
i and q
(A)
i , A = 1, · · · , 2Nc− 2, and then all allowed sets of charges are
hi =
2Nc−2∑
A=1
kAh
(A)
i , qi =
2Nc−2∑
A=1
kAq
(A)
i . (2.4.40)
So they form (2Nc − 2)-dimensional lattice.
Since in each of the N − 1 U(1) groups, the dynamics is described by Maxwell’s equations,
which are invariant under rotations of the electric and magnetic charges,
hi → hi cosφi + qi sinφi,
qi → −hi sinφi + qi cosφi, (2.4.41)
we can define a “standard” basis by rotating away the magnetic part of the (Nc − 1) basic
charges:
h
(A)
i = 0, A = 1, · · · , Nc − 1. (2.4.42)
The electrically charged gluons provide us with a set of N − 1 basic charges obeying (2.4.42):
q
(A)
i = gδ
A
i − gδA+1i , A = 1, · · · , Nc − 1. (2.4.43)
The standard basis is completed by the magnetic monopoles with magnetic charges as in (2.4.35):
h
(A)
i =
2π
g
δA+1−Nci −
2π
g
δA+2−Nci , A = Nc, · · · , 2Nc − 2. (2.4.44)
Quarks, if they occur, would have only electric charges,
q
(i0)
i = gδii0 −
g
Nc
, i = 1, · · · , Nc, (2.4.45)
where i0 labels a fixed U(1) group and the last term is necessary in order to satisfy the constraint
(2.4.39). The lattice for the case Nc = 2 is sketched in Fig. 1.a. The electrically charged particles
lie on the horizontal axis. From (2.4.43) the gluons have charges 0 (corresponding to diagonal
generators), ±g (corresponding to off-diagonal generators). Other particles composed of gluons,
according to Eq. (2.4.40), have the charge ±2g and so on. The quarks, according to Eq. (2.4.45),
have charges ±g/2 in the case Nc = 2. The monopoles lie on the vertical axis with magnetic
charge h = 4π/g and the electric charge q = 0. Other states on the vertical axis are the anti-
monopole, a pair of monopoles and so on. All the points which do not belong to the horizontal
and vertical axis are bound states of the electric and magnetic quanta.
Now we switch on the θ vacuum term. According to Eq. (2.4.37), the QCD monopoles acquire
fractional U(1) charges,
q
(A)
i =
θg2
4π2
h
(A)
i , A = Nc, · · · , 2Nc − 2. (2.4.46)
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Consequently, if θ 6= 0 or 2π, the square lattice shown in Fig. 1.a. will become oblique (this
is why the name oblique confinement is applied). Fig. 1.b shows the lattice corresponding to
θ = π + ǫ, 0 < ǫ≪ π.
From the above discussion, we infer that there are three physical dynamical scenarios. If
one of the purely electrically charged objects is a Lorentz scalar, it can develop a non-vanishing
vacuum expectation value and then the theory is in the Higgs phase. If the field representing
a monopole develops a non-vanishing vacuum expectation value, the quarks will be confined,
and the theory is in the confining phase. If no condensation occurs, the particle spectrum is
given by the lattice, and the theory is in the so-called Coulomb phase. Therefore, all the phases,
if they emerge in SU(N) gauge theory, can be characterized by designating those points on
the charge lattice that develop vacuum expectation values. The quantum in the Schwinger-
Zwanziger quantization condition for every pair of these points must vanish,
h
(1)
i q
(2)
i − q(1)i h(2)i = 0, (2.4.47)
For the case of SU(2) sketched in Fig. 1, Eq. (2.4.47) implies that these points should lie on a
straight line passing through the origin. In the general SU(Nc) case, they can span a linear
subspace with the dimension not larger than Nc − 1. All particles whose charges lie in this
subspace show only short-range interactions, and their gauge fields are screened by the Higgs
mechanism. All the particles that have a non-vanishing Schwinger-Zwanziger quantum with
respect to one of the points on this subspace are confined.
Overall, all the possible physical phases of the theory can be characterized by the linear
spaces spanned by at most N points on the electric-magnetic charges lattice. (In particular, the
pure Coulomb phase corresponds to choosing only the origin.) Phase transitions correspond to
moving from one linear subspace to another.
With this electric-magnetic lattice and its phase description, we can explain what the oblique
confinement looks like. Increasing θ, we can deform the {q, h} lattice in a continuous way.
Suppose we have a confinement mode corresponding to the line I sketched in Fig. 1.b., i.e.
monopoles in this direction develop expectation values. If θ runs from 0 to π, this line will
become continuously more tilted. At θ = π, the other line II, corresponding to the parity
image of I with respect to the vertical axis, is also a confinement mode. When θ is very near
π but not equal to π, vacuum expectation values of the monopoles cannot be developed in the
direction represented by the line I or II. This follows from the Schwinger-Zwanziger quantization
condition. It seems that the monopole particles have to move collectively and carry large electric
charges. However, the monopoles corresponding to I and II carry opposite electric charges.
There is a possibility that they form a tight bound state, which in turn condenses and hence
develops a vacuum expectation value. The possible direction in which this condensation happens
is the line III as shown in Fig. 1.b. This alternative is referred to as oblique confinement by
’t Hooft [67, 71]. However, one can see that this confinement mode is very peculiar. Some of
the particles with the external quantum numbers of fundamental quarks exist in the observable
spectrum. Of course, the fundamental quarks are confined, since they do not lie on the line III.
But the bound state of a quark and a dyon can lie on this line and hence is not confined. Since
the dyon has no baryon charge, or any other external quantum numbers, this kind of composite
particle has exactly the same baryon charge as the fundamental quarks, i.e. fractional. In usual
QCD, the vacuum angle is empirically very close to zero, and oblique confinement cannot occur.
However, in supersymmetric SO(Nc) gauge theory, this dynamical phenomenon indeed exists.
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qx x
h
=  photons
= elementary gluons and monopoles
= bound states of gluons and monopoles
x = quarks
x x
h
q
=  photons
= elementary gluons and monopoles
= bound states of gluons and monopoles
x = quarks
x
x
II III I
a
b
x
= one Dirac quantum
 = bound states with quarks
x
Figure 1: Electric-magnetic charge lattice for the SU(2) case, q = electric charge, h = magnetic charge.
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phase static potential V (R)
at large R
Coulomb 1/R
free electric ln (RΛ) /R
free magnetic 1/[R ln (RΛ)]
Higgs ρR
confining constant
Table 2.3.2: Static potential obtained from the ’t Hooft loop and corresponding phases in gauge theory
(ρ is the string tension and Λ is the renormalization scale).
More order parameters
In the following, we shall introduce two other order parameters, which are very convenient
for describing monopole condensation (quark confinement) and dyon condensation (oblique con-
finement).
The first order parameter is the ’t Hooft loop Wt, which is defined by cutting a contour out
of the space-time and considering non-trivial boundary conditions around it. This definition
itself has geometric meaning. In a fashion similar to the Wilson loop, it can be interpreted
as the creation and annihilation of a monopole and anti-monopole pair. With the choice of a
rectangular contour, one can define the static potential between the monopole and anti-monopole
at large distance R,
lim
T→∞
〈Wt〉 = e−TVt(R). (2.4.48)
It can be argued from some concrete calculations [16] that the potential between the monopoles
can be classified as that listed in Table 2.3.2.
Comparing the static potential between electrically charged particles obtained from the Wil-
son loop with that of magnetic monopoles from the ’t Hooft loop, one can see that the dynamical
behaviour of free electric and free magnetic phases are exchanged. The Higgs phase and the
confining phase are also exchanged. This is in fact a reflection of electric-magnetic duality: the
Wilson loop and the ’t Hooft loops are exchanged with the exchange of electrically charged par-
ticles with magnetic monopoles. In fact, the exchange of the Higgs phase and confinement phase
is a conjecture by Mandelstam and ’t Hooft [9, 10] based on the the exchange of the free electric
phase and the free magnetic phase. As mentioned above, this conjecture provides a conceivable
mechanism for colour confinement. It can be understood as a dual Meissner effect produced
by the condensation of monopoles, since the Higgs phase is associated with the condensation of
electrically charged particles, and the magnetically charged particles are confined.
The Coulomb phase goes into itself under the electric-magnetic duality transformation. This
is the unique self-dual phase. For an Abelian Coulomb phase with free photons, this can be easily
seen from a standard duality transformation. The search for duality in non-Abelian Coulomb
phase has become very popular in recent years. The original conjecture for the existence of
this duality was made by Montonen and Olive [7]. Osborn [8] found that this duality can exist
in N = 4 supersymmetric Yang-Mills theory. Some years ago a major progress was made by
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phase dynamical behaviour
W Wt Wd
Coulomb perimeter law area law area law
Confinement area law perimeter law area law
Oblique confinement area law area law perimeter law
Table 2.3.3: Dynamical law of the phases described by the order parameters.
Seiberg and Witten [1, 2]. They found that the electric-magnetic duality in the low-energy N = 2
supersymmetric Yang-Mills theory play a crucial role in understanding the non-perturbative
dynamics. The electric-magnetic duality transformation turned out to be the monodromy, i.e.
the transformation of a complex function relevant to the coupling around the singularity in the
Riemann surface of the moduli space of the theory, while the singularities represent the various
particles implied from the duality such as monopole and dyon etc. In this way an exact coupling
of low-energy N = 2 supersymmetric Yang-Mills theory is thus determined and consequently, the
full low-energy quantum effective action (including the non-perturbative contribution) is given.
This effective action is confirmed by some explicit instanton calculations [89]. Furthermore,
Seiberg has shown that the non-Abelian electric-magnetic duality can emerge in the infrared
fixed point of N = 1 supersymmetric QCD [11, 12, 13]. This is the main topic we shall discuss
in the following sections.
With the Wilson and the ’t Hooft loops, we formally define another gauge invariant order
parameter as the product of them,
Wd =WwWt, (2.4.49)
which is called a dyon loop since it can describe the dynamics of the particles with both electric
and magnetic charges. This order parameter is particularly suitable for describing the oblique
confinement phase. To compare the dynamical behaviour of each phase reflected in these pa-
rameters, we collect them in Table 2.3.3.
2.5 N = 1 superconformal algebra and its representation
2.5.1 Current supermultiplet
The algebraic foundation of a superconformal invariant quantum field theory is superconformal
algebra. To introduce superconformal symmetry, a natural way is to start from the supercurrent
supermultiplet. Like in the derivation of ordinary conformal algebra in Subsect. 2.1, we exhibit
the structure of the supercurrent multiplet without resorting to a particular model and only by
demanding that the currents and their supersymmetric transformations yield the supersymmetry
algebra.
According to the Noether theorem, corresponding to supersymmetry invariance of a relativis-
tic quantum field theory we have the conserved supersymmetry current jµα(x), ∂µj
µ
α(x) = 0,
and the supercharge
Q =
∫
d3xj0. (2.5.1)
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The supercharge generates the supersymmetric transformation, δφ(x) = i[ζQ, φ(x)]. Here we
use four-component notation,
Q =
(
Qα
Q
α˙
)
, Q =
(
Qα, Qα˙
)
, ζQ = Qζ. (2.5.2)
In two-component notation, ζQ = ζαQα + Qα˙ζ
α˙
. The supersymmetric variation of the super-
symmetric current gives
δjµ(x) = −i[jµ(x), ζQ]. (2.5.3)
Taking the space integral of the time component of the above supersymmetry variation and
requiring that the N = 1 supersymmetry algebra {Q,Q} = 2γµPµ is reproduced, we have∫
d3xδj0(x) = −i[Q, ζQ] = −i[Q,Qζ] = −2iγµζPµ = −2iγµζ
∫
d3xθ0µ. (2.5.4)
In view of Lorentz covariance, the supersymmetric transformation of supersymmetry current jµ
must have the following general form:
δjµ = 2γ
νθνµ + ∂
ρRµρ, (2.5.5)
where Rρµ = −Rµρ. The second term of (2.5.5) vanishes when taking µ = 0 and integrating
over
∫
d3x. Furthermore, the chiral UR(1) rotation of the supercharge yields
[Q,R] = γ5Q, R =
∫
d3xj50 ,
[ζQ,
∫
d3xj50 ] = −i
∫
d3xδj50 = ζγ5Q = ζγ5
∫
d3xj0. (2.5.6)
Hence
δj5µ = iγ5jµ + ∂
νrνµ, (2.5.7)
with rνµ = −rµν . (2.5.5) and (2.5.7) imply that the R-current j5µ, the supersymmetry current
jµα and the energy-momentum tensor θµν belong to a supermultiplet
(θµν , jµ, j
5
µ). (2.5.8)
At quantum level, each member of the above supermultiplet will become anomalous. It was
shown that the trace anomaly θµµ, the γ-trace anomaly of the supersymmetry current, γ
µjµ,
and the chiral anomaly of theR-current, ∂µj5µ, lie in a chiral supermultiplet, Φ≡
(
γµjµ, θ
µ
µ, ∂
µj5µ
)
[27, 97].
In a concrete classical superconformal invariant field theory – the massless Wess-Zumino
model – the explicit but model independent supersymmetry transformations among the members
of the current supermultiplet (2.5.8) are as follows:
δjµ = −2iγνζθµν + iγνγ5ζ
(
∂νj
5
µ − ηµν∂ρj5ρ
)
+
1
2
iǫµνρσγ
νζ∂ρj5σ ,
δj5µ = iζγ5jµ −
i
3
ζγ5γµγ
νjν ,
δθµν =
1
4
iζ(σµρ∂
ρjν + σνρ∂
ρjµ). (2.5.9)
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Consequently, the supersymmetry transformation of the members of the anomaly multiplet is
δ
(
−i1
3
γµjµ
)
= −
(
2
3
θµµ − iγ5∂µj5µ
)
ζ,
δ
(
2
3
θµµ
)
= iζγν∂ν
(
−i1
3
γµjµ
)
,
δ(∂µj5µ) = ζγ5γ
ν∂ν
(
−i1
3
γµjµ
)
. (2.5.10)
Like in the non-supersymmetric case discussed in Sect. 2.1, if we require that the conformal
symmetry is preserved at the quantum level, Φ = 0, i.e.
θµµ = 0, γ
µjµ = 0, ∂
µj5µ = 0, (2.5.11)
then the supersymmetric transformation (2.5.9) reduces to the form of the naive supersymmetry
transformations (2.5.5) and (2.5.7),
δjµ = −2iγνζθµν + γνγ5ζ∂νj5µ +
i
2
ǫµνρσγ
νζ∂ρj5σ ,
δθµν =
1
4
iζ(σµρ∂
ρjν + σνρ∂
ρjµ), δj
5
µ = iζγ5jµ. (2.5.12)
In particular, with the vanishing of the quantum anomalies (2.5.11), we have not only the
conserved currents dµ and kµν and their charges D and Kµ shown in (2.1.12), but also a new
conserved fermionic current
sµ ≡ ixνγνjµ, ∂µsµ = iγµjµ + ixνγν∂µjµ = 0, (2.5.13)
and the corresponding supercharge
S≡
∫
d3xs0. (2.5.14)
S is called the generator of special supersymmetry transformations. Like the supersymmetric
charge, S is a Majorana spinor,
S =
(
Sα
S
α˙
)
, Q =
(
Sα, Sα˙
)
. (2.5.15)
2.5.2 N = 1 superconformal algebra
In this section, we first derive the whole superconformal algebra and then work out in detail
the representation of the superconformal algebra following Ref. [27]. In particular, we shall
introduce the relation between the conformal dimension and the R-charge of a chiral superfield,
which plays a crucial role in determining the conformal window in N = 1 supersymmetric gauge
theory.
Like the ordinary conformal algebra, the superconformal algebra can be derived directly from
the transformation property of the current given in (2.5.12). We first get[
Q,Qζ
]
= [
∫
d3xj0, Qζ] = i
∫
d3xδj0
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= 2γµζ
∫
d3xθ0µ + iγ
iγ5ζ
∫
d3x∂ij50
−iγ0γ5ζ
∫
d3x∂ij5i −
1
2
ǫijkγiζ
∫
d3x∂jj
5
k
= 2γµζ
∫
d3xθ0µ = 2γ
µζPµ, (2.5.16)
[Pµ, Q] = [
∫
d3xθ0µ, ζQ] =
∫
d3xδθ0µ =
1
4
iζ
∫
d3x (σ0ρ∂
ρjµ + σµρ∂
ρj0)
=
1
4
iζ
∫
d3x
(
σ0i∂
ijµ + σµi∂
ij0 − σµ0∂iji
)
= 0, (2.5.17)
[Mµν , ζQ] = i
∫
d3x (xµδθν0 − xνδθµ0)
= −1
4
ζ
∫
d3x [(σν0jµ − σνµj0 − σ0µjν − (µ←→ν)] = −1
2
ζσνµQ, (2.5.18)
[R, ζQ] = [
∫
d3xj50 , ζQ] = i
∫
d3xδj50 = −ζγ5
∫
d3xj0 = −ζγ5Q, (2.5.19)
where we have used∫
d3x∂i(anything) = 0, i = 1, 2, 3; σµν = −σνµ, ∂µjµ = ∂µj5µ = 0,
xµσνρ∂
ρj0 = xµ
(
σν0∂
0j0 + σνi∂
ij0
)
= xµ∂
i (σνij0 − σν0ji) . (2.5.20)
Eqs. (2.5.16)-(2.5.19) give the fermionic part of the super-Poincare´ algebra:
[Q,Mµν ] =
1
2
σµνQ, [Q,Pµ] = 0, {Q,Q} = 2γµPµ, [Q,R] = γ5Q. (2.5.21)
To obtain the whole superconformal algebra. we only need to calculate two new commutation
relations, [Q,Kµ] and [Q,D]. The others can be determined from the Jacobi identity. Thus, we
have
[ζQ,Kµ] = [ζQ,
∫
d3xkµ0] = −i
∫
d3xδkµ0
= −i
∫
d3x(2xµx
νδθν0 − x2δθµ0) = ζγµS, (2.5.22)
[ζQ,D] = [ζQ,
∫
d3xd0] = −i
∫
d3xδd0 = −i
∫
d3xxνδθ0ν
= −1
4
ζ
∫
d3x
[
ηiν(σ0ijν + σνij0 − σν0ji)
]
= −1
2
ζ
∫
d3xσ0νj
ν = −1
2
ζ
∫
d3xiγ0γij
i
=
i
2
ζ
∫
d3xj0 =
1
2
iζQ, (2.5.23)
where the condition γµjµ = 0 was used. Eqs. (2.5.22) and (2.5.23) yield new commutation
relations,
[Q,R] = γ5Q, [Q,Kµ] = γµS, [Q,D] =
i
2
Q. (2.5.24)
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In addition, since the R-symmetry is only related to super-coordinate rotations, it actually
belongs to the internal symmetries. Thus the generator of R-symmetry must commute with the
generators of the ordinary space-time transformation,
[R,Pµ] = [R,Mµν ] = [R,D] = [R,Kµ] = 0. (2.5.25)
With the algebraic relations listed in (2.5.21), (2.5.24) and (2.5.25), the Jacobi identities (S,M,K),
(Q,P,K), (Q,D,K), (Q,K,K) and (Q,K,R) yield the following commutation relations, respec-
tively,
[S,Mµν ] =
1
2
σµνS, [S,Pµ] = γµQ, [S,D] = − i
2
S, [S,Kµ] = 0, [S,R] = −γ5S. (2.5.26)
As an illustrative example, consider the Jacobi identity (S,M,K). We have
[[Q,Mµν ],Kρ] + [[Kρ, Q],Mµν ] + [[Mµν ,Kρ], Q] = 0,
1
2
σµν [Q,Kρ]− γρ[S,Mµν ]− [i(ηρµKν − ηρνKµ), Q] = 0,
1
2
σµνγρS − γρ[S,Mµν ] + iηρµγνS − iηρνγµS = 0,
i
4
γρ[γµ, γν ]S − γρ[S,Mµν ] = 0,
[S,Mµν ] =
1
2
σµνS, (2.5.27)
where the γ-algebra operation γµγνγρ = 2γµηνρ − 2ηµργν + γργµγν was used.
The anticommutators {S,Q} (or equivalently {Q,S}) and {S, S} need some special consid-
erations. Since both S and Q are fermionic generators, {S,Q} must be proportional to bosonic
generators, so it must be of the following general form,
{S,Q} = aD + bγµPµ + cσµνMµν + dγµKµ + eR. (2.5.28)
The Jacobi identities (Q,S,D); (Q,S, P ) and (Q,S,Q) fix the indefinite coefficients as b = d = 0,
a = 2i, d = 1 and e = 3γ5. Hence we finally obtain
{Q,S} = 2iD + σµνMµν + 3γ5R. (2.5.29)
Similarly one shows that
{S, S} = 2γµKµ. (2.5.30)
The fermionic part of the whole N = 1 superconformal algebra consists of the collection of
the above commutation relations,
[Q,Mµν ] =
1
2
σµνQ, [S,Mµν ] =
1
2
σµνS,
[Q,D] =
1
2
iQ, [S,D] = −1
2
iS,
[Q,Pµ] = 0, [S,Pµ] = γµQ,
[Q,Kµ] = γµS, [S,Kµ] = 0,
[Q,R] = γ5Q, [S,R] = −γ5S,
[R,Mµν ] = [R,Pµ] = [R,D] = [R,Kµ] = 0,
{Q,Q} = 2γµPµ, {S, S} = 2γµKµ,
{S,Q} = 2iD + σµνMµν + 3γ5R. (2.5.31)
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The N = 1 superconformal algebra is isomorphic to SU(2, 2|1). For N -extended supersymmetry,
the supersymmetric algebra is isomorphic to SU(2, 2|N). Furthermore, defining a conformal
spinor,
Σ≡
(
Qα
S
α˙
)
, Σ = (Sα, Qα˙), (2.5.32)
and
σab≡(σµν , σµ5, σµ6, σ56), a, b = 0, · · ·, 3, 5, 6,
σµ5 = γµγ5, σµ6 = γµ, σ56 = γ5. (2.5.33)
one can write (2.5.31) in the form of the fermionic part of an SU(2, 2|1) algebra:
[Σ,Mab] =
1
2
σabΣ; [Σ,Mab] = −1
2
Σσab;
[Σ, R] = Σ; [Σ, R] = −Σ; [Mab, R] = 0;
{Σ,Σ} = {Σ,Σ} = 0; {Σ,Σ} = σabMab − 3R. (2.5.34)
2.5.3 Representations of N = 1 superconformal symmetry
The method of finding a representation of the N = 1 superconformal algebra on field operators
is the same as for the ordinary conformal algebra, i.e. using Wigner’s little group method.
First, the commutation relation [Q,Kµ] = γµS shows that the conformal spinor charge S comes
from the commutator of the supercharge Q with the special conformal transformation generators
Kµ. Thus it is possible to construct a superconformal multiplet from a multiplet of Poincare´
supersymmetry by working out the transformation of the fields under the special conformal
transformations generated by Kµ. According to (2.1.31), the transformation of the field φ under
a special conformal transformation is
[Kµ, φ(x)] = i(2xµxν∂
ν − x2∂µ)φ(x) + (kµ + 2ixµd+ 2xνΣµν)φ(x). (2.5.35)
As shown in Sect. 2, in the field operator representation of the ordinary conformal algebra, there
is no restriction on the little group representation κµ, d and Σµν except that d must be a number
due to [D,Mµν ] = 0. However, in the superconformal algebra, the situation is different: there
is an important constraint for κµ coming from the relation [Q,Kµ] = γµS, thus a γµ should be
“separated out” from the representation of the commutator [Q,Kµ]. This constraint will restrict
the possible little group representations on the components of a superconformal multiplet.
The little group of the superconformal algebra can still be found by requiring that x = 0
stays invariant. Then we see that the little group is composed of not only the Lorentz group,
scale transformations and the special conformal transformations, but also of a UR(1) group due
to the algebraic relations [R,Mµν ] = [R,D] = [R,Kµ] = 0. Another difference between the
representations of the superconformal algebra and the ordinary conformal algebra is that owing
to the supersymmetry, the representation of the superconformal algebra must be realized on a
supermultiplet. This is unlike the ordinary conformal algebra, where only one type of field is
enough. For the superconformal algebra, several kinds of fields such as (pseudo-)scalar fields,
spinor fields and vector fields are required due to supersymmetry. Thus we consider the most
general supermultiplet, which can be constructed by starting from a complex field C(x) and
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performing the famous “seven steps” introduced in Ref. [27]. Since the concrete construction of
this general supermultiplet is very lengthy, we shall not repeat it explicitly. The basic method of
finding the chiral multiplet is illustrated detaily in Ref. [27]. Here, we only display this general
multiplet and the supersymmetry transformations among its component fields [27],
G(x) = (C(x), χ(x),M(x), N(x), Aµ(x), λ(x),D(x)) ,
δG(x) = −i[G(x), ζQ] = −i[G(x), Qζ],
δC(x) = −iζγ5χ(x),
δχ(x) = (M(x) − iγ5N(x))ζ − iγµ(Aµ(x)− iγ5∂µC(x))ζ,
δM(x) = ζ(λ(x)− iγµ∂µχ(x)),
δN(x) = −iζγ5(λ(x) − iγµ∂µχ(x)),
δAµ(x) = iζγµλ(x) + ζ∂µχ(x),
δλ(x) = −iσµνζ∂µAν(x) + iγ5ζD(x),
δD(x) = −ζγµ∂µγ5λ(x). (2.5.36)
Consequently, the supersymmetry transformations for the fields at the origin (x = 0) should be
the following:
G(0) = (C(0), χ(0),M(0), N(0), Aµ(0), λ(0),D(0)),
δG(0) = −i[G(0), ζQ] = −i[G(0), Qζ],
δC(0) = −iζγ5χ(0),
δχ(0) = (M(0) − iγ5N(0))ζ − iγµAµ(0)ζ,
δM(0) = ζλ(0),
δN(0) = −iζγ5λ(0),
δAµ(0) = iζγµλ(0),
δλ(0) = iγ5ζD(0),
δD(0) = 0. (2.5.37)
We first find the representation of the little group on this supermultiplet. Since this supermul-
tiplet is generated from C(x) through a series of successive supersymmetry transformations, as
the first step, we define the action of the generators of the little group on C(0),
[C(0), R] = nC(0),
[C(0),D] = idC(0),
[C(0),Mµν ] = ΣµνC(0). (2.5.38)
Then, translating C(0) from the origin according to C(x) = exp(−ixµPµ)C(0)exp(ixµPµ), we
obtain
[C(x), R] = nC(x),
[C(x),D] = ixµ∂µC(x) + idC(x),
[C(x),Mµν ] = i(xµ∂ν − xν∂µ)C(x) + ΣµνC(x). (2.5.39)
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The algebraic relations [R,Mµν ] = [D,Mµν ] = 0 require
[n,Σµν ] = [d,Σµν ] = 0. (2.5.40)
Since Σµν is, by hypothesis, an irreducible representation, according to Schur’s lemma, n and d
must be numbers. They are the conformal dimension and the R-charge of C(x). The conformal
dimensions and R-charges for other fields can be obtained from (2.5.37), (2.5.38), the supercon-
formal algebra (2.5.31) and Jacobi identities. For example, using the Jacobi identities (C,R,Q)
and (χ,R,Q), we have
[[C(0), R], Q] + [[Q,C(0)], R] + [[R,Q], C(0)] = 0,
[nC(0), Q] + [−γ5χ(0), R] + [−γ5Q,C(0)] = 0,
γ5[χ(0), R] = (n+ γ5)[C(0), Q] = (n + γ5)γ5χ(0),
[χ(0), R] = (n + γ5)χ(0); (2.5.41)
[{χ(0), Q}, R] + {[R,χ(0)], Q} − {[Q,R], χ(0)} = 0,
[iM(0) + γ5N(0) + γ
µAµ(0), R] + {−(n + γ5)χ(0), Q}+ {−γ5Q,χ(0)} = 0,
i[M(0), R] + γ5[N(0), R] + γ
µ[Aµ(0), R]
= (n+ 2γ5)[iM(0) + γ5N(0) + γ
µAµ(0), R],
[M(0), R] = (n+ 2γ5)M(0);
[N(0), R] = (n+ 2γ5)N(0);
[Aµ(0), R] = (n + 2γ5)Aµ(0). (2.5.42)
(2.5.41) and (2.5.42) show that the R-charges of χ and M , N , Aµ are (n + γ5) and (n + 2γ5),
respectively. Similarly, the Jacobi identities (M,R,Q), (N,R,Q), (Aµ, R,Q), (λ,R,Q) and
(D,R,Q) yield the R-charges of χ(0), M(0) etc. If we write G(0) as a column vector,
G(0) =

C(0)
χ(0)
M(0)
N(0)
Aµ(0)
λ(0)
D(0)

, (2.5.43)
the R-charges of the component field operators can be written as a diagonal matrix,
n˜ = n1+ γ5 diag (0, 1, 2, 2, 2, 3, 4) . (2.5.44)
where 1 denotes the 7×7 unit matrix. The conformal dimensions of the component field operators
can be worked out in the same way. For examples, from the Jacobi identities (C,D,Q) and
(C,D,Q), we have
[[C(0),D], Q] + [[Q,C(0)],D] + [[D,Q], C(0)] = 0,
[idC(0), Q] + [γ5χ(0),D] + [− i
2
Q,C(0)] = 0,
γ5[χ(0),D] = i(d+
1
2
)[C(0), Q] = i(d +
1
2
)γ5χ(0),
[χ(0),D] = i(d +
1
2
)χ(0); (2.5.45)
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[{χ(0), Q},D] + {[D,χ(0)], Q} − {[Q,D], χ} = 0,
[iM(0) + γ5N(0) + γ
µAµ(0),D] + {i(d+ 1
2
)χ(0), Q}+ {i1
2
Q,χ(0)} = 0,
i[M(0),D] + γ5[N(0),D] + γ
µ[Aµ(0),D]
= i(d+ 1)[iM(0) + γ5N(0) + γ
µAµ(0), R],
[M(0), R] = i(d+ 1)M(0), [N(0), R] = i(d+ 1)N(0),
[Aµ(0),D] = i(d+ 1)Aµ(0). (2.5.46)
Thus, the conformal dimensions of χ and M , N , Aµ are respectively (d + 1/2) and (d + 1).
Furthermore, the Jacobi identities (M,D,Q), (N,D,Q), (Aµ,D,Q), (λ,D,Q), (D,D,Q) give
the conformal dimensions of other component fields such as χ(0), M(0) etc. Therefore, the
conformal dimension of the supermultiplet G(0) is
d˜ = d1+ diag
(
0,
1
2
, 1, 1, 1,
3
2
, 2
)
. (2.5.47)
Working out the matrix representation κµ of Kµ on the supermultiplet is more difficult. The
relation [Kµ,D] = −iKµ requires that κµ should satisfy
[κµ, d˜] = −κµ. (2.5.48)
In terms of matrix elements, since d˜ is a diagonal matrix, the above equation becomes
(κµ)ikd˜kδkj − d˜iδik(κµ)kj = −(κµ)ij ,
(d˜j − d˜i + 1)(κµ)ij = 0. (2.5.49)
This means that the matrix elements (κµ)ij of κµ will vanish unless d˜i = d˜j + 1. According to
(2.5.47), the matrix representation of κµ in the basis (2.5.43) will be of following form (with ∗
representing a possible non-zero value),
(κµ) =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
∗ 0 0 0 0 0 0
∗ 0 0 0 0 0 0
∗ 0 0 0 0 0 0
0 ∗ 0 0 0 0 0
0 0 ∗ ∗ ∗ 0 0

,
(κµ)

C(0)
χ(0)
M(0)
N(0)
Aµ(0)
λ(0)
D(0)

=

0
0
∗C(0)
∗C(0)
∗C(0)
∗χ(0)
∗M(0) + ∗N(0) + ∗Aµ(0)

. (2.5.50)
(2.5.50) explicitly leads to
κµC(0) = κµχ(0) = 0, i.e. [C(0),Kµ] = [χ(0),Kµ] = 0. (2.5.51)
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It seems that κµM(0)6=0 and κµN(0)6=0, but a careful analysis shows that this not the case. The
special conformal transformations and supersymmetry transformations of M , N and C imply
that κµM and κµN have the same dimension as C, however, κµM and κµN should be four
vectors due to Lorentz covariance. Since the transformation is linear, it is not allowed to have
a non-local operator such as ✷−1 in the action of Kµ on M and N , hence there is no way of
constructing a vector with the same dimension as C. Thus, we must have
κµM(0) = 0, κµN(0) = 0, [M(0),Kµ] = [N(0),Kµ] = 0. (2.5.52)
The remaining components A, λ and D will not vanish under the action of Kµ. Since the
calculation is quite lengthy, we only list the main steps:
First, we must know the matrix representation Σµν ofMµν on the supermultiplet G(0). This
can be found by means of the Jacobi identities from the known representation (2.5.38) on C(0)
For example, using the Jacobi identity (Q,C,Mµν), we get
[[Q,C(0)],Mµν ] + [[Mµν , Q], C(0)] + [[C(0),Mµν ], Q] = 0,
[γ5χ(0),Mµν ] + [−1
2
σµνQ,C(0)] + [ΣµνC(0), Q] = 0,
[χ(0),Mµν ] = (
1
2
σµν − Σµν)χ(0). (2.5.53)
Furthermore, the Jacobi identities such as (Q,χ,Mµν), (Q,M,Mµν), (Q,N,Mµν), (Q,A,Mµν),
(Q,λ,Mµν) and (Q,D,Mµν) give
[M(0),Mµν ] = (σµν − Σµν)M(0),
[N(0),Mµν ] = (σµν − ΣµνN(0)),
[Aρ(0),Mµν ] = (σµν − Σµν)Aρ(0),
[λ(0),Mµν ] = (
3
2
σµν − Σµν)λ(0),
[D(0),Mµν ] = (2σµν − Σµν)D(0). (2.5.54)
Secondly, we must know the matrix representation of the special supersymmetry charge S on
the supermultiplet. The Jacobi identities still play a role. For example, from the Jacobi identity
(Q,K,C) we have
[[Q,Kµ], C(0)] + [[C(0), Q],Kµ] + [[Kµ, C(0)], Q] = 0,
[γµS,C(0)] + [γ5χ(0),Kµ] = 0,
[γµS,C(0)] = 0, [S,C(0)] = 0, (2.5.55)
where (2.5.51) was used. Further, using the Jacobi identity (Q,S,C), we determine {χ(0), S},
[{Q,S}, C(0)] + {[C(0), Q], S} − {[S,C(0)], Q} = 0,
[2iD + σµνMµν + 3γ5R,C(0)] + {γ5χ(0), S} = 0,
{χ(0), S} = γ5(−2d+ σµνΣµν + 3nγ5)C(0). (2.5.56)
The third step is to use the Jacobi identities (Q,χ,Kµ), (Q,M,Kµ), (Q,N,Kµ) and (Q,λ,Kµ)
for finding the matrix representation κµ of Kµ on A, λ and D. For example, the Jacobi identity
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(Q,χ,Kµ) gives
[{Q,χ(0)},Kµ] + {[Kµ, Q], χ(0)} − {[χ(0),Kµ], Q} = 0,
γν [Aν(0),Kµ] = γµ{S, χ(0)} = γµ3nC(0) + γνǫνµσρΣσρC(0),
[Aν(0),Kµ] = 3nC(0)ηµν − ǫµνσρΣσρC(0). (2.5.57)
Thus, we can work out
κµAν(0) = −ǫµνσρΣσρC(0) + 3nC(0)ηµν ,
κµλ(0) = −1
2
σνργµΣνρχ(0)− dγµχ(0)− 3
2
nγµγ5χ(0),
κµD(0) = −3nAµ(0) + ǫµνσρΣσρAν(0). (2.5.58)
After translating (2.5.58) from the origin, we finally obtain
κµAν(x) = −ǫµνσρΣσρC(x) + 3nC(x)ηµν ,
κµλ(x) = −1
2
σνργµΣνρχ(x)− dγµχ(x)− 3
2
nγµγ5χ(x),
κµD(x) = −3nAµ(x)− 2id∂µC(x)− 2Σµν∂νC(x) + ǫµνσρΣσρAν(x). (2.5.59)
Translating [G(0), S}, combining this special supersymmetry transformation with the Poincare´
supersymmetry transformations in the following way
δG(x) = −i[V (x), ζQ+ ǫS], (2.5.60)
and defining the convenient combination
η ≡ ζ − ixµγµǫ, X±≡ d− 3
2
nγ5±1
2
σµνΣµν , (2.5.61)
we finally get the superconformal transformation on the supermultiplet expressed in the following
compact form,
δC = −iηγ5χ,
δχ = (M − iγ5N)η − iγµ(Aµ − iγ5∂µC)η − 2iX+γ5ǫC,
δM = η(λ− iγµ∂µχ) + ǫX−χ− 2ǫχ,
δN = −iηγ5(λ+ iγµ∂µχ)− iǫγ5X−χ− 2iǫγ5χ,
δAµ = iηγµλ+ ∂µ(ηχ) + iǫX
−γµχ,
δλ = −iσµνη∂µAν + iγ5ηD −X+(M + iγ5N)ǫ+ iγµX+(Aµ − iγ5∂µC)ǫ,
δD = −ηγµ∂µγ5λ− 2iǫγ5X−(λ− 1
2
iγµ∂µχ). (2.5.62)
Eq. (2.5.62) is the representation of the superconformal algebra on a general supermultiplet.
This supermultiplet is in general reducible. One can impose reality and chirality conditions on
this general multiplet to reduce it to the representations on vector and chiral supermultiplets,
respectively.
First we consider the reduction to a vector supermultiplet. If the lowest component field C
is real, then the whole supermultiplet will be real, G = G†, i.e. G is a vector supermultiplet.
Since C is a real field, its R-charge n must vanish
n(C) = 0, (2.5.63)
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as UR(1) acts nontrivially only on complex fields. In particular, taking the Hermitian conjugate
of the last relation of (2.5.39), since C = C† and Mµν =M
†
µν , we obtain
[C,Mµν ] = i(xµ∂ν − xν∂µ)C − Σ†µνC. (2.5.64)
This shows that Σµν must be a real representation of the generators of the Lorentz group,
Σµν = −Σ†µν . (2.5.65)
Next we turn to the reduction to a chiral supermultiplet through imposing a chirality con-
dition on the general supermultiplet G . A chirality condition means choosing only the chiral
(left- or right- handed) part of Dirac spinor. This can be done by imposing the constraint,
(1− γ5)χ = 0, ((1 + γ5)χ = 0). (2.5.66)
This is equivalent to the definition of a chiral (anti-chiral) superfield Φ: DαΦ = 0 (Dα˙Φ = 0),
with C being the lowest component. The chiral condition (2.5.66) imposes a constraint on the
superconformal transformation of χ and hence selects the chiral supermultiplet. According to
the second equation in (2.5.62), we should have
(1− γ5)δχ = 0,
(1− γ5)
[
(M − iγ5N)η − iγµ(Aµ − iγ5∂µC)η − 2iX+γ5ǫC
]
= 0,
(1− γ5)(M + iN)η − (1− γ5)γµ(Aµ − i∂µC)η − 2i(1 − γ5)X+γ5ǫC = 0. (2.5.67)
Thus we obtain
M + iN = Aµ − i∂µC = 0, (2.5.68)
and
0 = (1− γ5)X+ = (1− γ5)(d− 3n
2
γ5 +
1
2
σµνΣµν)
= (1 + γ5)(d+
3n
2
) +
1
2
(1− γ5)σµνΣµν . (2.5.69)
Eq. (2.5.69) gives
n = −2d
3
, (2.5.70)
and
(1− γ5)σµνΣµν = 0. (2.5.71)
Using the self-dual property of γ-matrices [55], γ5σ
µν = i/2ǫµνσρΣσρ, we can write (2.5.71) as
σµν(Σ
µν − i/2ǫµνσρΣσρ) = 0, and hence we get
Σµν =
i
2
ǫµνσρΣ
σρ. (2.5.72)
This means that a chiral supermultiplet must be in a self-dual representation of the Lorentz
group. Eq. (2.5.70) shows that the R-charge of the chiral multiplet must be −2/3 times its
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conformal dimension. These are two important properties of the chiral conformal supermultiplet.
Furthermore, the superconformal transformations
δ(M + iN) = 0, δAµ = i∂µδC, (2.5.73)
lead to
λ(x) = D(x) = 0. (2.5.74)
Thus we are left with a chiral supermultiplet Φ = (C, (1 + γ5)χ,M).
Finally, we reproduce the important results (2.5.70) and (2.5.72) concerning the chiral super-
multiplet from the viewpoint of coset space [27]. In Poincare´ supersymmetry, the little group is
the Lorentz group, and Minkowski space is the coset space of the super-Poincare´ group modulo
the Lorentz group. There exist chiral multiplets with arbitrary additional Lorentz indices, the
chirality condition DΦ = 0 is covariant for arbitrary representations of the Lorentz group. For
example, there exists not only the scalar chiral supermultiplet Φ = (φ,ψ, F ), but the supersym-
metric Yang-Mills field strength W = (Fµν , λ,D) is also a chiral supermultiplet. However, this
is not the case in conformal supersymmetry. Since a chiral superfield can be written as follows,
φ(x, θ, θ) = φ(x+ iθσθ, θ) = φ(y, θ), (2.5.75)
a chiral superfield is independent of the (anti-chiral) super-coordinate θ, hence one could from
the beginning use a superspace G/H with the little group H generated by both Mµν and Qα˙, G
being the super-Poincare´ group. Obviously, this special superspace is parameterized only by xµ
and θ and hence this superspace is called a chiral superspace. For a general superfield defined
in chiral superspace, the action of Qα˙ would be as follows:
[Φ(x), Qα˙} = 2(θσµ)α˙∂µΦ(x) + qα˙Φ(x),
[Φ(0), Qα˙} = qα˙Φ(0). (2.5.76)
For a chiral superfield, the matrix representation qα˙ of Qα˙ should vanish,
qα˙ = 0. (2.5.77)
This is the case of Poincare´ supersymmetry. For conformal supersymmetry, as discussed in
Sect. 2.1, the ordinary conformal group can be realized on Minkowski space, and Minkowski
space is the coset space of the conformal group modulo the Lorentz group, dilation and special
conformal transformations. Thus the conformal supersymmetry can be realized on Minkowski
superspace with a complicated x, θ and θ dependence of the elements of the little group. It is
also possible to realize conformal supersymmetry on chiral superspace. The relevant little group
will now be generated by Mµν , Kµ, D, S
α, S
α˙
and Qα˙ since the transformations generated by
these generators keep x = θ = 0 invariant. In this case the question whether there exists a chiral
conformal supermultiplet is equivalent to whether the constraint (2.5.77) is consistent. This is
not naturally satisfied since there is a non-vanishing anti-commutator from the superconformal
algebra,
{Sα˙, Qβ˙} = (σµν)α˙β˙Mµν − 2δα˙β˙
(
3
2
R− iD
)
. (2.5.78)
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Requiring (2.5.76) to be satisfied when {Sα˙, Qβ˙} acts on a chiral supermultiplet Φ, we have
0 = [φ(0), {S α˙, Qβ˙}]
= [φ(0), (σµν)α˙
β˙
Mµν − 2δα˙β˙
(
3
2
R− iD
)
]
= (σµν)α˙
β˙
Σµνφ(0) − 2δα˙β˙
(
3
2
n+ d
)
φ(0). (2.5.79)
Furthermore, considering the anti-selfdual property of σ¯µν [27], σ
µν = −i/2ǫµνσρσσρ, the rela-
tions (2.5.70) and (2.5.72) are reproduced.
3 Non-perturbative dynamics in N = 1 supersymmetric QCD
We shall next introduce the non-perturbative dynamical phenomena in supersymmetric gauge
theory. This section is concentrating on supersymmetric QCD with gauge group SU(Nc) and Nf
flavours. The methods of analyzing the non-perturbative dynamics include the gauge and global
symmetries; the holomorphic dependence of the non-perturbative dynamical superpotential not
only on the chiral superfields but also on various parameters such as the coupling and mass;
instanton computations and the exact NSVZ beta function given in (1.1) as well as the decou-
pling relation of the heavy modes at low-energy. Furthermore, the ’t Hooft anomaly matching
between high and low energy can provide a test of the non-perturbative result. In addition to the
global symmetries SUL(Nf )×SUR(Nf )×UB(1)×UA(1) (some of them are broken or anomalous
at the quantum level) as in ordinary QCD, the N = 1 supersymmetric QCD has another U(1)
axial vector symmetry called the R-symmetry, which becomes anomalous like the UA(1) at the
quantum level. However, this R-symmetry can be combined with the UA(1) symmetry to an
anomaly-free U(1) symmetry. The global and gauge symmetries together with the holomorphy
and instanton calculations uniquely fix the superpotential and hence the moduli space in the
range Nf < Nc. By considering the decoupling relation, the moduli spaces in the cases Nf = Nc
or Nc + 1 can also be exactly determined. Consequently, a series of non-perturbative physical
phenomena such as dynamical supersymmetry breaking, chiral symmetry breaking and confine-
ment are exhibited. The ’t Hooft anomaly matching confirms the correctness of the physical
pictures. The NSVZ beta function implies that in the range 3Nc/2 < Nf < 3Nc, the theory has
a non-trivial IR fixed point, at which the theory is a superconformal field theory and the dual
theory gives a completely equivalent description of the low-energy physics of the original theory
but with a weak coupling. This phenomenon is similar to the electric-magnetic duality and is
thus called a non-Abelian electric-magnetic duality. It will be discussed in detail in the next
section.
3.1 Introducing N = 1 supersymmetric QCD
3.1.1 Classical action of N = 1 supersymmetric QCD
Supersymmetric QCD (SQCD) is the generalization of ordinary QCD. As required by super-
symmetry, corresponding to each particle, there exists a superpartner. Corresponding to the
gluon Aaµ, the left-handed quark ψ and the right-handed quark ψ˜, we have their superpartners:
the gluino λa, the left-handed squark φ and the right-handed squark φ˜. In superfield form, the
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Lagrangian of (massive) SQCD is
L = 1
8π
Im (τTrWαWα|θ2) +
[
Q†egV (Nc)Q+ Q˜†egV (Nc)Q˜
]
|
θ2θ
2
+ m(Q˜Q)|θ2 +m∗(Q†Q˜†)|θ2 . (3.1.1)
Here, Wα is the superfield strength which in the Wess-Zumino gauge takes the form
Wα = T
a
(
−iλaα + θαDa −
i
2
(σµσνθ)αF
a
µν + θ
2σµαα˙(Dµλ
α˙
)a
)
. (3.1.2)
The quantity
τ =
θ
2π
+ i
4π
g2
(3.1.3)
combines the gauge coupling constant g and the CP-violating parameter θ into what can be
effectively regarded as a constant chiral superfield. Q and Q˜ are chiral left- and right-handed
quark superfields, respectively. V is the vector superfield of the gluon and the gluino. In Wess-
Zumino gauge, they take the following forms:
Qr(y) = φr(y) +
√
2θαψαr(y) + θ
2Fr(y), Q˜r(y) = φ˜r(y) +
√
2θαψ˜αr(y) + θ
2F˜r(y),
V a(x, θ, θ) = −θα(σµ)αα˙θα˙Aaµ(x) + iθ2θα˙λα˙a(x)− iθ2θαλaα +
1
2
θ2θ
2
Da(x). (3.1.4)
The notation used is
yµ ≡ xµ + iθασµαα˙θ
α˙
, V (Nc)≡V aT a(Nc), V (N c)≡V aT a(N c), (3.1.5)
where T a(Nc) ≡ T a and T (N c) are the generators of the gauge group SU(Nc) in the fundamental
representation and its conjugate representation, respectively.
Writing out the Lagrangian in terms of component fields, we have
L = −1
4
F aµνF
µνa + iλαa(σµ)αα˙(Dµ)abλα˙b + 1
2
DaDa + iψ
r
α˙ (σ
µ)α˙α(Dµ)
s
r ψαs
+ iψ˜αr(σµ)αα˙(Dµ)
s
r ψ˜
α˙
s + (D
µφ)∗r(Dµφ)r + (D˜
µφ˜)r(D˜µφ˜)
∗
r
+ i
√
2g
[
φ∗r(T a) sr λ
aαψαs − λaα˙ψα˙r(T a) sr φs − ψ˜αsλaα(T a) rs φ˜∗r + φ˜s(T a) rs ψ˜α˙rλaα˙
]
+ gDa
[
φ∗r(T a) sr φs − φ˜r(T a) sr φ˜∗s
]
−mψ˜αrψαr −m∗ψrα˙ψ˜
α˙
r + F
∗rFr + F˜
∗
r F˜
r
+ m∗φ˜∗rF
∗r +mφrF˜
r +m∗φ∗rF˜ ∗r +mφ˜
rFr +
iθ
32π2
F aµν F˜
aµν , (3.1.6)
where D, F and F˜ are auxiliary fields, a, b = 1, · · ·, N2c − 1, r, s = 1, · · ·, Nc and we suppress the
flavour index. The various covariant derivatives are defined as follows:
(Dµφ)r = (∂µδ
s
r + igA
a
µ(T
a) sr )φs, (Dµφ)
∗r = ∂µφ
∗r − igφ∗s(T a) rs Aaµ,
(D˜µφ˜)
r = ∂µφ˜
r − igφ˜s(T a) rs Aaµ, (D˜µφ˜)∗r = (∂µδ sr + igAaµ(T a) sr )φ˜∗s,
Dµλaα˙ = ∂µλaα˙ + gfabcAbµλcα˙. (3.1.7)
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Eliminating the auxiliary fields F , F ∗, F˜ , F˜ ∗ and D through their equations of motion,
Fr = −m∗φ˜∗r , F˜ r = −m∗φ∗r, Da = −g[φ∗r(T a) sr φs − φ˜r(T a) sr φ˜∗s], (3.1.8)
we can obtain the Lagrangian given in Ref. [25].
3.1.2 Global symmetries of massless supersymmetric QCD
Massless SQCD possesses the global symmetries of ordinary QCD, i.e., SUL(Nf )×SUR(Nf )×UB(1)
×UA(1). In addition, it has a new U(1) symmetry called R0-symmetry. In terms of superfields
[32]:
Wβ(θ)−→e−iαWβ(θeiα), Q(θ)−→Q(θeiα), Q˜(θ)−→Q˜(θeiα). (3.1.9)
For the component fields, this means
ψr−→e−iαψr, ψ˜r−→e−iαψ˜r, λa−→eiαλa. (3.1.10)
The total global symmetry of massless SQCD at the classical level is then
SUL(Nf )×SUR(Nf )×UB(1)×UA(1)×UR0(1). (3.1.11)
However, like UA(1), the R0-symmetry suffers from an anomaly at the quantum level. The
current corresponding to the R0-symmetry (3.1.10) is
jRµ = −ψα˙(σµ)α˙αψα + ψ˜α(σµ)αα˙ψ˜
α˙
+ λaα(σµ)αα˙λ
aα˙
, (3.1.12)
or in four-component form
jR0µ = j
5
µ + j˜
5
µ = Ψγµγ5Ψ+
1
2
λ
a
γµγ5λ
a, (3.1.13)
Ψ being the Dirac spinor of the quarks and Λ the four component Majorana spinor of the gluino.
The operator anomaly equation for the R-current is
∂µjR0µ = (Nc −Nf )
g2
32π2
ǫµνσρF aµνF
a
σρ. (3.1.14)
This anomaly equation arises as follows. Eq. (3.1.13) shows that jR0µ is composed of two parts.
The first part is the ordinary chiral current j5µ. The triangle diagram 〈j5µ(x)Jaν (y)Jbρ(z)〉 gives
the familiar contribution −g2Nf/(16π2)F aµν F˜µνa. The second part j˜5µ is formed by the gluino λ.
The anomalous triangle diagram is (see Fig. 2)
Γ˜abµνρ(z, x, y) = 〈j˜5µ(z)J aν (x)J bρ (y)〉,
Γ˜abµνρ(r, p, q)(2π)
4δ(4)(r + p+ q) =
∫
d4xd4yd4zei(p·x+q·y+r·z)Γ˜abµνρ(z, x, y). (3.1.15)
Since λ is in the adjoint representation of SU(Nc), J aν is the current corresponding to a
global gauge transformation in the adjoint representation,
J aµ = ifabcλbγµλc, (3.1.16)
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γνγρ γργν
γµ γ5 γµ γ5
Figure 2: Triangle diagrams Γ˜abµνρ(r, p, q).
which couples with the gluon field Aaµ. Requiring
∂µJ aµ = 0, pνΓ˜abµνρ(r, p, q) = qρΓ˜abµνρ(r, p, q) = 0, (3.1.17)
we obtain the anomalous Ward identity
(p+ q)ρΓ˜abρµν(p, q, r) = 2f
adcf bdc
1
2π2
pαqβǫµναβ = 2Nc
1
2π2
pαqβǫµναβδ
ab. (3.1.18)
Combining (3.1.18) with the anomaly of j5µ, we obtain (3.1.10).
Since there are two anomalous U(1) transformations, U(1)A and U(1)R0 , it is possible to
combine them to get an anomaly-free U(1) R-symmetry. Requiring that the linear combination
jµR = mj
µ
R0
+ njµA (3.1.19)
has vanishing anomaly, using Eq. (3.1.14) and the corresponding equation for jµA gives
n =
Nf −Nc
Nf
m. (3.1.20)
The simplest choice in (3.1.20) is m = 1. The charges of the fields under this anomaly-free UR(1)
symmetry are thus given in terms of the UR(1) and UA(1) charges by
R = R0 +
Nf −Nc
Nf
A. (3.1.21)
The quantum numbers of every field are listed in Table 3.1.1. We thus have an anomaly-free
global symmetry at the quantum level
SUL(Nf )×SUR(Nf )×UB(1)×UR(1). (3.1.22)
A special consideration should be paid to the Nc = 2 case. Since the fundamental and anti-
fundamental representations of SU(2) are equivalent, there is no difference between the left- and
right-handed quarks. Thus, the theory has 2Nf quark chiral superfields Q
i, i = 1, · · ·, 2Nf , the
anomaly-free global symmetry is
SU(2Nf )×UR(1) (3.1.23)
and the UR(1) charge of Q is (Nf − 2)/Nf .
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UB(1) UA(1) UR0(1) UR(1)
φ +1 +1 0 (Nf −Nc)/Nf
ψ +1 +1 −1 −Nc/Nf
φ˜ −1 +1 0 (Nf −Nc)/Nf
ψ˜ −1 +1 −1 −Nc/Nf
λ 0 0 +1 +1
Table 3.1.1: Anomaly-free R-charges of fields.
3.2 Holomorphy of supersymmetric QCD
Supersymmetric gauge theory possesses a powerful property: the superpotential is a holomorphic
(or anti-holomorphic) function of chiral superfieldsQ (or anti-chiral superfields Q˜); Furthermore,
the supersymmetric Ward identities determine that some Green functions have a holomorphic
dependence on the mass parameter and coupling constant [25, 3], and so does the low energy
effective Lagrangian. This property plays a key role in looking for the non-perturbative super-
potential [32].
3.2.1 Supersymmetric Ward identity
In supersymmetric theories, the matter fields are described by the chiral superfields. Chiral
superfields have the important property that the product of two chiral superfields is still a chiral
superfield. Thus, a chiral superfield
Φ(y) = χ(y) +
√
2θαΨα(y) + θθF (y), (3.2.1)
where y = x+ iθσθ, can be thought of as either a fundamental chiral superfield or a composite
one, and the same goes for the component fields. Under a supersymmetry transformation the
component fields of a chiral superfield transform as follows:
a)
[
Q
α˙
, χ
]
= 0, b)
{
Q
α˙
,Ψα(x)
}
= −i
√
2(σµ)α˙α∂µχ(x), c)
[
Q
α˙
, F (x)
]
= i
√
2∂µΨα(x)σ
αα˙
µ ,
d) [Qα, F ] = 0, e)
{
Qα,Ψβ(x)
}
=
√
2ǫαβF (x), f) [Qα, χ(x)] =
√
2Ψα. (3.2.2)
Assuming that there is no spontaneous supersymmetry breaking,
Qα|0〉 = 0, Qα˙|0〉 = 0, (3.2.3)
we can derive strong constraints on Green functions from the Ward identities corresponding
to the above supersymmetry transformations. First, we consider Green functions of the lowest
components χi(xi) of some chiral superfields Φi(xi), here i = 1, · · ·, n,
G(x1, · · ·xn)≡〈0|T [χ1(x1)· · ·χn(xn)] |0〉. (3.2.4)
From item b) in (3.2.2) and from (3.2.3), we get
0 =
i√
2
〈0|T
[
χ1(x1)· · ·{Qα˙,Ψαi (xi)}· · ·χn(xn)
]
|0〉
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= 〈0|T
[
χ1(x1)· · ·(σµ)α˙α ∂
∂xµi
χi(xi)· · ·χn(xn)
]
|0〉
= (σµ)α˙α
∂
∂xµi
G(x1, · · ·, xn). (3.2.5)
Note that when we take the derivative outside the T -product in (3.2.5), the equal time commu-
tator terms arise but all vanish. (3.2.5) means that the Green function of the lowest component
of chiral superfield operators is space-time independent. Now we apply this result to supersym-
metric QCD.
3.2.2 Holomorphic dependence of supersymmetric QCD
In supersymmetric QCD, the quark superfields Q(x), Q˜(x) and the gauge field strength su-
perfield Wα are chiral superfields. Since the product of two chiral superfields is still a chiral
superfield, WαW
α and QrjQ˜
ri are chiral superfields, where i and j are flavour indices. Their
lowest component are, respectively,
g2
32π2
λαa(x)λaα(x)≡
g2
32π2
λλ(x), φ˜ri(x)φrj(x)≡φ˜iφj(x). (3.2.6)
Note that here and the following i, j = 1, · · ·, Nf denote flavour indices. Considering the Green
function of these operators,
G(p,q) ≡ G(p,q)i1···ipj1···jp (x1, · · ·, xp, xp+1, · · ·, xp+q)
≡ 〈0|T
[
φ˜i1φj1(x1)· · ·φ˜ipφjp(x)
g2
32π2
λλ(xp+1)· · · g
2
32π2
λλ(xp+q)
]
|0〉, (3.2.7)
we know from (3.2.5) that G(p,q) is space-time independent. Furthermore, we shall show that
G(p,q) depends holomorphically on the mass parameters, that is, it depends only on mi, but not
on m∗i , i = 1, · · ·, Nf . The path integral representation of G(p,q) is
G(p,q) =
∫
DXΠpk=1φ˜ikφjk(xk)Πql=1
g2
32π2
λλ(xp+l)e
−i
∫
Leff , (3.2.8)
where Leff is the gauge-fixed effective Lagrangian of supersymmetric QCD, X is a shorthand for
all fields integrated over, including the ghost fields and their superpartners. From Eq. (3.1.6) we
see that the coefficient F ∗j of m
∗
j in the SQCD Lagrangian is the auxiliary field of the composite
anti-chiral superfield Q†jQ˜†j. Hence
m∗j
∂
∂m∗j
G(p,q) =
∫
DXΠpk=1φ˜ikφjk(xk)
[
m∗j
∫
d4yF ∗j
]
Πql=1
g2
32π2
λλ(xp+l)e
−i
∫
Leff
= 〈0|T
[
Πpk=1φ˜
ikφjk(xk)Π
q
l=1
g2
32π2
λλ(xp+l)
]
m∗j
∫
d4yF ∗j |0〉 (3.2.9)
=
m∗j
2
√
2
∫
d4y〈0|T
[
Πpk=1φ˜
ikφjk(xk)Π
q
l=1
g2
32π2
λλ(xp+l)
] {
Qα˙,Ψ
α˙
j (y)
}
|0〉 = 0,
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where Ψj is the spinor term of Q
†jQ˜†j and we used item a) and (the conjugate of) item e)
in (3.2.2) and also (3.2.3). Thus G(p,q) is holomorphic with respect to the parameters mj.
Moreover, we can compute its explicit dependence on them. Write the complex parameter mj
as mj = |mj |eiαj . Then
mj
∂
∂mj
G(p,q) =
(
mj
∂
∂mj
−m∗j
∂
∂m∗j
)
G(p,q) = −i ∂
∂αj
G(p,q). (3.2.10)
The mj-dependence of the Green function G
(p,q) is thus given by the dependence on the phase
angle of the quark mass of the j-th flavour. This dependence can be determined by defining a
U
(j)
A (1) transformation, which is non-anomalous and is explicitly broken by the j-th quark mass
mj:
λ→e−iα/(2Nc)λ, (ψ˜l, ψl)→eiαδlj/2(ψ˜l, ψl), (φ˜l, φl)→eiα(δlj−1/Nc)/2(ϕ˜l, ϕl). (3.2.11)
From the process of combining the UA(1) and UR(1) symmetries to get the anomaly-free UR(1)
in Subsect. 3.1.2, we know that this is possible. It can easily be checked that this U
(j)
A (1)
symmetry is indeed anomaly-free. The only terms in the Lagrangian which are not invariant
under the transformation (3.2.11) are the quark mass term of the j-th flavour. Performing the
transformation of variables (3.2.11) in the path integral (3.2.8) is the equivalent to changing the
phase of mj: mj −→ mje−iα. Thus
mj
∂G(p,q)
∂mj
= q(j)G(p,q), (3.2.12)
where
q(j) =
p+ q
Nc
− 1
2
p∑
l=1
(δil,j + δjl,j). (3.2.13)
Integrating the equations (3.2.12) we find
dG
G(p,q)
=
Nf∑
j=1
q(j)
dmj
mj
,
G(p,q)≡G(p,q)i1···ipj1···jp = C
i1···ip
j1···jp
Π
Nf
j=1(mj)
(p+q)/Nc−
∑p
l=1
(δil,j+δjl,j)/2. (3.2.14)
The last equation in (3.2.14) can be expressed as follows,
Πpl=1(milmjl)
1/2G
(p,q)i1···ip
j1···jp
= C
i1···ip
j1···jp
(µ, g)Π
Nf
j=1(mj)
(p+q)/Nc , (3.2.15)
where after taking into account renormalization effects we have written the integration constant
C as depending on the coupling constant g and renormalization scale µ explicitly. We can use
dimensional analysis to determine the explicit dependence on µ. Since µ, λ and φ (φ˜) have
dimensions 1, 3/2 and 1, respectively, so G(p,q) has dimension 2p+3q. Comparing both sides of
(3.2.15), we get
C
i1···ip
j1···jp
(µ, g) = C
i1···ip
j1···jp
(g)µ(p+q)(3−Nf /Nc). (3.2.16)
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Furthermore, since the left-hand side of (3.2.15) is the vacuum expectation value of renormal-
ization group invariant operators, its right-hand side should also be expressed in terms of the
renormalization group invariant quantities:
Λ = µexp
[
−
∫ g dg′
β(g′)
]
, minv = mexp
[
−
∫ g γm
β(g′)
dg′
]
. (3.2.17)
Hence (3.2.15) can be rewritten as
Πpl=1(milmjl)
1/2G
(p,q)i1···ip
j1···jp
= (ΛNc,Nf )
(p+q)(3−Nf /Nc)
(
Π
Nf
l=1ml inv
)(p+q)/Nc
t
(p,q)i1···ip
j1···jp
, (3.2.18)
where t is a dimensionless constant tensor in flavour space, depending only on p, q, the flavour
number Nf and colour number Nc.
So far t is undetermined. Since G(p,q) is space-time independent, one can evaluate it in the
the limit |xi−xj|−→∞ for all i6=j. In this limit, if the vacuum is unique, the clustering condition
implies that the Green function factors into a product of the vacuum expectation values of each
composite operator. Applying the clustering property to the Green function G(p,q), we obtain
G
(p,q)i1···ip
j1···jq
=
(
〈 g
2
32π2
λλ〉
)q
Πpl=1〈φ˜ilφjl〉. (3.2.19)
Taking p = 0, q = 1 in (3.2.18), we have
〈 g
2
32π2
λλ〉 = cλ(ΛNc,Nf )3−Nf/Nc
[
Π
Nf
l=1ml inv
]1/Nc
, (3.2.20)
while taking q = 0, p = 1 in (3.2.18), we get
[(milmjl)inv]
1/2〈φ˜ilφjl〉 = (ΛNc,Nf )3−Nf/Nc
[
Π
Nf
l=1ml inv
]1/Nc
tiljl . (3.2.21)
Inserting (3.2.19) and (3.2.21) into the left-hand side of (3.2.18) and comparing with the right-
hand side of (3.2.18), we see that the tensor t
(p,q)i1,···,ip
j1,···,jp
factorizes into a product of tensors
tiljl ,
t
(p,q)i1···ip
j1···jp
= Πpl=1t
il
jl
. (3.2.22)
Usually the vacuum is {U(1)}Nf invariant with U(1) being the rotation group in each flavour
space,
Qi|0〉 = 0, i = 1, · · ·, Nf . (3.2.23)
The operator 〈φ˜iφj〉 is also {U(1)}Nf invariant and so is tij. Hence tiljl should be proportional
to the identity matrix in flavour space,
tij = cφδ
i
j . (3.2.24)
In (3.2.20) and (3.2.24), we have introduced two undetermined coefficients cλ and cφ. From the
Konishi anomaly, which we introduce next, we can see they are in fact identical. First we have
to explain this anomaly and then discuss its consequences.
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3.2.3 Konishi anomaly
The Konishi anomaly is another important characteristic of supersymmetric gauge theory. In
operator form, the anomaly equation is [29],
1
2
√
2
{Qα˙, ψα˙i(x)φj(x)} = −miφ˜iφj(x) +
g2
32π2
λλ(x)δij . (3.2.25)
A naive supersymmetric gauge transformation gives only the first term (see (3.2.2)). The second
term on the right-hand side of the above equation is the anomalous term. This anomaly equation
can generate a series of anomalous Ward identities when it is inserted into the operators of various
Green functions.
To prove this anomaly equation, we first look at the composite operator mφ˜i(x)φj(x). Sim-
ilarly to regularizing operator products in a gauge invariant way by point-splitting [72], one can
write it in a gauge-invariant non-local operator form. To keep supersymmetry manifest, it is
better to work with superfields. Defining
Oij(x, u, θ, θ) ≡ mQ˜ir(x, θ, θ)U sr (x, u, θ, θ)Qjs(u, θ, θ),
U sr (x, u, θ, θ) ≡ P exp
(
i
4
∫ x
u
dzµσβ˙αµ Dβ˙e
−VDαe
V
) s
r
, (3.2.26)
where P denotes path ordering. In a supersymmetric gauge choice [27], the superspace compo-
nent Aα˙ of the super-gauge potential vanishes, and −1/4σβ˙αµ Dβ˙e−VDαeV is the usual Yang-Mills
field Aµ. One can easily show that O(x, u, θ, θ) is indeed gauge invariant under the super-local
gauge transformation,
Q→e−iΛQ, Q˜T→Q˜T eiΛ, eV = e−iΛ†eV eiΛ, (3.2.27)
where Λ(x, θ, θ) is an arbitrary chiral superfield. Correspondingly, σβ˙αµ Dβ˙e
−VDαe
V transforms
as follows:
σβ˙αµ Dβ˙e
−VDαe
V→e−iΛσβ˙αµ (Dβ˙e−VDαeV +Dβ˙Dα)eiΛ. (3.2.28)
Using the fact that
σβ˙αµ (Dβ˙Dα)Λ = σ
β˙α
µ {Dβ˙,Dα}Λ = −σβ˙αµ (2iσναβ˙∂ν)Λ = −4i∂µΛ, (3.2.29)
where the definition of a chiral superfield, DΛ = 0, has been used, one can discard the second
term of (3.2.28) in the integration, and thus O(x, u, θ, θ) is gauge invariant. Now we concentrate
on the lowest component of the superfield operator O(x, u, θ, θ). In the Wess-Zumino gauge,
σβ˙αµ Dβ˙e
−VDαe
V |θ=θ=0 = −σβ˙αµ σναβ˙Aν = −2Aµ(x), (3.2.30)
so we have
Oij(x, u, θ = θ = 0)|WZ gauge = φ˜ir(x)
[
P exp
(
− i
2
∫ x
u
dzµAµ(z)
)] s
r
φjs(u)
≡ φ˜ir(x)U sr (x, u)φjs(u). (3.2.31)
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This is just the ordinary path-ordered integral for gauge invariant non-local operators. We can
now define the local product φ˜i(x)φj(x) as
φ˜i(x)φj(x)≡ lim
ǫ→0
Oij(x+ ǫ, x− ǫ, θ = θ = 0)|WZ gauge. (3.2.32)
Using the classical equation of motion F˜ ir(x) = −mφ˜ir(x), one finds
mφ˜i(x)φj(x) = − lim
ǫ→0
F ∗ir(x+ ǫ)U sr (x+ ǫ, x− ǫ)φjs(x− ǫ)
= − 1
2
√
2
lim
ǫ→0
{
Q,ψ
ir
(x+ ǫ)
}
U sr (x+ ǫ, x− ǫ)φjs(x− ǫ)
= − 1
2
√
2
lim
ǫ→0
[
{Q,ψir(x+ ǫ)U sr (x+ ǫ, x− ǫ)φjs(x− ǫ)}
− ǫµψα˙ir(x+ ǫ)ǫα˙β˙σβ˙αµ λ sαr (x)φjs(x− ǫ)
]
, (3.2.33)
where we have used the notation λ sαr = λ
a
α (T
a) sr and the supersymmetry transformations
[Qα˙, A
a
µ] = −iǫα˙β˙σβ˙αµ λaα(x), [Qα˙, φ] = 0. (3.2.34)
It is possible that the second term does not vanish in the limit ǫ→0 since there is a Yukawa
interaction vertex iφ†λψ/
√
2 in the Lagrangian (3.1.6), so that ψ(x+ ǫ)λ(x)φ(x− ǫ) contains a
linear singularity ∼ (ǫν/ǫ2). One can see this from simple dimensional analysis:
λ(x)
∫
d4y〈T [ψ(y)ψ(x+ ǫ)]〉λ(y)〈T [φ(x− ǫ)φ†(y)]〉∼λ2(x)ǫ4ǫ−3ǫ−2∼λ2(x)ǫ−1. (3.2.35)
The exact form of the second term of (3.2.33) can be obtained from a simple Feynman diagram
calculation in momentum space (see Fig. 3),
− i1
4
g2ǫα˙β˙σ
β˙α
µ λ
s
αr (x)λ
β r
s (x)
∫
d4k
(2π)4
∂
∂kµ
[
σνkν
(k2 −m2)2
] α˙
β
=
g2
32π2
λa(x)λa(x). (3.2.36)
Combining (3.2.36) with (3.2.33), one can see that this gives (3.2.25). It is worth mentioning
that the superfield form of (3.2.25) is
1
4
D
2
(Q†iegVQj) = −miQ˜iQj + g
2
32π2
WαWαδ
i
j , (3.2.37)
whose lowest component (θ = θ = 0) is just the Konishi anomaly equation. Σ = Q†egVQ is
called the Konishi supercurrent superfield, which plays an important role in the operator product
expansion in 4-dimensional superconformal field theory [47, 48]. If one expands the above super-
field equation, one can see that the θ2 component is just the usual UA(1) anomalous equation.
Hence the Konishi current (the lowest component of the Konishi supercurrent) is the superpart-
ner of the UA(1) current. In this sense, the existence of the Konishi anomaly is not strange since
the anomalies also form a supermultiplet. Later when we discuss the superconformal current
multiplet, we shall return to this equation.
Now we see the consequence of the Konishi anomaly equation. Since the supersymmetry is
not spontaneously broken for m 6=0 [30, 31], the operator anomaly equation implies
mi〈φ˜iφi〉 = 〈 g
2
32π2
λλ〉, 〈φ˜iφj〉 = 0, i6=j. (3.2.38)
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Figure 3: Feynman diagram for Konishi anomaly.
Therefore from (3.2.18), (3.2.20), (3.2.21), (3.2.22) and (3.2.24), we have
cλ = cφ, (3.2.39)
and hence
(milmjl)
1/2
inv 〈φ˜ilφjl〉 =
cλ
32π2
(ΛNc,Nf )
3−Nf/Nc
(
Π
Nf
l=1(ml)inv
)1/Nc
δiljl . (3.2.40)
Thus the Green function G(p,q) can be specified by a single numerical constant cλ. Once G
(p,q) is
determined, most of the other Green functions can also be determined through supersymmetric
Ward identities.
3.2.4 Decoupling relation
Finally we briefly introduce the decoupling theorem in supersymmetric QCD since it will be
widely used in discussing the reasonableness of the non-Abelian electric-magnetic duality [14].
The decoupling theorem is a general result in field theory, it describes the effects of the heavy
particles in the low energy theory [73]. In general this theorem states that if, after integrating
out the heavy particles, the remaining low energy theory is renormalizable, the effects of the
heavy particles appear either as a renormalization of the coupling constants in the theory or are
suppressed by powers of the heavy particle masses. In electroweak model, we have some obvious
examples such as the decoupling of the heavy W± and Z, their effects at low energy either
renormalize the electric charge or are suppressed. Now we apply this decoupling theorem to
supersymmetric QCD. We assume that one flavour, say the Nf -th flavour, becomes heavy, i.e.
mNf≫Λ. In this large-mNf limit,
〈 g
2
32π2
λλ〉Nc,Nf = cλ(Nc, Nf )(ΛNc,Nf )3−Nf/Nc
[
Π
Nf
l=1(ml)inv
]1/Nc
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mNf≫ΛNc,Nf−→ cλ(Nc, Nf − 1)(ΛNc ,Nf−1)3−(Nf−1)/Nc
[
Π
Nf−1
l=1 (ml)inv
]1/Nc
, (3.2.41)
where the explicit flavour number Nf and colour number Nc dependence of cλ is indicated in
order to show the decoupling of the Nf -th heavy flavour. ΛNc,Nf−1 is the renormalization group
invariant scale of supersymmetric SU(Nc) QCD with Nf − 1 flavours. We shall see that the
effect of the Nf th heavy flavour is reflected in ΛNc,Nf−1, since the running coupling constant
depends on it. At the scale that the decoupling takes place, these two theories should coincide.
This means that the coupling constants gNf (q
2) and gNf−1(q
2) should be identical at the scale
q2 = m2Nf ,
g2Nf (m
2
Nf
) = g2Nf−1(m
2
Nf
). (3.2.42)
From the one-loop β-function of N = 1 supersymmetric QCD,
βNc,Nf = −
g2
16π2
(3Nc −Nf ) = − g
2
16π2
β0, (3.2.43)
and the running coupling constant
4π
g2(q2)
=
β0
4π
ln
q2
Λ2
, (3.2.44)
we obtain at q2 = m2Nf
(3Nc −Nf ) ln
mNf
ΛNc,Nf
= [3Nc − (Nf − 1)] ln
mNf
ΛNc,Nf−1
. (3.2.45)
Thus
ΛNc,Nf−1 = ΛNc,Nf
(
mNf
ΛNc,Nf
)1/(3Nc−Nf+1)
. (3.2.46)
Later we shall see that this relation imposes a restrictive constraint on the form of the non-
perturbative superpotential. This relation in fact gives a link between the energy scales of
theories with different number of flavours.
3.3 Classical moduli space of supersymmetric QCD
3.3.1 Classical moduli space
A field theory, be it classical, quantum or a low energy effective theory, is in general one of a
whole family of theories, parametrized by a number of parameters. Especially important for us
are the vacuum expectation values of scalar fields, called moduli, which can range over a moduli
space.
Lets us illustrate this concept by considering the classical moduli space of a simple theory,
the Georgi-Glashow model with gauge group SO(3). The classical action is
S =
∫
d4x
[
−1
4
GaµνGaµν +
1
2
DµϕaDµϕa − λ
4
(ϕ2 − a2)2
]
, (3.3.1)
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where Gaµν = ∂µW
a
µ − ∂νW aµ + gǫabcW bµW cµ, the Higgs field φ is in the adjoint (vector) represen-
tation of gauge group of SO(3), Dµϕa = ∂µϕa+gǫabcAbµφc and ϕ2 = φaϕa. The classical ground
sates are given by W aµ = 0 (up to a gauge transformation) and
ϕ2 = a2. (3.3.2)
The classical moduli space is thus the 2-sphere (3.3.2). Each point on this space defines a
semiclassical quantum field theory with the chosen point being the expectation value of the
Higgs field in the vacuum state of the theory. The (semi)classical dynamics of all these theories
are equivalent.
Quantum effects will, in general, change the dependence of the (effective) theory on the
moduli, and might even alter the topology of the moduli space. For the Georgi-Glashow model,
the structure of the quantum moduli space is not known, but in supersymmetric theories we can
often make definite statement about the quantum moduli space.
3.3.2 Classical moduli space of supersymmetric QCD
We now turn to supersymmetric QCD. We first consider the classical moduli space and then
turn to the quantum case.
Recall the Lagrangian (3.1.6) of supersymmetric QCD. The scalar potential is3
V =
g2
2
DaDa,
Da = φ∗rQ (T
a) sr φQs − φ˜rQ˜(T
a) sr φ˜
∗
Q˜s
. (3.3.3)
Since the chiral superfields Q and Q˜ have both colour and flavour indices, one can arrange them
in the form of an Nc×Nf matrix according to flavour and colour indices:
(Q) =

Q11 · · · QNf1
...
. . .
...
Q1Nf · · · Q
Nf
Nf
...
. . .
...
Q1Nc · · · Q
Nf
Nc

, (Q˜) =

Q˜11 · · · Q˜Nf1
...
. . .
...
Q˜1Nf · · · Q˜
Nf
Nf
...
. . .
...
Q˜1Nc · · · Q˜
Nf
Nc

. (3.3.4)
Both (Q) and (Q˜) can be globally rotated in the colour and flavour spaces to make them diagonal
since the Lagrangian is globally SU(Nc) and SU(Nf ) invariant. TheD-flatness conditionD
a = 0
does not lead to φQ = φQ˜ = 0. This is because, unlike ordinary QCD, supersymmetric QCD is
very sensitive to the relative number of flavours Nf and colours Nc. Depending on the numbers of
flavour and colour, the restrictions on Q and Q˜ posed by the D-flatness conditions are different.
In the following we give a detailed analysis of the classical moduli spaces for different ranges of
Nf and Nc.
Nf < Nc
3To emphasize that a field is a component of the chiral superfield Q (Q˜), we add an index Q (Q˜).
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In this case, since the chiral superfield matrix Q and Q˜ can be rotated in colour space and
flavour space, we can always reduce the matrices Q and Q˜ to the following diagonal forms,
(Q) =

a1 0 · · · 0
0 a2 · · · 0
...
...
. . .
...
0 0 · · · aNf
0 0 · · · 0
...
...
. . .
...
0 0 · · · 0

, (Q˜) =

a˜1 0 · · · 0
0 a˜2 · · · 0
...
...
. . .
...
0 0 · · · a˜Nf
0 0 · · · 0
...
...
. . .
...
0 0 · · · 0

,
a1, · · ·, aNf 6=0 , a˜1, · · ·, a˜Nf 6=0. (3.3.5)
The D-flatness condition in this case requires
φQ = φ˜
†
Q˜
, (3.3.6)
whose superfield form is
Q = Q˜. (3.3.7)
If ai = a˜i 6=0, the gauge symmetry (SU(Nc) symmetry) will be spontaneously broken and the
super-Higgs mechanism will occur: some of the chiral superfields will be eaten up and the same
number of gauge fields and their partners will become massive.
Now the problem is what kind of quantity describes this D-flat moduli space. From the
viewpoint of dynamics, this means how the low energy dynamics is described. According to the
idea of the effective field theory [75], a general method to get the low energy effective action is
to integrate out the heavy modes (massive fields), the light modes (massless fields) being the
quantities describing the low energy dynamics. Therefore, for the case at hand, a SU(Nc) global
gauge invariant quantity would be
M ij≡
Nc∑
r=1
Q˜jrQ
ri≡Q˜jQi, i, j = 1, · · ·, Nf . (3.3.8)
In the following we give further arguments why this assumption is reasonable.
(3.3.5) and (3.3.7) give
M ij =
∑
r
aiδria˜jδrj = aia˜jδij = a
2
i δij . (3.3.9)
(3.3.9) can be written in the explicit matrix form
(M ij) =

a21 0 · · · 0
0 a22 · · · 0
...
...
. . .
...
0 0 · · · a2Nf
 . (3.3.10)
Furthermore, (3.3.5) and (3.3.6) imply that the gauge symmetry SU(Nc) is broken to SU(Nc −
Nf ). The original gauge group has N
2
c − 1 generators and the remaining gauge group has
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(Nc−Nf )2−1 generators, the number of eaten chiral superfields is thus [N2c −1]−[(Nc−Nf )2−1]=
2NcNf−N2f . This number is also the number of particles becoming massive. After these massive
particles have been integrated out, only the massless particles are left. The number of the original
matter fields is 2NfNc (Qir, Q˜ir, i = 1, · · ·, Nf , r = 1, · · ·, Nc), so there are 2NfNc−(2NcNf−N2f )
= N2f massless particles left. This is exactly the number of degrees of freedom of M
i
j , thus we
can use M ij to describe the moduli space. Later we shall return to the dynamics.
Nf≥Nc
In this case, after an appropriate rotation in flavour space and colour space, the (Q) and (Q˜)
matrix takes the following diagonal form,
(Q) =

a1 0 · · · 0 0 · · · 0
0 a2 · · · 0 0 · · · 0
...
...
. . .
...
...
. . .
...
0 0 · · · aNc 0 · · · 0
 , (Q˜) =

a˜1 0 · · · 0 0 · · · 0
0 a˜2 · · · 0 0 · · · 0
...
...
. . .
...
...
. . .
...
0 0 · · · a˜Nc 0 · · · 0
 ,
a1, · · ·, aNc 6=0, a˜1, · · ·, a˜Nc 6=0. (3.3.11)
Let us analyze the D-flatness condition,
Da =
Nf∑
i=1
Nc∑
r,s=1
[φ∗rQi(T
a) sr φQis − φ˜rQ˜i(T
a) sr φ
∗
Q˜is
]
=
Nc∑
i=1
Nc∑
r,s=1
[φ∗aiδ
r
i (T
′a) sr φaiδis − φ˜a˜iδ ri (T
′a) sr φ˜
∗
a˜i
δis]
=
Nc∑
i=1
[|φai|2(T ′a) ii − |φ˜a˜i|2(T
′a) ii ] =
Nc∑
i=1
(|φai|2 − |φ˜a˜i|2)(T
′a) ii , (3.3.12)
where φai (φ˜a˜i) is the scalar component of chiral superfield ai, T
′a is the rotated T a in colour
space, T
′a = U †T aU with U being certain unitary matrix. So the the condition defining a D-flat
configuration is
|φai|2 − |φ˜a˜i|2 = C (constant),
Da = CTrT
′a = CTrT a = 0, (3.3.13)
where we have used the fact that T a is the generator of gauge group SU(Nc). Since Nf≥Nc,
the possible gauge invariant chiral superfield operators parameterizing the moduli space are not
only the meson-type chiral superfield operators, but also the baryon-type chiral field operators:
M ij = Q˜j ·Qi,
Bi1···iNc =
1
Nc!
ǫr1···rNcQi1r1 · · ·Q
iNc
rNc = Q
[i1 · · ·QiNc ],
B˜j1···jNc =
1
Nc!
ǫs1···sNc Q˜j1s1 · · ·Q˜
jNc
sNc = Q˜
[j1 · · ·Q˜jNc ], (3.3.14)
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where ik, jk = 1, · · ·, Nf are flavour indices and rp, sp = 1, · · ·, Nc are colour indices. Since the
flavour indices in the baryons are antisymmetric, the number of Bi1···iNc (or B˜i1···iNc ) fields is
CNcNf =
Nf !
Nc!(Nf −Nc)! . (3.3.15)
We shall see that not all of M , B and B˜ can be independently used to label the moduli space,
there are additional constraints imposed on them. We first consider two simple cases.
a. Nf = Nc
Since now the SU(Nc) gauge symmetry is completely broken, the number of the eaten
particles (also the number of particles becoming massive) is N2c − 1= N2f − 1. The original
number of chiral superfields is 2NfNc = 2N
2
f , so the dimension of moduli space is 2N
2
f −(N2f −1)
= N2f + 1 = N
2
c + 1. However, from (3.3.14), the number of mesons and baryons is N
2
f + 2,
so they are not independent in parameterizing the moduli space. From the definitions of these
mesons and baryons, one can easily see that they satisfy the constraint
detM = BB˜. (3.3.16)
This equation is obvious from the the diagonal form (3.3.11), since Nf = Nc, B (B˜) has only
one nonvanishing component,
M = q˜T q, M ij =
∑
r
a˜iδirajδrj = a˜iajδij ,
detM = Π
Nf
i=1a˜iai = a˜1a1· · ·a˜NcaNc , B = a1· · ·aNc , B˜ = a˜1· · ·a˜Nc . (3.3.17)
We shall see that at the quantum level, the constraint (3.3.16) will be modified owing to the
non-perturbative quantum correction coming from instantons.
b. Nf = Nc + 1
In this case, like in Nf = Nc, the SU(Nc) gauge symmetry is also completely broken. From
(3.3.11), the number of the eaten superfields is N2c − 1= (Nf − 1)2 − 1, the number of the
original chiral superfields is still 2NfNc = 2Nf (Nf − 1), so the number of massless particles is
2Nf (Nf − 1)− [(Nf − 1)2− 1] = N2f . However, the number of parameters describing the moduli
space is N2f + 2C
Nf−1
Nf
= N2f + 2Nf , so 2Nf chiral variables in M , B and B˜ are redundant.
However, one can exactly find 2Nf constraints to remove them. First we write the baryon
operators in (3.3.14) in their Hodge dual form
BiNc+1iNc+2···iNf ≡
1
(Nf −Nc)!ǫi1···iNc iNc+1···iNfB
iN1 ···iNc ,
B˜
iNc+1iNc+2···iNf ≡ 1
(Nf −Nc)!ǫ
i1···iNc iNc+1···iNfBiN1 ···iNc . (3.3.18)
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For the case at hand Nf = Nc+1, the baryon operators are Bi (B˜i). With the definition (3.3.18),
one can easily find that they satisfy the constraints
BiM
i
j = 0, M
i
jB˜
j
= 0, M˜ ij = BjB˜
i, (3.3.19)
where M˜ is the matrix whose elements are defined as (−1)i+j× the determinant of the matrix
obtained from M by deleting the i-th row and the j-th column. (3.3.19) can be written in the
following explicit form:
1
Nc!
ǫi1···iNc iǫj1···jNcjM
j1
i1
· · ·M jNciNc = BjB˜
i. (3.3.20)
The constraint equations can be checked easily,
BiM
i
j =
1
Nc!
(ǫii1···iNc ǫ
r1···rNcQi1r1 · · ·Q
iNc
rNcQ
i
r)Q˜
r
j = 0. (3.3.21)
Using the fact that
M ikM˜
k
j = detMδ
i
j , M˜
i
j = detM(M
−1)ij , (3.3.22)
we can formally write (3.3.19) in the following form:
detM(M−1)ij = B
iB˜j . (3.3.23)
Note that since in this case detM = 0, (3.3.23) is only a formal expression and the true meaning
is given by (3.3.19).
Finally, we consider the special case, Nc = 2. In the classical direction, due to the general
relation (3.3.13), the matrix from of the quark superfield is
(Q) =
(
a 0 · · · 0 · · · 0
0 a · · · 0 · · · 0
)
. (3.3.24)
The classical moduli space is parameterized by the gauge invariant
V ij = ǫrsQirQ
j
s = Q
i·Qj, V ij = −V ji (3.3.25)
but subject to the constraint
ǫi1···iNf V
i1i2V i3i4 = 0, (3.3.26)
since in the flat directions only V 12 = −V 21 = a2 6=0. For non-zero V , the gauge symmetry
is completely broken. Furthermore, since V ij are relevant to the quark mass terms of the
fundamental theory and V 12 = −V 21 6=0 implies that two flavours get equal mass, the global
symmetry (3.1.23) is broken to
SU(2)×SU(2Nf − 2)×UR(1). (3.3.27)
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3.4 Quantum moduli space and low energy non-perturbative dynamics
In the previous section we have discussed various classical moduli spaces parametrized by clas-
sical composite fields — mesons and baryons. In some cases these composite field should satisfy
some constraints. At the quantum level, the moduli space will be parametrized by the vacuum
expectation values of the corresponding composite operators. The constraints may be changed
due to possible non-perturbative quantum corrections. The quantum moduli space may differ
from the classical one and hence the corresponding physical consequences may also change. To
see the quantum effects on the moduli space, it is necessary to investigate the non-perturbative
low energy dynamics. Since the moduli spaces vary with the relative numbers of colours and
flavours, we shall discuss them according to different ranges of the numbers of flavour and colour.
3.4.1 Nf < Nc: Erasing of vacua
Consider the non-perturbative dynamics for this case. Recall that the global symmetry of
supersymmetric QCD at the quantum level is SUL(Nf )×SUR(Nf )×UB(1)×UR(1). The dy-
namically generated superpotential should respect this symmetry. Under the chiral symmetry
SUL(Nf )×SUR(Nf ), Q˜∼(0, N f ) and Q∼(Nf , 0), M ij∼(Nf , N f ), and the simplest invariant un-
der SUL(Nf )×SUR(Nf ) is the determinant detM . Let us determine the quantum numbers of
detM under the U(1) transformations. Since the U(1) quantum numbers are additive, Table
3.1.1 gives
B(M ij) = B(Q) +B(Q˜) = 0, R(M
i
j) = R(Q) +R(Q˜) =
Nf −Nc
Nf
,
B(detM) = 0, R(detM) = 2Nf
Nf −Nc
Nf
= 2(Nf −Nc). (3.4.1)
To construct the superpotential, we need another quantity with mass dimension. The natural
choice is the non-perturbative dynamical scale Λ. It is SUL(Nf )×SUR(Nf ) invariant, and its
transformation under the U(1) symmetries is related to the vacuum angle θ. We can argue this
from the perturbative viewpoint despite the fact that Λ is a non-perturbative energy scale. The
running gauge coupling in perturbative QCD is
g2(q2) =
g2(q20)
1 + g2/(16π2)β0 ln(q2/q
2
0)
,
4π
g2(q2)
=
4π
g2(q20)
[
1 +
g2(q20)
16π2
β0 ln
q20
q2
]
,
=
4π
g2(q20)
+
β0
2π
ln
q0
q
≡β0
2π
ln
q
Λpert
, (3.4.2)
where β0 is the coefficient of one-loop β-function and Λpert is the perturbative energy scale. As
a result,
8π2
g2(q2)
= ln
(
q
Λpert
)β0
, Λpert
β0 = qβ0e−8π
2/[g2(q2)]. (3.4.3)
For the non-perturbative scale Λ, the θ parameter will arise since it is associated with the
complex coupling constant (3.1.3)
Λβ0 = qβ0e−8π
2/[g2(q2)]+iθ = qβ0e2πi[(4πi/g
2)+θ/(2π)]≡qβ0e2πiτ . (3.4.4)
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UB(1) UA(1) UR0(1) UR(1)
detM 0 2Nf 0 2(Nf −Nc)
Λβ0 0 2Nf 2(Nc −Nf ) 0
Table 3.4.1: Quantum numbers of detM and Λβ0.
Thus Λβ0 should transform as eiθ under the U(1) transformations. Note that the non-perturbative
scale Λ is a complex parameter. For clarity the quantum numbers of detM and Λβ0 are listed
in Table 3.4.1.
Since the low energy superpotential must be a holomorphic function of Q and Q˜ (i.e. detM ,
not Q or Q˜) and the scale parameter Λ, it should also be SUL(Nf )×SUR(Nf )×UB(1) invariant.
Its R charge is 2 since the superpotential is the F -term of the effective action
W eff∼
∫
d4x
∫
d2θWeff . (3.4.5)
Thus this superpotential must be composed only of detM and Λ. In addition, from (3.4.5) the
mass dimension of Weff should be 3 owing to the mass dimensions - [θ
−1] = [dθ] = 1/2. Since
the dimension of Λ is [Λ] = 1, the coefficient of one-loop beta function in N = 1 supersymmetric
QCD is β0 = 3Nc −Nf , [M ij ] = 2, [detM ] = 2Nf , the R-charge-R(θ) = R(dθ) = −1, the only
possible combination with R = 2 and mass dimension 3 should be
Weff = C(Nc, Nf )
(
Λβ0
detM
)1/(Nc−Nf )
, (3.4.6)
where C(Nc, Nf ) is a dimensionless constant depending only on Nf and Nc, and the factor
1/(Nc − Nf ) comes purely from dimensional analysis. The superpotential (3.4.6) is called
the Affleck-Dine-Seiberg (ADS) superpotential [32]. Owing to the famous nonrenormalization
theorem in supersymmetric theory, this superpotential cannot be generated from perturbative
quantum corrections. However, the non-renormalization theorem only concerns at perturba-
tion theory and imposes no restrictions on non-perturbative quantum corrections. Thus this
superpotential can only possibly come from instanton contributions and the constant C can be
determined from a one-instanton calculation.
The superpotential can be further determined by considering various limiting cases. First, we
consider the case that the expectation value of the Nf -th flavour 〈QNf 〉= 〈Q˜Nf 〉 = af becomes
very large. Using the diagonal form (3.3.5) and the fact that detM is a rotational invariant, as
well as the D-flatness condition (3.3.7), we have
Q˜iQ
j =
Nc∑
r=1
Q˜irQ
rj =
Nc∑
r=1
a˜iδirajδ
rj =
Nf∑
r=1
a˜iδirajδ
rj = a2i δ
j
i ,
detM = det Q˜·Q = a21· · ·a2Nf−1a2Nf = det Q˜′·Q′a2Nf , (3.4.7)
where Q′ or (Q˜′) only contains Nf − 1 flavours. At an energy scale less than aNf , the Nf − 1
flavours can be thought as the light flavours since aNf is very big. Compared with aNf , ai,
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i = 1, · · ·, Nf − 1, can be regarded as approximately zero on this energy scale. Due to the
super-Higgs mechanism, the SU(Nc) gauge theory with Nf flavours is broken to SU(Nc − 1)
supersymmetric QCD with Nf − 1 flavours. According to (3.4.2), at the energy q > aNf the
running coupling is
4π
g2(q2)
=
3Nc −Nf
2π
ln
q
Λ
, (3.4.8)
while at the energy scale q < aNf , the running coupling is
4π
g2(q2)
=
3(Nc − 1)− (Nf − 1)
2π
ln
q
ΛL
, (3.4.9)
since now the theory becomes supersymmetric QCD with gauge group SU(Nc − 1) and Nf − 1
flavours, the Nf th heavy flavour having been integrated out. At the energy q
2 = a2Nf , the
running coupling constants should match,
4π
g2(a2Nf )
=
3Nc −Nf
2π
ln
aNf
Λ
=
3(Nc − 1)− (Nf − 1)
2π
ln
aNf
ΛL
. (3.4.10)
Thus one can obtain the relation between the energy scales,
Λ
3(Nc−1)−(Nf−1)
L =
Λ3Nc−Nf
a2Nf
. (3.4.11)
Requiring that the ADS potentials should coincide at q = af , we have from (3.4.6), (3.4.7) and
(3.4.11),
C(Nc, Nf )
 Λ3Nc−Nf
det Q˜′·Q′a2Nf
1/(Nc−Nf ) = C(Nc − 1, Nf − 1)
×
Λ3(Nc−1)−(Nf−1)L
det Q˜′·Q′
1/(Nc−Nf ) . (3.4.12)
This implies
C(Nc, Nf ) = C(Nc − 1, Nf − 1) = C(Nc −Nf ). (3.4.13)
i.e. C(Nc, Nf ) should only be a function of Nc −Nf .
Further, the explicit form of C(Nc−Nf ) can be determined from another limit: giving QNf
and Q˜Nf a large mass by adding a mass term (only the holomorphic part) to the superpotential
at tree level,
Wtree = mM
Nf
Nf
= mQNf ·Q˜Nf . (3.4.14)
Similarly to the previous case, consider the energy scale m. When the energy q > m, the theory
is a SU(Nc) supersymmetric QCD with Nf flavours and the running coupling constant is (3.4.8).
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When the energy q < m, the theory is SU(Nc− 1) supersymmetric QCD with Nf flavours. The
running coupling constant is now
4π
g2(q2)
=
3(Nc − 1)−Nf
2π
ln
q
ΛL
. (3.4.15)
Matching the coupling constants at q = m gives
4π
g2(m2)
=
3Nc −Nf
2π
ln
m
Λ
=
3(Nc − 1)−Nf
2π
ln
m
Λ˜L
. (3.4.16)
Hence we obtain
Λ˜
3Nc−(Nf−1)
L = mΛ
3Nc−Nf . (3.4.17)
Now with the mass term mM
Nf
Nf
for the Nf -th flavour, at the energy q > m, the superpotential
is
Weff = C(Nc −Nf )
(
Λβ0
detM
)1/(Nc−Nf )
+mM
Nf
Nf
. (3.4.18)
As we know, the F -term associated with the superpotential is given by
F =
∂W
∂φO
, (3.4.19)
where φO is the lowest component of an elementary or composite chiral superfield O. Since
the form of the superpotential in terms of chiral superfield is the same as that of its lowest
component, in the following we shall discuss the F -flatness condition of the corresponding chiral
superfield to manifest supersymmetry. Unbroken supersymmetry requires that the F -term must
vanish (i.e. F -flatness). The F -flatness conditions for MNf i and MiNf , ∂Weff/∂MNf i = 0 and
∂Weff/∂MiNf = 0, lead to
MNf i = 0, MiNf = 0, (3.4.20)
where we have used that for a matrix M 4
TrM−1δM = δ ln detM =
1
detM
δ detM,
∂ detM
∂M ij
= detMM j−1i . (3.4.21)
The meson operator hence takes the following form:
M =
(
M˜ 0
0 M
Nf
Nf
)
, detM = det M˜M
Nf
Nf
. (3.4.22)
4This formula can be derived as follows:
δ ln detM = ln det(M + δM)− ln detM = ln
det(M + δM)
detM
= ln det(1 +M−1δM)∼ ln(1 + TrM−1δM)∼TrM−1δM.
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As a consequence, the superpotential (3.4.18) becomes
Weff = C(Nc −Nf )
(
Λβ0
detM
)1/(Nc−Nf )
+mM
Nf
Nf
= C(Nc −Nf )
(
Λβ0
det M˜
)1/(Nc−Nf )
(M
Nf
Nf
)−1/(Nc−Nf ) +mM
Nf
Nf
. (3.4.23)
The F -flatness condition for M
Nf
Nf
,
∂W
∂M
Nf
Nf
=
C(Nc −Nf )
Nc −Nf
(
Λβ0
det M˜
)1/(Nc−Nf )
(M
Nf
Nf
)−[1+1/(Nc−Nf )] +m = 0, (3.4.24)
gives
M
Nf
Nf
=
[
m(Nc −Nf )
C(Nc −Nf )
]−(Nc−Nf )/(1+Nc−Nf ) ( Λβ0
det M˜
)1/(1+Nc−Nf ) . (3.4.25)
Inserting this expectation value into the superpotential (3.4.23), we get
Weff = C(Nc −Nf )
[
m(Nc −Nf )
C(Nc −Nf )
]1/(1+Nc−Nf ) [
Λβ0
det M˜
]1/(1+Nc−Nf )
+ m
[
m(Nc −Nf )
C(Nc −Nf )
]−(Nc−Nf )/(1+Nc−Nf ) ( Λβ0
det M˜
)1/(1+Nc−Nf )
=
[
mΛβ0
det M˜
]1/(1+Nc−Nf ) [
C(Nc −Nf )
Nc −Nf
](Nc−Nf )/(1+Nc−Nf )
(1 +Nc −Nf ) .(3.4.26)
Using (3.4.17), we can write the superpotential as follows,
Weff =
 Λβ˜0L
det M˜
1/[Nc−(Nf−1)] [C(Nc −Nf )
Nc −Nf
](Nc−Nf )/[Nc−(Nf−1)]
[Nc − (Nf − 1)] , (3.4.27)
where β˜0 = 3Nc−(Nf−1) is the one-loop beta function coefficient of SU(Nc−1) supersymmetric
QCD with Nf flavours. Recalling that when m becomes big, the theory will become an SU(Nc)
theory with Nf − 1 flavours. Requiring that (3.4.27) leads to the correct superpotential in the
low energy theory (q < m), we must have
C(Nc −Nf ) = (Nc −Nf )C1/(Nc−Nf ), (3.4.28)
with C being a universal constant. Hence we get a more transparent form of the superpotential
Weff = (Nc −Nf )C1/(Nc−Nf )
(
Λ3Nc−Nf
det Q˜·Q
)1/(Nc−Nf )
. (3.4.29)
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The universal constant C can be determined by a concrete instanton calculation. Here we only
cite the result of Ref. [80]. For Nf = Nc − 1, the superpotential (3.4.29) is proportional to
the one-instanton action and thus the constant C can be exactly computed in a one-instanton
background. In particular, in this case the gauge group SU(Nc) is completely broken since
detM 6=0. There is no infrared divergence and the instanton calculation is reliable. Ref. [80] has
presented a detailed calculation in the dimensional regularization method and in the modified
minimal subtraction scheme, and the result shows that C = 1. Thus, for the case of Nf < Nc
we finally obtain the exact ADS superpotential,
Weff = (Nc −Nf )
(
Λ3Nc−Nf
det Q˜·Q
)1/(Nc−Nf )
. (3.4.30)
Note that this superpotential is the Wilsonian effective potential due to the scale Λ [81]. For
the case Nf < Nc − 1, this superpotential is associated with the the gaugino condensate of the
unbroken SU(Nc −Nf ) gauge group.
For Nc = 2, the meson matrix V is a 2Nf×2Nf antisymmetric matrix, detV is not the
simplest gauge and global invariant to constitute the superpotential, since it can be written as
the square of a simpler invariant, the Pfaffian of V ,
PfV =
√
detV =
1
2NfNf !
∑
P
ǫPVi1i2Vi3i4 · · ·Vi2Nf−1i2Nf , (3.4.31)
where P denotes the permutation {i1, · · ·, i2Nf } and ǫP the signature of P . A similar procedure
to the derivation of (3.4.30) yields the dynamical superpotential of the SU(2) case,
Weff = (2−Nf )
(
Λ6−Nf
PfV
)1/(2−Nf )
. (3.4.32)
Let us see what are the physical consequences of the dynamical superpotential (3.4.30). As
we know, the relation between the usual potential and the superpotential is
V = |FQir|2 = |∂Weff
∂φQir
|2,
Fir =
∂Weff
∂Qir
= (Nc −Nf )
(
Λ3Nc−Nf
det Q˜·Q
)1/(Nc−Nf )−1
det Q˜·QTr
[
(Q˜·Q)−1 ∂
∂Qir
Q˜·Q
]
= (Nc −Nf )
(
Λ3Nc−Nf
)1/(Nc−Nf )−1 ( 1
det Q˜·Q
)1/(Nc−Nf )
Q−1ir
∼ 1
Q
(
1
det Q˜·Q
)1/(Nc−Nf )
, (3.4.33)
where (3.4.21) was employed again. (3.4.33) shows that the dynamically generated superpo-
tential leads to a squark potential, which tends to zero only when detM→∞. Therefore, the
quantum theory does not have a stable ground state. In classical theory we have a vacuum
configuration, but at the quantum level no vacuum state exists!
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Finally, we consider the massive case. The mass term is one part of the tree-level superpo-
tential,
Wtree = Trm·M = mjiM ij. (3.4.34)
In the weak coupling and small mass limit, the full superpotential is
Wfull =Weff +Wtree = (Nc −Nf )
(
Λ3Nc−Nf
det Q˜·Q
)1/(Nc−Nf )
+mjiM
i
j . (3.4.35)
The vacua are still labeled by M≡〈M〉, which is determined by the F -flatness condition
∂Wfull
∂M ij
|M =
(
Λ3Nc−Nf
detM
)1/(Nc−Nf )−1
Λ3Nc−Nf
∂
∂M ij
1
detM
+m ji
= −
(
Λ3Nc−Nf
detM
)1/(Nc−Nf )
(M−1) ji +m
j
i = 0. (3.4.36)
This gives
mij =
(
Λ3Nc−Nf
detM
)1/(Nc−Nf )
(M−1)ij ,
detm =
(
Λ3Nc−Nf
detM
)Nf/(Nc−Nf )
1
detM
= (Λ3Nc−Nf )Nf /(Nc−Nf )
(
1
detM
)Nc/(Nc−Nf )
,
1
detM
= (detm)(Nc−Nf )/Nc(Λ3Nc−Nf )−Nf/Nc . (3.4.37)
Taking 1/detM back into (3.4.36), we get
mij =
(
Λ3Nc−Nf detM
)1/Nc
(M−1)ij ,
M ij =
[
(detm)Λ3Nc−Nf
]1/Nc
(m−1)ij. (3.4.38)
When Nc = 2, the quark mass term is wtree = mijV
ji, and a similar calculation gives
V ij = Λ(6−Nf )/2 (Pfm)1/2
(
m−1
)ij
. (3.4.39)
Now we consider the case q < mij . This means that the matter fields get very big masses
and hence will decouple. The theory will become an SU(Nc) Yang-Mills theory. (3.4.35) and
(3.4.37) give the full superpotential of this case,
W (m)eff = (Nc −Nf )
[
Λ3Nc−Nf detm
]1/Nc
+Nf
[
(detm)Λ3Nc−Nf
]1/Nc
= Nc
[
(detm)Λ3Nc−Nf
]1/Nc
= NcΛ
3
L, (3.4.40)
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where Λ3L = (detmΛ
3Nc−Nf )1/Nc is the energy scale of the low energy SU(Nc) Yang-Mills
theory, a many-flavour generalization of (3.4.17). Comparing with (3.2.41), one can see that
the superpotential is generated by gaugino condensation in the low energy SU(Nc) Yang-Mills
theory. Thus in the case that Nf < Nc − 1, the superpotential is associated with gaugino
condensation, while when Nf = Nc − 1, the superpotential arises from instanton contributions.
Furthermore, we can show that in the massive case, the Wilsonian effective superpotential
(3.4.30) is the same as the 1PI effective superpotential. Let us first explain the definition of 1PI
effective superpotential in a general supersymmetric theory.
Consider a supersymmetric theory with the tree-level superpotential
Wtree =
∑
i
JiX
i. (3.4.41)
Xi can be fundamental or composite superfields or their gauge invariant polynomials. (3.4.41)
is similar to the source terms in the usual functional integration with Ji being the background
external sources. The generating functional is
Z[Ji] = e
iG[Ji] =
∫
D[f(Xi)]exp
(
iS + i
∫
d4x
∫
d2θ
∑
i
JiX
i
)
,
G[J ] = · · · +
∫
d4x
∫
d2θW (J)≡· · ·+W [J ]. (3.4.42)
G[J ] is the generating functional of connected Green functions. Here we only write out its part
related with the quantum superpotential. Correspondingly, W (J) is the connected superpoten-
tial. Using the expectation value calculated from W (J)
δW (J)
δJi
= 〈Xi〉≡X˜i, (3.4.43)
If the omitted part (· · ·) is independent of Ji, X˜i is the usual vacuum expectation value in the
presence of the external sources Ji,
X˜i =
δG(J)
δJi
=
∫
D[f(Xi)]Xi exp
(
iS + i
∫
d4x
∫
d2θ
∑
i
JiX
i
)
. (3.4.44)
Performing a Legendre transformation, we can get the 1PI effective action for X˜i:
Γdyn(X˜
i) =
[
G(J)−
∫
d4x
∫
d2θ
∑
i
JiX˜
i
]
Ji
=
[
· · ·+
∫
d4x
∫
d2θ
(
W (J)−
∑
i
JiX˜
i
)]
Ji
, (3.4.45)
where Ji are solutions to (3.4.43). Correspondingly, the dynamical superpotential part is
W dyn(X˜) =
[∫
d4x
∫
d2θ
(
W (J)−
∑
i
JiX˜
i
)]
Ji
, (3.4.46)
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and obviously, W (Ji) can be obtained from Wdyn(X
i) by the inverse Legendre transformation,
W (Ji) =W dyn(X˜
i) +
∫
d4x
∫
d2θ
∑
i
JiX˜
i, (3.4.47)
where X˜i is the expectation value of the operator Xi satisfying the following equation,
∂W dyn
∂X˜i
+ Ji = 0. (3.4.48)
The 1PI effective potential is defined as
W eff(X˜, J) =W dyn(X˜
i) +
∫
d4x
∫
d2θ
∑
i
JiX˜
i. (3.4.49)
This procedure is similar to the calculation of effective potential [55, 57]. For the case at hand,
X =M ij , J = m
j
i. From (3.4.38) and (3.4.40), we obtain
∂Weff(m)
∂mij
=
[
(detm) Λ3Nc−Nf
]1/Nc−1
Λ3Nc−Nf
∂(detm)
∂mij
=
[
(detm) Λ3Nc−Nf
]1/Nc
(m−1) ji = 〈M〉ji. (3.4.50)
With the definition (3.4.46), using (3.4.50), (3.4.40) and the second equation in (3.4.37), we have
Wdyn(M) = NcΛ
3
L −M ijmji = NcΛ3L − (detmΛ3Nc−Nf )1/Nc(m−1)ijmji
= (Nc −Nf )
[
(detm)Λ3Nc−Nf
]1/Nc
= (Nc −Nf )
(Λ3Nc−Nf
detM
)Nf/(Nc−Nf )
Λ3Nc−Nf
detM
1/Nc
= (Nc −Nf )
(
Λ3Nc−Nf
detM
)1/(Nc−Nf )
. (3.4.51)
Comparing (3.4.51) with the ADS superpotential (3.4.30), which is a Wilsonian effective su-
perpotential, we can see they are identical. Therefore, in the massive case, the 1PI effective
superpotential is the same as the Wilsonian effective superpotential.
3.4.2 Nf = Nc: Confinement with chiral symmetry breaking or baryon number
violation
We have seen that in the case Nf < Nc, the non-perturbative superpotential lifts the vacuum
degeneracy. All the classical vacua disappear. What the situation for Nf≥Nc? We shall see
that in this case no non-perturbative superpotential can be generated dynamically and hence
the vacuum degeneracy remains. The reasons are as follows:
For the case Nf = Nc, Table 3.1.1 shows that the R-charges of the chiral superfield Q(Q˜)
and of Λβ0 = Λ2Nf both vanish. However, the superpotential should have R-charge 2, since it is
an F -term. Thus in this case it is not possible to construct a superpotential.
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For the case Nf > Nc, considering only the R-charge and dimensionality, we could have a
dynamically generated superpotential
W∝
(
Λ3Nc−Nf
detM
)1/(Nc−Nf )
.
However, since Nc − Nf < 0, Λ3Nc−Nf will be in the denominator of the superpotential, and
this can not match the expression generated by instantons. It is known that the contribution
from instantons is proportional to Λ3Nc−Nf [80]; it is not possible to have a superpotential of the
form Λ−(3Nc−Nf ). In particular, when Nf > Nc, from the previous diagonal form, detM = 0,
no non-perturbative superpotential can be generated and the D-flatness still remains.
However, for Nf≥Nc, some more interesting phenomena will arise. First, we see that in the
case Nf = Nc, although the vacuum degeneracy can not be lifted, owing to non-perturbative
quantum effects, the quantum moduli space will be different from the classical one. This is
reflected in the change of the constraint,
detM − B˜B = Λ2Nc ;
PfV = Λ4 for Nc = 2. (3.4.52)
The above constraints must be manifested in the low energy effective Lagrangian. One natural
way is to introduce a Lagrange multiplier field X to add the following superpotentials to the
effective Lagrangian,
Weff = X
(
detM − B˜B − Λ2Nc
)
;
Weff = X
(
PfV − Λ4
)
for Nc = 2. (3.4.53)
The reasonableness of the modified constraint (3.4.52) can be argued as follows. We first
consider a superpotential at tree level by adding a large mass term for the Nf th flavour,
Wtree = mM
Nf
Nf
. (3.4.54)
Since for Nf = Nc, no dynamical superpotential is generated, this tree level superpotential
should be the full superpotential. At the energy q < m, after integrating out the Nf -th flavour,
the theory is an SU(Nf ) gauge theory with Nf−1 flavours. A dynamical effective superpotential
(3.4.30) is generated by instanton contributions,
Weff =
Λ
3Nc−(Nf−1)
L
det M˜
=
mΛ2Nc
det M˜
, (3.4.55)
where we have used (3.4.17) and M˜ gets contributions from the Nf − 1 light flavours. The
F -flatness conditions ∂Weff/∂MiNf = ∂Weff/∂M˜iNf = 0 (i < Nf ) lead to
M
Nf
i =M
i
Nf
= 0, M =
(
M˜ 0
0 M
Nf
Nf
)
. (3.4.56)
This gives
detM = det M˜M
Nf
Nf
, M
Nf
Nf
=
detM
det M˜
. (3.4.57)
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Inserting (3.4.57) back into (3.4.54), we obtain
Weff =
m detM
det M˜
. (3.4.58)
Comparing (3.4.58) with (3.4.55), one can see that only by choosing detM = Λ2Nc , can one
get the low energy effective superpotential. This is the case for 〈B˜B〉 = 0. In the case that
〈B˜B〉6=0, it can also be proved that (3.4.52) is satisfied [84]. Since the right-hand side of
(3.4.52) is proportional to the one-instanton action [32], the quantum modification of the classical
constraint must arise from the one-instanton contribution.
The quantum constraint (3.4.52) has important physical consequences. The singular point
B = B˜ = M = 0 (M = 0 means that the eigenvalues of M vanish) has been eliminated
by quantum effects through the generation of a mass gap since the point B = B˜ = M = 0
does not satisfy the constraint. A vivid explanation was given by Intriligator and Seiberg by
considering a two-dimensional surface defined by XY = µ in three-dimensional space [16]. If
XY = 0, then either X = 0 or Y = 0, and the surface is X-plane or Y -plane. If µ 6=0, these
two cones are smoothed out to a hyperboloid, and the origin is expelled from the surface. So
the only massless particles are the moduli, the quantum fluctuations of M , B, B˜ satisfying
the constraint. In geometric language, they are the tangent vectors of the surface determined
by the constraint (3.4.52) in (composite) chiral superfield space. In the region of large M ,
B˜ and B, the gauge symmetry is spontaneously broken and the the theory is in the Higgs
phase. In the region of small M , B˜ and B (near the origin), the theory is in the confinement
phase due to the quantum constraint (3.4.52). In particular, the anomaly-free global symmetry
SUL(Nf )×SUR(Nf )×UB(1)×UR(1) is broken since now the origin B = B˜ = M = 0 is not
on the quantum moduli space. Different points on the quantum moduli space exhibit different
dynamical pictures. In the following we shall consider two typical points in the quantum moduli
space:
1. M ij = Λ
2δij, B = B˜ = 0
5: Confinement and chiral symmetry breaking
Obviously, this point lies in the quantum moduli space. In this case a quark condensation
occurs since M ij = Λ
2δij 6=0, so the chiral symmetry SUL(Nf )×SUR(Nf ) is spontaneously
broken to the diagonal SUV (Nf ). However, the UB(1)×UR(1) symmetry still remains. Thus the
breaking pattern is
SUL(Nf )×SUR(Nf )×UB(1)×UR(1)→SUV (Nf )×UB(1)×UR(1). (3.4.59)
Let us analyze the transformation behaviours of M , B and B˜ under SU(Nf )V×UB(1)×UR(1).
From M ij = Q˜
i·Qj one may naively think that the number of the mesons is N2f . However, since
we are considering quantum fluctuations of the moduli fields around the expectation values
〈M ij〉 = Λ2δij , 〈B〉 = 〈B˜〉 = 0, (3.4.60)
the fluctuation matrix M ij − Λ2δij should be traceless,
Tr
(
M ij − Λ2δij
)
= 0. (3.4.61)
5Strictly speaking, one should write 〈M ij〉 = Λ
2δij , 〈B〉 = 〈B˜〉 = 0.
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SUV (Nf ) UB(1) UR(1)
Q Nf 1 0
Q˜ Nf −1 0
ψQ Nf 1 −1
ψ
Q˜
Nf −1 −1
λ 1 0 +1
M N2f − 1 0 0
B 1 Nf 0
B˜ 1 −Nf 0
ψM N
2
f − 1 0 −1
ψB 1 Nf −1
ψ
B˜
1 −Nf −1
Table 3.4.2: SUV (Nf )×UB(1)×UR(1) quantum numbers of elementary and composite fields.
Hence there are actually N2f − 1 (super-)mesons; the fluctuations M ij span the adjoint repre-
sentation of the vector group SUV (Nf ). The UB(1) quantum numbers of these fluctuations are
0 since they are meson operators and their UR(1) quantum numbers should also be 0 from the
Table 3.4.1. Consequently, the fermionic component ψM is also in the adjoint representation of
SU(Nf ) and its baryon number is 0. In particular, the R quantum number of ψM is −1, since
M ij = Q˜
iQj is a chiral superfield
M ij = φ
i
M + θψ
i
Mj + θ
2F iMj , (3.4.62)
and R(θ) = 1 (θ is the super-coordinate).
The quantum fluctuations of B and B˜ do not carry any flavour index and hence are in the
trivial representation of SUV (Nf ). Their baryon numbers are respectively Nf and −Nf due to
the additivity of the U(1) quantum number. For clarity, we list the quantum numbers of the
various fields in Table 3.4.2.
A strong support to the dynamical pattern comes from ’t Hooft anomaly matching. As
introduced in Sect.2.3.3, in a theory with confinement, the anomalies contributed by massless
composite fermions at the macroscopic level and those from the elementary massless confined
fermions should match. Now we give a detail check whether the anomalies match. Corresponding
to the global symmetry SUV (Nf )×UB(1)×UR(1) and the quantum numbers listed in table 3.4.2,
the currents for elementary fermions and massless composite fermions are collected in Table 3.4.3.
In addition, the fermionic part of the energy-momentum tensor is in Table 3.4.4 to allow for a
discussion of a possible axial gravitational anomaly.
The above tables give the currents corresponding to the global symmetry SUV (Nf )×UB(1)
×UR(1) at both fundamental and composite levels:
• For the elementary fermions:
SUV (Nf ) current:
JAµ ≡ jAµ (Q) + j˜Aµ (Q˜) = ψQirσµtAijψQjr + ψQ˜irσµt
A
ijψQ˜jr,
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SUV (Nf ) UB(1) UR(1)
ψQ j
A
µ = ψQσµt
AψQ j
(B)
µ = ψQσµψQ j
(R)
µ = −ψQσµψQ
ψ
Q˜
j˜Aµ = ψQ˜σµt
A
ψ
Q˜
j˜
(B)
µ = −ψQ˜σµψQ˜ j˜
(R)
µ = −ψQ˜σµψQ˜
λ 0 0 j
(R)
µ (λ) = λ
a
σµλ
a
ψM j
A
µ (M) = f
ABCψ
B
Mσµψ
C
M 0 j
(R)
µ = −ψAMσµψAM
ψB 0 j
(B)
µ = NfψBσµψB j
(R)
µ = −ψBσµψB
ψ
B˜
0 j˜
(B)
µ = −NfψB˜σµψB˜ j˜
(R)
µ = −ψB˜σµψB˜
Table 3.4.3: Currents corresponding to global symmetry SUV (Nf )×UB(1)×UR(1).
Tµν
ψQ i/4
[(
ψQσµ∇νψQ −∇νψQσµψQ
)
+ (µ←→ ν)
]
− gµνL[ψQ]
ψ
Q˜
ψQ−→ψQ˜
λ i/4
[(
λ
a
σµ∇νλa −∇νλaσµλa
)
+ (µ←→ ν)
]
− gµνL[λ]
ψM i/4
[(
ψ
A
Mσµ∇νψAM −∇νψ
A
Mσµψ
A
M
)
+ (µ←→ ν)
]
− gµνL[ψM ]
ψB i/4
[(
ψBσµ∇νψB −∇νψBσµψB
)
+ (µ←→ ν)
]
− gµνL[ψB ]
ψ
B˜
ψB−→ψB˜
Table 3.4.4: Energy-momentum tensor composed of the fermionic components of chiral superfields;
L[ψ] = i/2(ψσµ∇µψ −∇µψσµψ), ∇µ = ∂µ − ωKLµσKL/2, σKL = 1/4[σK , σL], σK = eKµσµ.
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A = 1, · · ·, N2f − 1, i, j = 1, · · ·, Nf , r = 1, · · ·, Nc. (3.4.63)
UB(1) current:
J (B)µ ≡ j(B)µ (Q) + j˜(B)µ (Q˜) = ψQirσµψQir − ψQ˜irσµψQ˜ir. (3.4.64)
UR(1) current:
J (R)µ ≡ j(R)µ (Q) + j˜(R)µ (Q˜) + j(R)µ (λ)
= −ψQirσµψQir − ψQ˜irσµψQ˜ir + λ
a
σµλ
a; a = 1, · · ·, N2c − 1. (3.4.65)
• For the composite fermions:
SUV (Nf ) current:
JAµ ≡jAµ (M) = fABCψBMσµψCM . (3.4.66)
UB(1) current:
J (B)µ ≡ j(B)µ (B) + j˜(B)µ (B˜) = NfψBσµψB −NfψB˜σµψB˜ . (3.4.67)
UR(1) current:
J (R)µ ≡ j(R)µ (M) + j(R)µ + j˜(R)µ = −ψAMσµψAM − ψBσµψB − ψB˜σµψB˜ . (3.4.68)
One can directly calculate the anomaly coefficients of various triangle diagrams composed of
the above currents. In order to calculate the anomaly coefficient, one must introduce the gauge
fields associated with SUV (Nf ), UB(1) and UR(1), that is, turn these global groups into local
ones. In general, these new gauge fields are not physical ones, except in some special cases such
as electroweak theory, where the gauge symmetry is the local flavour symmetry. Therefore, ’t
Hooft called these assumed gauge fields “spectator gauge fields” [58]. Also the gauge coupling
constants associated to these “spectator gauge fields” should be very small so that the dynamics
of the real physical strong coupling gauge interaction cannot be affected. As ’t Hooft pointed
out, one may either think of these “spectator gauge fields” as completely quantized fields or
simply as artificial background fields with non-trivial topology.
The calculation of the possible anomalous triangle diagrams shows that the anomaly coeffi-
cients really are identical. They are listed in Table 3.4.5. Note that in Table 3.4.5 (and in what
follows) we use the groups to represent the triangle diagrams composed of the corresponding
currents, for example, SUV (Nf )
2UR(1) represents 〈J (R)µ JAν JBρ 〉 and UR(1) means the axial grav-
itational anomalous triangle diagram 〈J (R)µ TνρTαβ〉 etc. In principle, there are many possible
triangle combinations of the currents, but only the anomaly coefficients listed in Table 3.4.5 do
not vanish.
The calculation of the anomaly coefficients listed in Table 3.4.5 is straightforward. For
example, considering the UR(1)
3 triangle digram. For elementary fermions, the amplitude is
〈J (R)µ J (R)ν J (R)ρ 〉 = 〈j(R)µ (Q)j(R)ν (Q)j(R)ρ (Q)〉+ 〈j(R)µ (Q˜)j(R)ν (Q˜)j(R)ρ (Q˜)〉
+〈j(R)µ (λ)j(R)ν (λ)j(R)ρ (λ)〉, (3.4.69)
78
Triangle diagram Elementary anomaly coefficient Composite anomaly coefficient
(UR(1))
3 −N2f − 1 −N2f − 1
(UR(1))
2UR(1) −2Nf −2Nf
(SUV (Nf ))
2UR(1) −NfTr(tAtB) −NfTr(tAtB)
UR(1) −N2f − 1 −N2f − 1
Table 3.4.5: SUV (Nf )×UR(1) ’t Hooft anomaly coefficients. .
and the anomaly coefficient is
R(Q)R(Q)R(Q)Tr(1) + R(Q˜)R(Q˜)R(Q˜)Tr(1) +R(λ)R(λ)R(λ)Tr(1)adj
= 2δijδjkδkiδrsδstδtr(−1)3 + δabδbcδca
= −2N2f +N2f − 1 = −N2f − 1. (3.4.70)
For composite fermions, the corresponding triangle diagram amplitude is
〈J (R)µ J (R)ν J (R)ρ 〉 = 〈j(B)µ (B)j(B)ν (B)j(R)ρ (B)〉+ 〈j(R)µ (B˜)j(R)ν (B˜)j(R)ρ (B˜)〉
+ 〈j(R)µ (M)j(R)ν (M)j(R)ρ (M)〉. (3.4.71)
The anomaly coefficient is
R(B)R(B)R(B) + R(B˜)R(B˜)R(B˜) +R(M)R(M)R(M)Tr(1)adj
= 2(−1)3 + (−1)3Tr(1)adj
= −2 +N2f + 1 = −N2f − 1. (3.4.72)
Thus the anomaly coefficients at both elementary and composite levels are equal.
As another illustrative example, take the axial gravitational anomaly UR(1). At fundamental
level, the amplitude is 〈J (R)µ TνρTσδ〉, and the anomaly coefficient is
− Tr(1)c.f.Tr(1)f.f. − Tr(1)c.f.Tr(1)f.f. +Tr(1)adj = −2N2f +N2f − 1 = −N2f − 1, (3.4.73)
where the subscripts “c.f.” and “f.f.” denote the fundamental representations of colour gauge
group SU(Nc) and flavour group SU(Nf ), respectively. At composite level, the anomaly coeffi-
cient is
− 1− 1− δACδCBδBA = −2− (N2f − 1) = −(N2f + 1). (3.4.74)
The anomaly coefficients again match exactly.
2. M ij = 0, B = −B˜ = ΛNf : Confinement and baryon number violation
In this case, the symmetry breaking pattern is
SUL(Nf )×SUR(Nf )×UB(1)×UR(1)−→SUL(Nf )×SUR(Nf )×UR(1). (3.4.75)
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SUL(Nf ) SUR(Nf ) UR(1)
Q Nf 1 0
Q˜ 1 Nf 0
ψQ Nf 1 −1
ψ˜Q 1 Nf −1
λ 1 1 1
Table 3.4.6: SUL(Nf )× SUR(Nf )× UR(1) quantum numbers for elementary fields.
SUL(Nf ) SUR(Nf ) UR(1)
ψQ j
A
Lµ(Q) = ψQσµt
AψQ 0 j
(R)
µ (Q) = −ψQσµψQ
ψ˜Q 0 j˜
a
Rµ(Q˜) = ψQ˜σµt
A
ψ
Q˜
j˜
(R)
µ (Q˜) = −ψQ˜σµψQ˜
λ 0 0 j
(R)
µ (λ) = λ
a
σµλ
a
Table 3.4.7: Currents composed of the fermionic components of elementary chiral superfields.
The chiral symmetry does not break since M ij = 0. The R charges R(M) = R(B) = R(B˜) =
R(Λ) = 0 due to Nf = Nc , so R symmetry still remains. Obviously the baryon number
symmetry is broken, usually B(B) = Nf , B(B˜) = −Nf , B(Λ) = 0, and the equation B =
−B˜ = ΛNf does not satisfy the baryon number conservation law. Note that a breaking of
baryon number conservation is not possible in ordinary QCD, as Vafa and Witten proposed
a strict theorem stating that the spontaneous breaking of vector symmetries is forbidden [76].
However, their proof of this theorem is based on the vector nature of the quark-quark-gluon
vertex, while in supersymmetric QCD, there exist scalar quarks, and the quark-squark-gluino
interaction vertex, which is an axial vector vertex, so this spoils the initial assumption of the
theorem and hence the baryon number symmetry can be spontaneously broken.
Let us check the ’t Hooft anomaly matching conditions. In this case the quantum number for
the elementary and composite fields are obvious since all the quantum numbers remain intact.
We list the quantum numbers and the currents for the elementary and composite fields in the
Tables 3.4.6, 3.4.7, 3.4.8 and 3.4.9.
• At elementary level:
The currents corresponding to the global symmetries SUL(Nf )×SUR(Nf )×UR(1) are as
follows:
JALµ ≡ jALµ(Q) = ψQirσµtAijψQjr;
JARµ ≡ j˜ARµ(Q˜) = ψQ˜irσµt
A
ijψQ˜jr; (3.4.76)
J (R)µ ≡ j(R)µ (Q) + j˜(R)µ (Q˜) + j(R)µ (λ)
= −ψQirσµψQir − ψQ˜irσµψQ˜ir + λ
a
σµλ
a. (3.4.77)
• At composite level:
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SUL(Nf ) SUR(Nf ) UR(1)
M Nf Nf 0
B 1 1 0
B˜ 1 1 0
ψM Nf Nf −1
ψB 1 1 −1
ψ˜B 1 1 −1
Table 3.4.8: Representation quantum numbers for composite chiral superfields.
SUL(Nf ) SUR(Nf ) UR(1)
ψM j
A
Lµ(M) = ψMσµt
AψM j
A
Rµ(M) = ψMσµt
A
ψM j
(R)
µ (M) = −ψMσµψM
ψB 0 0 j
(R)
µ (B) = −ψBσµψB
ψ˜B 0 0 j˜
(R)
µ (B˜) = −ψB˜σµψB˜
Table 3.4.9: Currents composed of the fermionic components of composite chiral superfields.
The currents corresponding to SUL(Nf )×SUR(Nf )×UR(1) are as follows:
JALµ ≡ jALµ(M) = ψ iMσµtAijψjM ;
JARµ ≡ jaRµ(M) = ψMiσµtAijψMj ;
J (R)µ ≡ j(R)µ (M) + j(R)µ (B) + j˜(R)µ (B˜)
= −ψiMjσµtAijψjMi − ψBσµψB − ψB˜σµψB˜ . (3.4.78)
One can easily check that for both elementary and composite fermions only the triangle diagrams
SUL(R)(Nf )
3, SUL(R)(Nf )
2UR(1), UR(1)
3 and the axial gravitational anomaly UR(1) do not
vanish. The corresponding anomaly coefficients can be calculated in the same way and the
results are listed in Table 3.4.10. As expected, the anomaly coefficients match exactly.
Note that we have used the fact that the fluctuations of B and B˜ are not independent due
Triangle diagram Elementary anomaly coefficient Composite anomaly coefficient
SUL(R)(Nf )
3 +(−)dABCNf +(−)dABCNf
SUL(R)(Nf )
2UR(1) −NfTr(tAtB) −NfTr(tAtB)
UR(1)
3 −(N2f + 1) −(N2f + 1)
UR(1) −N2f − 1 −N2f − 1
Table 3.4.10: SUL(R)(Nf )×UR(1) ’t Hooft anomaly coefficients, dABC≡Tr(tA{tB, tC}).
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Triangle diagram Elementary anomaly coefficient Composite anomaly coefficient
Sp(4)2UR(1) −2Tr(tAtB)4 −Tr(tAtB)5
UR(1)
3 2×4×(−1)3 + 3 5×(−1)3
UR(1) 2×4×(−1) + 3 5×(−1)
Table 3.4.11: Sp(4)×UR(1) ’t Hooft anomaly coefficients.
to the constraint
B − λNf = B˜ + λNf . (3.4.79)
Thus in calculating the anomaly coefficient of UR(1)
3, only the contribution from ψB is consid-
ered. It should be emphasized that in the above section (and in what follows) we have assumed
(will assume) that the global symmetries are realized linearly on M , B and B˜.
For Nc = 2, the point
V = Λ2
(
−iσ2 0
0 −iσ2
)
= Λ2

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0
 (3.4.80)
is obviously in the moduli space. Consequently, the global flavour symmetry SU(4) breaks
to Sp(4), while R-symmetry is preserved. The ’t Hooft anomaly matching associated with
the global symmetry Sp(4)×UR(1) can be checked. The fundamental massless fermions are
quarks and gauginos, their quantum numbers with respect to Sp(4)×UR(1) are 4−1 and 11,
respectively. The low energy fields are the quantum fluctuations of V around the the expectation
value (3.4.80) subject to the constraint (3.4.52). Their fermionic component transform as 5−1
under Sp(4)×UR(1). With these quantum numbers, the various conserved currents can be
easily constructed. Considering the relation between the quadratic Casimir operators of the 4-
and 5-dimensional representations of Sp(4), 2Tr(tAtB)4 = Tr(t
AtB)5, we see that the anomaly
coefficients at low energy and high energy levels are indeed equal, as shown in Table 3.4.11.
3.4.3 Nf = Nc + 1: Confinement without chiral symmetry breaking
At the classical level, the gauge invariant chiral superfields describing the moduli space in this
case are M ij and the baryon superfields
Bi = ǫij1···jNc ǫ
r1···rNcQj1r1 · · ·Q
jNc
rNc ,
B˜i = ǫij1···jNc ǫ
r1···rNc Q˜j1r1 · · ·Q˜
jNc
rNc . (3.4.81)
Under the SUL(Nf )×SUR(Nf ), the composite superfields M , B and B˜ transform as follows,
M : (Nf , Nf ), B : (Nf , 1), B˜ : (1, Nf ). (3.4.82)
Let us first analyze what the quantum moduli space is in this case. The SU(Nc) gauge symmetry
and the global symmetry SUL(Nf )×SUR(Nf )×UB(1)×UR(1) as well as the mass dimension 3
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determine that the effective superpotential Weff must be of the following form,
Weff≡ 1
Λβ0
(
adetM + bBiM ji B˜j
)
, (3.4.83)
where a and b are non-vanishing constants which need to be determined. Note that this su-
perpotential is not the dynamically generated superpotential, it is rather an artificial one for
describing the moduli space. Owing to the holomorphic decoupling, if we give one flavour, say,
the Nf -th flavour, a large mass m, then at the energy scale q < m, the low energy theory should
be an SU(Nc) theory with Nf flavours. Thus, after integrating out this heavy flavour, we should
get the nontrivial constraints (3.4.52) of the Nf = Nc case. After giving the last flavour a mass,
the superpotential becomes
Weff(m) =
1
Λβ0
(adetM + bBiM ji B˜j)−mM
Nf
Nf
. (3.4.84)
The F -flatness conditions (due to the unbroken supersymmetry) forM iNf andM
Nf
i with i < Nf
reduce M to the following form,
M =
(
M˜ 0
0 M
Nf
Nf
)
. (3.4.85)
With M iNf = 0 and M
Nf
i = 0, the F -flatness conditions for Bi and B˜i yield
B =
(
0
BNf
)
, B˜ =
(
0
B˜Nf
)
. (3.4.86)
So the effective superpotential takes the following form:
Weff =
1
Λβ0
(adet M˜M
Nf
Nf
+ bBNfM
Nf
Nf
B˜Nf )−mM NfNf
≡ 1
Λβ0
(adet M˜M
Nf
Nf
+ bM
Nf
Nf
BB˜)−mM NfNf , (3.4.87)
where we denoted BNf≡B and B˜Nf≡B˜. The F -flatness condition for M
Nf
Nf
gives
adet M˜ + bBB˜ = mΛβ0 . (3.4.88)
At the energy q = m, the running coupling constant of the SU(Nc) theory with Nf = Nc + 1
flavours should match with that of the SU(Nc) theory with Nf (= Nc) flavours:
4π
g2(m2)
=
3(Nc + 1)−Nc
2π
ln
Λ
m
=
3Nc −Nc
2π
ln
ΛL
m
. (3.4.89)
This gives
Λ2NcL = mΛ
2Nc−1, (3.4.90)
i.e.
Λβ˜0L = mΛ
β0 . (3.4.91)
83
SUL(Nf ) SUR(Nf ) UB(1) UR(1)
Q Nf 1 0 1/Nf
Q˜ 1 Nf 0 1/Nf
ψQ Nf 1 0 1/Nf − 1
ψ
Q˜
1 Nf 0 1/Nf − 1
λ 1 1 0 1
Table 3.4.12: Representation quantum numbers for elementary fields.
SUL(Nf ) SUR(Nf ) UB(1) UR(1)
M Nf Nf 0 2/Nf
B Nf 1 Nc(= Nf − 1) Nc/Nf = (Nf − 1)/Nf
B˜ 1 Nf Nc(= Nf − 1) Nc/Nf = (Nf − 1)/Nf
ψM Nf Nf 0 2/Nf − 1
ψB Nf 1 Nc(= Nf − 1) −1/Nf
ψ
B˜
1 Nf 0 −1/Nf
Table 3.4.13: Representation quantum numbers for composite fields.
If we choose the undetermined parameters a = 1, b = −1, (3.4.88) will lead to the constraint
(3.4.52) in the case Nf = Nc. Therefore, the effective superpotential in the case Nf = Nc + 1
should be of the form
Weff =
1
Λβ0
(detM −BiM ji B˜j). (3.4.92)
The moduli space of vacuum states is described by the F -flatness conditions, ∂Weff/∂B
i =
∂Weff/∂B˜i = ∂Weff/∂M
j
i = 0,
M ·B = B˜·M = 0, detM (M−1)ij = BiB˜j. (3.4.93)
Obviously, the origin M = B = B˜ = 0 is on the moduli space since it satisfies the above
conditions. Thus the whole global symmetry SUL(Nf )×SUR(Nf )×UB(1)×UR(1) is preserved
in the origin of the moduli space. If the above dynamical picture is correct, ’t Hooft’s anomaly
matching with respect to this global symmetry must be satisfied.
According to Table 3.1.1, we list the quantum numbers for the elementary fermions and
composite fermions in Tables 3.4.12 and 3.4.13, respectively. The corresponding conserved cur-
rents corresponding to the global symmetry SUL(Nf )×SUR(Nf )×UB(1)×UR(1) are collected
in Table 3.4.14. One can easily find that the non-vanishing anomaly coefficients at both the
elementary and composite fermion levels are identical. They are listed in Table 3.4.15.
In the case Nc = 2, the superpotential in the low energy effective Lagrangian is
Weff = − 1
Λ3
PfV. (3.4.94)
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Elementary fermions Composite fermions
SUL(Nf ) J
A
Lµ = ψQσµt
AψQ J
A
Lµ = ψMσµt
AψM + ψBσµt
A
ψB
SUR(Nf ) J
A
Rµ = ψQ˜σµt
A
ψ
Q˜
JARµ = ψMσµt
A
ψM + ψB˜σµt
Aψ
B˜
UB(1) J
(B)
µ = ψQσµψQ − ψQ˜σµψQ˜ J
(B)
µ = NcψBσµψB +NcψB˜σµψB˜
UR(1)
J
(R)
µ = −Nc/NfψQσµψQ
− Nc/NfψQ˜σµψQ˜
+ λ
a
σµλ
a
J
(R)
µ = (−1 + 2/Nf )ψMσµψM
− 1/NfψBσµψB
− 1/NfψB˜σµψB˜
Table 3.4.14: Currents corresponding to the global symmetry SUL(Nf )×SUR(Nf )×UB(1)×UR(1).
Elementary level Composite level
(SUL(R)(Nf ))
3 +(−)Tr(tA{tB , tC})Nc +(−)Tr(tA{tB , tC})Nc
(SUL(R)(Nf ))
2UB(1) NcTr(t
AtB) NcTr(t
AtB)
(SUL(R)(Nf ))
2UR(1) −N2c /NfTr(tAtB) −N2c /NfTr(tAtB)
(UB(1))
2UR(1) −2N2c −2N2c
(UR(1))
3 −N2f + 6Nf − 12 + 8/Nf − 2/N2f −N2f + 6Nf − 12 + 8/Nf − 2/N2f
(UR(1))
2UB(1) 0 0
UR(1) −N2f + 2Nf − 2 −N2f + 2Nf − 2
Table 3.4.15: ’t Hooft anomaly coefficients.
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Elementary level Composite level
(SU(6))3 2Tr(tA{tB , tC})6 Tr(tA{tB, tC})15
(SU(6))2UR(1) 2×(−2/3)Tr(tAtB)6 −1/3Tr(tAtB)15
UR(1)
3 12×(−2/3)3 + 3 15×(−1/3)3
UR(1) 12×(−2/3) + 3 15×(−1/3)
Table 3.4.16: ’t Hooft anomaly coefficients.
The quarks and the gaugino transform as 61/3 and 11, respectively, and the quantum fluctuation
of the composite field V as 152/3 under the global symmetry group SU(6)×UR(1). The ’t Hooft
anomaly conditions are satisfied as can be seen from Table 3.4.16.
3.4.4 Supersymmetric QCD for Nf > Nc + 1
Now we continue to add the flavours and the more interesting phenomena will arise. In the
following we shall concentrate on several typical ranges of the flavour and colours.
3Nc/2 < Nf < 3Nc: Non-Abelian Coulomb phase, conformal window and electric-magnetic
duality
We now specialize to N = 1 SU(Nc) supersymmetric QCD with Nf flavours. The NSVZ
beta function (1.1) and anomalous dimension of the quark and squark fields are
β(g) = − g
3
16π2
3Nc −Nf +Nfγ(g2)
1−Ncg2/(8π2) ,
γ(g2) = − g
2
8π2
N2c − 1
Nc
+O(g4). (3.4.95)
Thus we see that β0(g) < 0, and the theory in this range is asymptotically free. However, the
anomalous dimensions of the quark and squark fields imply β1(g) > 0, i.e. the one-loop beta
function is negative and the two-loop beta function is positive. This fact will make the beta
function have non-trivial zero points, i.e. non-trivial fixed points. One explicit nontrivial fixed
point can be observed in the following way: taking the limit Nf→∞ and Nc→∞ but keeping
Ncg
2 and Nf/Nc = 3− ǫ with ǫ≪1 fixed, we have
γ(g2) ≃ −Ncg
2
8π2
,
β(g) = − g
3
16π2
3Nc −Nf +Nfγ(g2)
1−Ncg2/(8π2) ≃ −
g3
16π2
3−Nf/Nc +Nf/Ncγ(g2)
−g2/(8π2)
=
g
2
[
ǫ+ (3− ǫ)Ncg
2
8π2
]
. (3.4.96)
Accordingly, the beta function has a second zero at
Ncg
2 = −8π
2ǫ
3
+O(ǫ2). (3.4.97)
86
So, at least for large Nc, Nf and ǫ = 3− NfNc≪1, the theory has a nontrivial IR fixed point. At
this non-trivial IR fixed point a four-dimensional superconformal field theory will arise due to
the relation between the trace of the energy-momentum tensor and the β-function. Therefore,
in the range 3Nc/2 < Nf < 3Nc, the infrared region of N = 1 supersymmetric QCD is described
by a four-dimensional superconformal field theory and this range is called Seiberg’s conformal
window. The quarks and gluons are not confined but appear as interacting (effective) massless
particles. The effective non-relativistic interaction potential between two static electric charged
quarks takes the form of the Coulomb potential: V (r)∼1/r. Consequently, the theory is now in
the non-Abelian Coulomb phase.
Nf > 3Nc: Non-Abelian free electric phase
In this range, since the one-loop beta function β0 > 0, the theory is not asymptotically free.
At large distance (low energy) the coupling constant becomes smaller, and the particle spectrum
of the theory consists of elementary quarks and gluons. Hence in this range of Nf , the theory
is in a so-called “non-Abelian free electric phase”. As mentioned in Sect.2.4, a theory in a free
electric phase is not well defined due to the Landau singularity. This can be easily seen from
the definition of the beta function (in the modified minimal subtraction scheme)
β0 =
(Nf − 3Nc)g3
16π2
= µ
∂g
∂µ
. (3.4.98)
Integrating this equation, we obtain
g2 =
g20
1− g20(Nf − 3Nc)/(16π2) ln(µ/µ0)
. (3.4.99)
The coupling constant increases with µ, and theory breaks down at the Landau pole [55]
µ = µ0 exp
8π2
g20(Nf − 3Nc)
. (3.4.100)
However, it can be regarded as the low energy limit of another theory.
To conclude this section, we explain why one can discuss non-trivial four-dimensional su-
perconformal theory in the range 3/2Nc < Nf < 3Nc. Nf < 3Nc ensures that the theory is
asymptotically free. As for the lower bound 3/2Nc < Nf , this requires some knowledge about
the representations of the four-dimensional superconformal algebra on the chiral supermultiplet
introduced in Sect. 2.5. As we know, for the representation of the superconformal algebra on
the chiral supermultiplet, there is a simple relation between the R-charge and the conformal
dimension of a gauge invariant chiral superfield operator O (see (2.5.70)),
R(O) = −2
3
d(O), or d(O) = 3
2
|R(O)|. (3.4.101)
However, from the unitary representations listed in Table 2.1.2, we see that except for the trivial
representation, which is not interesting, the conformal dimension d of a physical operator should
be larger than 1. Otherwise the highest weight representation of the conformal algebra will have
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a negative norm state, and this is not allowed in a unitary representation. The simplest gauge
invariant chiral superfield is the meson M . The R-charges listed in Table 3.1.1 give
d(M) =
3
2
R(M) = 3
Nf −Nc
Nf
> 1, (3.4.102)
and hence one gets Nf > 3/2Nc. This is the reason why a superconformal field theory arises in
the range 3/2Nc < Nf < 3Nc.
4 N = 1 supersymmetric dual QCD and non-Abelian electric-
magnetic duality
The global symmetry and the ’t Hooft anomaly matching require that for Nf > Nc+1 the low-
energy phenomena of supersymmetric SU(Nc) QCD with Nf flavours need a distinct description
through the introduction of a dual theory, which takes the same form as the fundamental super-
symmetric gauge theory except for a gauge singlet field and an additional superpotential. In this
section, we shall concentrate on Seiberg’s conformal window 3Nc/2 < Nf < 3Nc and show how
the non-Abelian electric-magnetic duality arises at the IR fixed point. We shall discuss why the
two dual theories have inverse couplings and how the theory behaves when some of the heavy
modes decouple. A generalization of supersymmetric QCD with a matter field in the adjoint
representation of the gauge group and a non-trival superpotential and its duality will also be
discussed.
4.1 Dual supersymmetric QCD
In general, when the flavour Nf > Nc + 1, the gauge invariant chiral superfields parameterizing
moduli space are the meson superfieldsM ij and the baryon superfieldsBij···k and B˜˜i˜j···˜k. Naively
one may think that the effective superpotential should have the following form:
Weff∼
(
detM −Bij···kM i˜iM jj˜· · ·Mkk˜B˜˜i˜j···˜k
)
. (4.1.1)
Although this superpotential is SUL(Nf )×SUR(Nf ) and gauge invariant, it cannot be regarded
as an effective superpotential since its R-charge is not equal to 2. In addition, one can easily
find that the ’t Hooft anomaly matching condition for the fermionic components of (Q, Q˜, λ)
and (M,B, B˜) cannot be satisfied if we adopt the effective superpotential (4.1.1). A clever way
out has been found by Seiberg and this has led to the invention of dual supersymmetric QCD.
From the Hodge dual form of the baryon superfields (3.3.18),
BiNc+1iNc+2···iNf ≡
1
(Nf −Nc)!ǫi1···iNc iNc+1···iNfB
iN1 ···iNc ,
B˜
iNc+1iNc+2,···iNf ≡ 1
(Nf −Nc)!ǫ
i1···iNc iNc+1···iNfBiN1 ···iNc , (4.1.2)
one can see that B and B˜ have
N˜c = Nf −Nc (4.1.3)
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SUL(Nf ) SUR(Nf ) UB(1) UR(1)
Q Nf 1 1 1−Nc/Nf
Q˜ 1 Nf −1 1−Nc/Nf
ψQ Nf 1 1 −Nc/Nf
ψ
Q˜
1 Nf 1 −Nc/Nf
λ 1 1 0 1
M ij Nf Nf 0 2− 2Nc/Nf
ψM Nf Nf 0 1− 2Nc/Nf
Bi1···i
N˜c
Nf N˜c 1 Nc Nc(1−Nc/Nf )
B˜j1···j
N˜c
1 Nf N˜c Nc Nc(1−Nc/Nf )
Table 4.1.1: Representation quantum numbers of the chiral superfields in the original supersymmetric
QCD.
indices. Thus one can assume that these baryon superfields are bound states of N˜c chiral
superfields q and q˜,
BiNc+1iNc+2···iNf ≡ Bi1···iN˜c≡
1
N˜c
ǫr˜1···˜r
N˜c
qr˜1i1q
r˜2
i2
· · ·qr˜N˜ci
N˜c
,
B˜
iNc+1iNc+2···iNf ≡ B˜j1···j
N˜c
≡ 1
N˜c
ǫs˜1···˜s
N˜c
qs˜1j1q
s˜2
j2
· · ·qs˜N˜cj
N˜c
,
i, j = 1, · · ·, Nf , r˜, s˜ = 1, · · ·, N˜c = Nf −Nc. (4.1.4)
Obviously qi
r˜
and q˜i
r˜
belongs to the fundamental representation of SU(Nf )×SU(N˜c). To bind
these elementary constituents into gauge invariant baryon superfields, we must construct a
dynamical Yang-Mills theory with gauge group SU(N˜c), which provides the dynamics.
Seiberg proposed that the low energy supersymmetric SU(Nc) QCD with Nf > Nc + 1 can
be described by a supersymmetric Yang-Mills theory with gauge group SU(N˜c) coupled to the
chiral superfields qri and q˜
r
j as well as a new colour singlet chiral superfieldM ji together with
an additional gauge invariant effective superpotential
Weff = q·M·q˜ = qr˜iMijδr˜s˜q˜s˜j. (4.1.5)
Note that this new colour singlet superfield M cannot be directly constructed from q and q˜
like that the meson superfield M is constructed from Q and Q˜. Its quantum numbers can be
determined from the superpotential (4.1.5) once we have determined the quantum numbers for
q and q˜.
From (4.1.4) and the quantum numbers of the original quarks of the meson and baryon
superfields listed in Table 4.1.1, we can determine the quantum numbers of the elementary dual
superfields and their fermionic components listed in Table 4.1.2. Obviously, the superpotential is
SU(N˜c) gauge invariant and globally SUL(Nf )×SUR(Nf ) invariant. Further, the superpotential
should be UB(1)×UR(1) invariant, i.e. the superpotential should have baryon number 0 and R-
charge 2. This requires that the quantum numbers of the new meson superfield M under
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SUL(Nf ) SUR(Nf ) UB(1) UR(1)
q Nf 1 Nc/N˜c Nc/Nf
q˜ 1 Nf −Nc/N˜c Nc/Nf
ψq Nf 1 1 Nc/Nf − 1
ψq˜ 1 Nf −Nc/N˜c Nc/Nf − 1
λ˜ 1 1 0 1
Table 4.1.2: Representation quantum numbers of the chiral superfields and their fermionic components
in dual supersymmetric QCD.
SUL(Nf )×SUR(Nf )×UB(1) ×UR(1) should be
M :
(
Nf , Nf , 0, 2 − 2Nc
Nf
)
. (4.1.6)
To summarize, the low energy supersymmetric SU(Nc) QCD with Nf > Nc+1 flavours can
be described by a dual theory. The dynamical variables in the dual theory are the gauge
singlet operator M, the SU(N˜c) gluons and the dual quarks q and q˜. In addition to the
standard form of the supersymmetric QCD Lagrangian, the dual Lagrangian includes a ki-
netic energy term of the colour singlet M and the effective superpotential (4.1.5), which is
SUL(Nf )×SUR(Nf )×UB(1)×UR(1) invariant as the original supersymmetric QCD. Seiberg fur-
ther found that these two theories are dual in the sense of electric-magnetic duality in the con-
formal window, i.e. as the flavour number Nf decreases, the original supersymmetric SU(Nc)
QCD becomes more strongly coupled, but the dual supersymmetric SU(N˜c) QCD becomes more
weakly coupled. We shall give a detailed explanation in the next subsection. This relation be-
tween the SU(N˜c) gauge theory and the original SU(Nc) is called non-Abelian electric-magnetic
duality. The original theory is usually called the electric theory and the dual theory is called
the magnetic theory. In addition, the U(1) quantum numbers (i.e. the baryon numbers and
R-charges) listed in Tables (4.1.1) and (4.1.2) show that there is a very complicated relation
between the baryon numbers and R-charges of the quarks in the electric and magnetic the-
ories. Since the U(1) quantum numbers such as baryon number and R-charge are additive
quantum numbers, this relations implies that the quarks q and q˜ cannot be simply expressed
as polynomials of the quarks in the electric theory. This connection between “electric” and
“magnetic” quarks is highly non-local and complicated. Only in some special cases can the
explicit connection between them be worked out [83]. The “magnetic” quarks q and q˜ and the
SU(Nf − Nc) gluons can be interpreted as solitons of the electric theory, i.e. as non-Abelian
magnetic monopoles.
Now one question naturally arises: does this SU(N˜c) theory describe the real physical dy-
namics? From the above statements, it seems as if this SU(N˜c) gauge theory is only a formal
device to introduce dual quark superfields q and q˜ supposedly bound together to form the
baryon superfield. However, in two-dimensional space time, there exist examples where the
gauge field parametrizing a constraints becomes dynamical. The most famous example is the
two-dimensional CPN model [82]. Thus we can assume that this dual SU(N˜c) supersymmetric
QCD is a dynamical theory in which there are gauge bosons and their superpartners — gauginos.
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A strong support for this picture is still the ’t Hooft anomaly matching: the anomaly coeffi-
cients of supersymmetric QCD and of the dual supersymmetric QCD are identical, so the dual
supersymmetric QCD has indeed provided a dynamical description of the composite superfields
of the electric theory. In the following we shall explicitly show this.
The quantum numbers for dual quarks superfields listed in Table 4.1.2 mean that the currents
composed of the dual quarks, the mesons and the dual gauginos λ˜ corresponding to the global
symmetry SUL(Nf )×SUR(Nf )×UB(1)×UR(1) are the following:
• SUL(Nf )
J˜ALµ ≡ ψqir˜σµtAijψqjr˜ + ψMiσµtAijψMj ; (4.1.7)
• SUR(Nf )
J˜ARµ ≡ ψq˜ir˜σµtAijψq˜jr˜ + ψMσµtAijψMj ; (4.1.8)
• UB(1)
J˜ (B)µ ≡
Nc
Nf −Ncψqir˜σµψqir˜ −
Nc
Nf −Ncψq˜ir˜σµψq˜ir˜; (4.1.9)
• UR(1)
J˜ (R)µ ≡
(
−1 + Nc
Nf
)
ψqir˜σµψqir˜ +
(
−1 + Nc
Nf
)
ψq˜ir˜σµψq˜ir˜
+λ˜
a˜
σµλ˜
a˜ +
(
1− 2Nc
Nf
)
ψMiσµψMi. (4.1.10)
Note that in the above currents the range for the flavour indices is i, j = 1, · · ·, Nf , for the colour
indices r˜ = 1, · · ·, Nf −Nc, for the magnetic gauge group indices a˜ = 1, · · ·, (Nf −Nc)2 − 1 and
for the flavour group indices A = 1, · · ·, N2f − 1.
The SUL(Nf )×SUR(Nf )×UB(1)×UR(1) currents composed of the electric quarks and gaug-
inos are listed below:
• SUL(Nf )
JALµ = ψQσµt
AψQ; (4.1.11)
• SUR(Nf )
JARµ = ψQ˜σµt
A
ψ
Q˜
; (4.1.12)
• UB(1)
J (B)µ = ψQσµψQ + ψQ˜σµψQ˜; (4.1.13)
• UR(1)
J (R)µ = −
Nc
Nf
ψQσµψQ −
Nc
Nf
ψ
Q˜
σµψQ˜ + λ
a
σµλ
a. (4.1.14)
It can be easily checked that the non-vanishing anomaly coefficients are those collected in Table
4.1.3.
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SU(Nc) (or elementary fermions) SU(N˜c) (or composite fermions)
(SUL(R)(Nf ))
3 +(−)dABCNc dABCNc
(SUL(R)(Nf ))
2UB(1) NcTr(t
AtB) NcTr(t
AtB)
(SUL(R)(Nf ))
2UR(1) −N2c /NfTr(tAtB) −N2c /NfTr(tAtB)
(UB(1)(1))
2UR(1) −2N2c −2N2c
(UR(1))
3 N2c − 1− 2N4c /N2f N2c − 1− 2N4c /N2f
Table 4.1.3: Anomaly coefficients of the original and dual supersymmetric QCD, dABC =
Tr(tA
{
tB, TC
}
).
4.2 Non-Abelian electric-magnetic duality
Subsect. 4.1 gives a dual description of low energy supersymmetric QCD. However, only at the
IR fixed point of the range 3Nc/2 < Nf < 3Nc, can the “electric” theory and “magnetic” theory
describe the same physics. In the following we give a detailed analysis of this non-Abelian
electric-magnetic duality.
First, the range 3Nc/2 < Nf < 3Nc implies the inequality
3
2
N˜c < Nf < 3N˜c, (4.2.1)
where N˜c = Nf − Nc is the number of colours in the dual theory. Hence the range 3Nc/2 <
Nf < 3Nc for the “electric” theory, for which a non-trivial IR fixed point exists, implies the
range 3/2N˜c < Nf < 3N˜c for the magnetic theory. Thus the fixed point of the magnetic
theory is identical to that of the original electric theory, i.e. they have the same non-Abelian
Coulomb phase! Note that these two theories have different gauge groups and different numbers
of interacting particles, but they have the same fixed point, and at the fixed point they describe
the same physics. In the non-relativistic case, both theories have a 1/r potential in these two
ranges, and there is no experimental way to tell whether the electric or magnetic gauge bosons
are mediating the interaction.
Secondly, we look at the dynamics. Eq. (4.1.5) gives an additional superpotential of the
magnetic theory. It can be argued that at the IR fixed point there exists a simple relation
between an “electric” meson and a colour singlet of the “magnetic” theory
M ij = µMij . (4.2.2)
Since both SU(Nc) and SU(N˜c) QCD are asymptotically free in the range 3Nc/2 < Nf < 3Nc,
both of them have an UV fixed point g = 0. (3.4.95) shows that the anomalous dimensions of
M in the electric theory and of M in the magnetic theory vanish at the UV fixed point. Thus,
their dimensions at the UV fixed point are the canonical dimensions. From its definition (3.3.14)
the canonical dimension of M is 2 at the IR fixed point, while from the beta function (3.4.95),
the vanishing of the beta function gives the anomalous dimension
γ = −3Nc
Nf
+ 1. (4.2.3)
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Thus, the full dimension of M at the IR fixed point is
D(M)IR fixed point = 2 + γ = 3
Nf −Nc
Nf
. (4.2.4)
This can also obtained from the relation between the conformal dimension and R-charge of a
chiral meson superfield operator in a superconformal field theory (see (2.5.70)),
D(Q˜Q) =
3
2
R(Q˜Q) =
3
2
[R(Q˜) +R(Q)] = 3
Nf −Nc
Nf
. (4.2.5)
In the magnetic theory, the discussion in Subsect. 4.1 shows that M cannot be constructed
from the elementary magnetic quarks q and q˜. It should be regarded as an elementary chiral
superfield, thus its canonical dimension is 1 and so its dimension at the UV fixed point is 1. At
the IR fixed point, M and M should become identical under the renormalization group flow
and M should have the same dimension as M , i.e. 3(Nf − Nc)/Nf . This can be seen from its
R-charge in (4.1.6). In order to relate M to M at the UV fixed point, we must introduce a
scale µ and hence (4.2.2) arises. In the following, we shall replace M by M/µ, and then the
additional superpotential (4.1.5) in the magnetic theory can be written as follows:
W =
1
µ
qiM
i
j q˜
j. (4.2.6)
We shall see that the introduction of this parameter with mass dimension will make the non-
Abelian electric-magnetic duality explicit. From dimensional analysis, the scale Λ˜ of the mag-
netic theory and Λ of the electric theory should satisfy
Λ3Nc−Nf Λ˜3(Nf−Nc)−Nf∝µNf . (4.2.7)
The explicit relation involves a phase factor (−1)Nf−Nc ,
Λ3Nc−Nf Λ˜3(Nf−Nc)−Nf = (−1)Nf−NcµNf . (4.2.8)
The necessity of introducing this phase factor will be explained in the following. Let us first see
the consequences of the relation (4.2.8).
First, (4.2.8) implies that the gauge coupling of the electric theory becomes stronger while
the coupling of the magnetic theory will become weaker and vice versa. This can be seen from
the running coupling constant (3.4.5),
Λ3Nc−Nf = q3Nc−Nf e−8π
2/[g2(q2)], Λ˜3(Nf−Nc)−Nf = q3(Nf−Nc)−Nf e−8π
2/[g˜2(q2)]. (4.2.9)
The relation (4.2.8) leads to
(−1)Nf−NcµNf = qNf e−8π2/[g2(q2)]e−8π2/[g˜2(q2)]. (4.2.10)
At a certain fixed scale q = Λ, we have
(−1)Nf−Nc
(
µ
Λ
)Nf
e8π
2/[g2(q2)] = e−8π
2/[g˜2(q2)]. (4.2.11)
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This can be thought of as the analogue of the usual electric-magnetic duality g−→1/g in an
asymptotically free theories.
Secondly, (4.2.8) gives the connection between gluino condensations of the electric theory
and the magnetic theory. (4.2.8) gives
lnΛ3Nc−Nf + ln Λ˜3(Nf−Nc)−Nf = ln(−1)Nf−NcµNf ,
d ln Λ3Nc−Nf = −d ln Λ˜3(Nf−Nc)−Nf . (4.2.12)
As it is well known, the quantum one-loop effective action of supersymmetric QCD can be
expressed in the following form:
Γ =
1
4
1
g2eff
∫
d4x
∫
d2θTr(WαWα) + h.c.
=
1
8π2
ln
(
q
Λ
)β0 ∫
d4x
∫
d2θTr(WαWα) + h.c. , (4.2.13)
where β0 = 3Nc−Nf for the electric theory and β0 = 3(Nf −Nc)−Nf for the magnetic theory.
Differentiating the effective action with respect to lnΛβ0 , we obtain
〈W 2α〉 = −〈W˜ 2α〉, (4.2.14)
whose lowest component shows that the gluino condensates of the electric and magnetic theories
are related by
〈λλ〉 = −〈λ˜λ˜〉. (4.2.15)
(4.2.14) is very similar to the ordinary electric-magnetic duality if we consider its θ2 component,
which contains the term FµνF
µν and is in electric-magnetic components
E2 −B2 = −(E˜2 − B˜2). (4.2.16)
Now let us see the effect of the phase factor (−1)Nf−Nc . A duality transformation of the
relation (4.2.8) (i.e. Nc−→Nf −Nc) gives
Λ3(Nf−Nc)−Nf Λ˜3Nc−Nf = (−1)Nc µ˜Nf = (−1)Nc−NfµNf . (4.2.17)
Hence
µ˜ = −µ. (4.2.18)
(4.2.17) and (4.2.18) imply that the dual of the magnetic theory (i.e. the dual of the dual)
is an SU(Nc) theory with scale Λ. We denote its quark fields as d
ir and d˜ir. Now there are
two independent colour singlets, one is the original M ij and another is constructed from the
magnetic quarks
N ji = qi · q˜j. (4.2.19)
The mass dimension 3 and R-charge 2 of the superpotential imply that the possible gauge invari-
ant and SUL(Nf )×SUR(Nf )×UB(1)×UR(1) invariant superpotential for the dual description of
the magnetic theory must be of the following form:
W =
1
µ˜
N jid
id˜j +
1
µ
M ijN
j
i =
1
µ
N ji(−did˜j +M ij). (4.2.20)
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M and N are massive chiral superfields and they can be integrated out by their equations of
motion:
M ij = d
id˜j , N = 0. (4.2.21)
This shows that the duals of the magnetic quarks can be identified with the original electric
quarks Q and Q˜. Therefore, the dual of the magnetic theory coincides with the original electric
theory. The phase factor (−1)Nf−Nc plays an important role in revealing this.
Finally, we stress the correspondence between the operators in the electric and magnetic
theories. As mentioned above, the explicit connection between the electric quarks and magnetic
quarks is very difficult to find. However, the relation between gauge invariant composite oper-
ators in both theories is obvious. The meson operator M ij = Q
iQ˜j is identical to the colour
singlet operatorMij at the infrared fixed point. As for the baryon operators, (4.1.2) shows that
at the IR fixed point the baryon operators are related as follows:
Bi1···iNc = Qi1 · · ·QiNc = Cǫi1···iNc j1···jN˜c iBj1···j
N˜c
= Cǫ
i1···iNc j1···jN˜cqj1 · · ·qj
N˜c
,
B˜i1···iNc = Q˜i1 · · ·Q˜iNc = Cǫi1···iNc j1···jN˜cBj1···j
N˜c
= Cǫ
i1···iNc j1···jN˜c q˜j1 · · ·q˜j
N˜c
, (4.2.22)
where the normalization constant C is
C =
√
−(−µ)Nc−NfΛ3Nc−Nf , (4.2.23)
which is required by the various limits to be discussed in following subsection. Note that the
dual relations (4.2.8) and (4.2.22) respect the idenpotency of the duality transformation.
4.2.1 Various deformations of non-Abelian electric-magnetic duality
By deformation we mean the various limiting cases mentioned in Subsect. 3.4.1. We shall show
how in these limits the electric-magnetic duality exchanges strong with weak coupling and the
Higgs phase with the confinement phase in the dual theories.
First, we consider the limit of a large mass of the Nf -th flavour in the electric theory (SU(Nc)
supersymmetric QCD with Nf flavours) by introducing a superpotential Wtree = mM
Nf
Nf
. After
integrating out this heavy mode, the low energy theory will be an SU(Nc) supersymmetric
QCD with Nf − 1 light flavours. As stated in Subsect. 3.4.1, the matching of coupling constants
at the energy scale q = m gives a connection between the scale Λ of the high energy theory
and the scale ΛL of the low energy theory (see (3.4.17)), Λ
3Nc−(Nf−1)
L = mΛ
3Nc−Nf . Since
supersymmetric QCD in the range 3Nc/2 < Nf < 3Nc is an asymptotically free theory, the
low energy electric theory will have the stronger coupling. Let us see how the dual magnetic
theory (SU(N˜c) supersymmetric QCD with Nf flavours) behaves. With the added tree-level
superpotential, the full superpotential is
W =
1
µ
qiM
i
j q˜
j +mM
Nf
N˜f
, i, j = 1, · · ·, Nf . (4.2.24)
The F -flatness conditions for M
Nf
N˜f
, M i
N˜f
and M
Nf
i˜
yield
qNf q˜
Nf = qNfr q˜
Nf
r = −µm, qiq˜Nf = qNf q˜i = 0. (4.2.25)
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So the lowest components of qNf and q˜Nf will break the magnetic gauge group SU(Nf −Nc) to
SU(Nf − Nc − 1) with Nf − 1 light magnetic quarks. The equations of motion of the massive
quarks qNf , q˜
Nf and the composite quantity qNf q˜
Nf lead to
M
Nf
N˜f
=M i
N˜f
=M
Nf
i˜
= 0. (4.2.26)
Thus the low energy superpotential is composed of the light fields M̂ , q̂ and ̂˜q,
W =
1
µ
q̂iM̂
i
j
̂˜qj = 1
µ
q̂isM̂
i
j
̂˜qjs, i, j = 1, · · ·, Nf − 1, s = 1, · · ·, Nf −Nc − 1. (4.2.27)
Similarly to the electric theory, the coupling constants of the high energy theory (SU(N˜c) with
Nf flavours) and the low energy magnetic theory (SU(N˜c − 1) with Nf − 1 flavours) should
match at the energy scale q2 = 〈qNf q˜Nf 〉,
4π
g2(〈qNf q˜Nf 〉)
=
3N˜c −Nf
2π
ln
√
〈qNf q˜Nf 〉
Λ˜
=
3(N˜c − 1)− (Nf − 1)
4π
ln
√
〈qNf q˜Nf 〉
Λ˜L
,
Λ˜
3(N˜c−1)−(Nf−1)
L =
Λ˜3N˜c−Nf
〈qNf q˜Nf 〉
. (4.2.28)
Using the above relation, one can easily find
Λ
3Nc−(Nf−1)
L Λ˜
3(N˜c−1)−(Nf−1)
L = mΛ
3Nc−Nf
Λ˜3N˜c−Nf
〈qNf q˜Nf 〉
=
m(−1)Nf−NcµNf
−µm = (−1)
Nf−Nc−1µNf−1. (4.2.29)
Thus the relation (4.2.8) is preserved in the large mass limit. Further it can be easily verified
that (4.2.22) is also preserved. Therefore, under the mass deformation duality is preserved.
From the running gauge coupling, one can see that the duality makes a more strongly coupled
electric theory equivalent to a more weakly coupled magnetic theory at the IR fixed point.
However, for the case Nf = Nc + 2, the magnetic theory is an SU(2) gauge theory and has
only two colours. In this case the above discussion of the mass deformation is incomplete. If
we introduce a large mass term for the Nf (= Nc + 2)-th flavour, the SU(2) magnetic gauge
symmetry will be completely broken. The low energy electric theory contains the mesons M̂ ij,
i, j = 1, · · ·, Nc + 1, while in the low energy magnetic theory, after integrating out the massive
quarks, there are only massless, colourless magnetic quarks q̂i and ̂˜qi left. The low energy
superpotential is still of the form (4.2.6) but with no summation over colour indices. From the
relation (4.2.22), which gives the connection between the baryons Bi and B˜
i of the low energy
electric theory and the colour singlet magnetic quarks of low energy magnetic theory, we have
Bi1···iNc = Qi1 · · ·QiNc = Ĉǫi1···iNc iq̂i,
B˜i1···iNc = Q˜i1 · · ·Q˜iNc = Ĉǫi1···iNc î˜qi, (4.2.30)
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where Ĉ =
√
Λ2Nc−1/µ. If we adopt the dual form (4.1.2) of the baryon, one can see
Bi =
√
Λ2Nc−1L
µ
1
Nf !
ǫi1···iNc iB
i1···iNc =
√
Λ2Nc−1L
µ
q̂i,
B˜i =
√
Λ2Nc−1L
µ
1
Nf !
ǫi1···iNc iB˜
i1···iNc =
√
Λ2Nc−1L
µ
̂˜qi. (4.2.31)
This means that the gauge singlet magnetic quarks are in fact the baryons of the low energy
electric theory, i.e. the baryons are magnetic monopoles of elementary quarks and gluons. This
idea was actually proposed many years ago by Skyrme. Later Witten further showed that at
least in the large Nc case, the baryons can be regarded as solitons of the low energy effective
Lagrangian of ordinary QCD [77]. In supersymmetric gauge theory, this idea comes out naturally
in the context of electric-magnetic duality.
Furthermore, with Nf = Nc + 2, we can obtain the superpotential (3.4.92) of the case of
Nf = Nc+1 light flavours from the duality between the low energy electric and magnetic theory.
From (4.2.29) and (4.2.31), the superpotential in low energy magnetic theory is
W =
1
µ
q̂iM̂
i
j
̂˜qj = 1
Λ2Nc−1L
BiM̂
i
jB
j
, (4.2.32)
where ΛL is the scale of the low energy electric theory with Nf (= Nc+1) light flavours. However,
since the gauge symmetry in the magnetic theory is completely broken, the low energy effective
action should include the contribution from instantons for the broken magnetic group, since in
this case the magnetic theory is completely Higgsed and the instanton calculation is reliable.
According to (3.4.29), the instanton contribution in the magnetic theory is
Winst =
Λ˜
6−(Nc+2)
L det(µ
−1M̂ )
qNf+2q˜Nf+2
= − det M̂
Λ
3Nc−(Nc+1)
L
, (4.2.33)
where (4.2.29) and (3.4.57) were used. Putting (4.2.32) and (4.2.33) together, we obtain the
superpotential of the low energy theory with Nf = Nc+1 light flavours (the index L is omitted)
W =
1
Λ2Nc−1
(BiM
i
jB˜
j − detM). (4.2.34)
This is exactly the superpotential (3.4.92), where we got it from the strongly coupled electric
theory, while here we rederived it from the weakly coupled magnetic theory.
In a similar way one can consider the general mass deformation by introducing a mass term
mjiM
i
j for all the (electric) quarks. The full superpotential W = qiM
i
j q˜
j+mjiM
i
j implies that
the dual magnetic quarks get the mass (matrix)
mimag j =
M ij
µ
, (4.2.35)
so the low energy magnetic theory is a pure SU(Nf −Nc) Yang-Mills theory. From (3.4.40) we
have
Λ˜3L =
[
det(µ−1M)Λ3N˜c−Nf
]1/N˜c
,
Λ˜
3(Nc−Nf )
L = µ
−Nf Λ˜3(Nf−Nc)−Nf detM. (4.2.36)
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Correspondingly, there exists an effective superpotential produced from gluino condensation,
Weff = N˜cΛ˜
3
L = (Nf −Nc)
[
µ−Nf Λ˜3(Nf−Nc)−Nf detM
]1/(Nf−Nc)
= (Nc −Nf )
(
Λ3Nc−Nf
detM
)1/(Nc−Nf )
, (4.2.37)
where we have used (4.2.8). One can see that (4.2.37) is the same as (3.4.29), but (4.2.37) is
obtained from the dual magnetic theory. This implies that the superpotential (3.4.29) and the
expectation values (3.4.38) are reproduced correctly when mass terms are added to the magnetic
theory. It should be emphasized that the factor (−1)Nf−Nc plays a crucial role in getting (4.2.37),
otherwise the sign will be opposite.
There is another possible deformation, which is realized by making the quark superfields have
big expectation values along the D-flat direction (3.3.13) in the electric theory. For simplicity, we
only choose one flavour, say, the Nf -th flavour, to have a large expectation value, i.e. 〈QNf 〉 =
〈Q˜Nf 〉 is large. The lowest components of QNf and Q˜Nf will break the electric SU(Nc) theory
with Nf flavours to SU(Nc − 1) with Nf − 1 flavours. From (3.4.11), the matching of running
coupling constant at 〈QNf 〉 = 〈Q˜Nf 〉 leads to
Λ
3(Nc−1)−(Nf−1)
L =
Λ
3Nc−Nf
L
〈QNf Q˜Nf 〉 . (4.2.38)
In the magnetic theory, similarly to (4.2.35), a large 〈MNfNf 〉 yields a large mass µ−1〈M
Nf
Nf
〉 for
the Nf -th magnetic quarks, q
Nf and q˜Nf . The low energy magnetic theory is SU(Nf −Nc) with
Nf − 1 light flavours and the low energy scale is
Λ˜
3(Nf−Nc)−(Nf−1)
L = µ
−1〈MNfNf 〉Λ˜3(Nc−Nf )−Nf . (4.2.39)
One can easily check that the relation (4.2.8) is satisfied and hence that duality is preserved.
Similar discussions for 〈B〉6=0 show that the duality is also preserved in this case [78].
4.2.2 Non-Abelian free magnetic phase: Nc + 2≤Nf≤3/2Nc
Now we consider a special range of colour and flavour numbers, Nc + 2≤Nf≤3/2Nc. From the
NSVZ beta function of the dual theory
β(g) = − g
3
16π2
3(Nf −Nc)−Nf +Nfγ(g2)
1− (Nf −Nc)g2/(8π2) ,
γ(g2) = − g
2
8π2
(Nf −Nc)2 − 1
(Nf −Nc) +O(g
4), (4.2.40)
one can see that when Nf≤3/2Nc, 3(Nf−Nc)≤Nf , the beta function is positive, so the magnetic
SU(Nf −Nc) theory is not asymptotically free and is weakly coupled at low energy. Thus at low
energy the magnetic quarks are not confined and the particle spectrum consists of the singlet
M , and the magnetic quarks q and q˜. The relations (4.2.22) show that the massless magnetic
particles are composites of the elementary electric degrees of freedom. Comparing with the case
Nf≥3Nc in the electric theory, which is in the non-Abelian free electric phase, we say that the
theory is in a non-Abelian free magnetic phase since there are massless “magnetic” charged
fields.
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4.3 Duality in Kutasov-Schwimmer model
4.3.1 Kutasov’s observation
The Kutasov-Schwimmer model is the usual N = 1 supersymmetric SU(Nc) QCD but with an
additional matter field X in the adjoint representation of the gauge group and an associated
superpotential of the general form [85, 86, 83]
W =
k∑
i=0
si
k + 1− iTrX
k+1−i. (4.3.1)
It seems that the presence of these non-renormalizable interactions described by this superpo-
tential is irrelevant for the short-distance behaviour of the theory, but they may have strong
effects on the infrared dynamics. Thus this model has a rich electric-magnetic duality structure.
In the following we give a brief introduction to the duality present in this model.
We start from the original observation made by Kutasov [85]. According to the NSV Z
β-function of N = 1 supersymmetric Yang-Mills theory with matter fields Φi in representations
ri of the gauge group G given by (1.1)
β(α) = −α
2
2π
3T (G) −∑i T (ri)[1− γi(α)]
1− T (G)α/(2π) , (4.3.2)
where i labels the species of fields, α = g2/(4π) is the fine structure constant, and γi(α) are the
anomalous dimensions of Φi,
γi(α) = −C2(ri)α
π
+O(α2) (4.3.3)
with
Tr(T aT b) = T (R)δab, T aT a = C2(R)1, T (G)≡ T (R = adjoint). (4.3.4)
Non-trivial fixed points arise when
3T (G) −
∑
i
T (ri)[1 − γi(α)] = 0. (4.3.5)
Note that now these fixed points are not necessarily the infrared fixed points. At a fixed point
the physics is described by a superconformal field theory, and the scaling dimension of Φi should
be the sum of the canonical and anomalous dimensions
di = 1 +
γi
2
. (4.3.6)
On the other hand, for a superconformal theory there exists a simple relation between the scaling
dimension and the anomaly-free R-charge
Ri =
2
3
di. (4.3.7)
With (4.3.6) and (4.3.7), (4.3.5) can be written as
T (G) +
∑
i
T (ri)[Ri − 1] = 0. (4.3.8)
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(4.3.8) actually provides a condition for an R-symmetry to be anomaly-free, under which the
supercoordinates θα have the R-charge 1 and the fields Φi have R-charges Ri. Thus (4.3.8) is also
called the anomaly cancellation condition. In general, there may be many UR(1) symmetries
whose R-charges satisfy (4.3.8) and thus they are anomaly-free. However, since we are only
interested in infra-red (IR) fixed points, it is necessary to know which of the R-symmetries is
the right one, i.e. which R-symmetry becomes a part of the IR superconformal algebra. There
are some cases in which the answer is known, for instance, if all the matter fields Φi belong to
the same representation ri = r, i = 1, · · ·,M , then we have
Ri = R = 1− T (G)
MT (R)
. (4.3.9)
The SU(Nc) supersymmetric QCD with Nf quark and anti-quark superfields, Qi and Q˜i, is just
this case, where we have
T (SU(Nc)) = Nc, T (Nc) = 1/2, M = 2Nf . (4.3.10)
Thus anomaly-free R charges for quark and anti-quark superfields are R = 1 − Nc/Nf , which
naturally agrees with the R-charges listed in Table 3.1.1. However, there is no general method
of determining Ri in (4.3.8) to pick the right R-charge so that it becomes a generator of the
IR superconformal algebra. It is not even clear in general whether the theory ends up in the
infrared region of a non-Abelian Coulomb phase. Among the phases introduced in Sect.2.4, we
know that only the Coulomb phase allows a self-dual description.
Based on the above observation, Kutasov considered a straightforward generalization of su-
persymmetric QCD [85], i.e. supersymmetric SU(Nc) Yang-Mills theory with a matter superfield
X in the adjoint representation of the gauge group, Nf multiplets Q
i in the Nc and Nf super-
multiplets Q˜i in the N c representations; i = 1, · · ·, Nf . Due to the presence of the matter field
in the adjoint representation, the one-loop β function coefficients for this model becomes
β0 = 2Nc −Nf . (4.3.11)
Thus the theory is asymptotically free only for Nf < 2Nc. It is natural to assign the same R
charge Rf to all the fundamental multiplets Q
i, Q˜i and a different R charge Ra to the adjoint
one, X. From (4.3.10) and T (adjoint) = Nc, the anomaly cancellation condition (4.3.8) takes
the form
Nc + 2Nf
1
2
(Rf − 1) +Nc(Ra − 1) = 0,
NfRf +NcRa = Nf . (4.3.12)
There are many possible assignments for Rf and Ra satisfying (4.3.12), the problem is which
R-symmetry becomes part of the IR superconformal algebra.
Kutasov used the following technique to solve this problem [85]: first formally finding the
dual description, then making use of the consistency of the theory to work out the correct
dynamics so that the right anomaly-free R-symmetry can be distinguished. The method of
searching for the dual magnetic description is the same as in the supersymmetric QCD case
discussed in Sect.4.1. Since the baryons can reveal the form of the duality transformation, one
first defines the baryon-like operators in the above model,
B[i1···ik][ik+1···iNc ] = ǫα1···αNcX β1α1 X
β2
α2 · · ·X βkαk Q i1β1 · · ·Q
ik
βk
Q
ik+1
αk+1 · · ·Q iNcαNc , (4.3.13)
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where αi, βj = 1, · · ·, Nc are colour indices. For a given k, there are
(
Nf
k
)(
Nf
Nc − k
)
baryons
B[i1···ik][ik+1···iNc ], so the total number of the baryon operators is
Nc∑
k=0
(
Nf
k
)(
Nf
Nc − k
)
=
(
2Nf
Nc
)
. (4.3.14)
(4.3.13) and (4.3.14) show that k≤Nf , Nc − k≤Nf , and hence the baryon operators (4.3.13)
exist only for Nf≥Nc/2.
(4.3.14) reveals that the spectrum of baryons has a symmetry under Nc←→2Nf −Nc (with
the flavour number Nf fixed) since
(
2Nf
Nc
)
=
(
2Nf
2Nf −Nc
)
. Thus the corresponding dual
(“magnetic”) theory should be an SU(N˜c = 2Nf −Nc) gauge theory with the fundamental su-
permultiplets qi, q˜
i and adjoint supermultiplet Y as well as some other colour singlets. Similarly
to (4.2.22), an identification of the baryon operators in electric and magnetic theories should be
possible:
B
[i1···ik][ik+1···iNc ]
el = B
[j1···jp][jp+1···j2Nf−Nc ]
mag , (4.3.15)
with p = Nf −Nc+k. Assume that the magnetic quark superfields qi and q˜i have the R-charges
R˜f and that Y has the same R-charges Ra as X. Then the anomaly cancellation condition
(4.3.12) in both electric and magnetic theories and the identification (4.3.15) yield
NfRf +NcRa = Nf ,
Nf R˜f + (2Nf −Nc)Ra = Nf ,
kRa +NcRf = (Nf −Nc + k)Ra + (2Nf −Nc)R˜f . (4.3.16)
Hence we get
Ra =
2
3
, Rf = 1− 2
3
Nc
Nf
, R˜f = 1− 2
3
2Nf −Nc
Nf
. (4.3.17)
The R-charge of the adjoint supermultiplets in (4.3.17) seems to present a puzzle to us: the
theory we are considering is asymptotically free, so g = 0 is the UV fixed point, at which the
R-charge of X is 2/3, whereas (4.3.17) shows that at the IR fixed point the R-charge of X is
also 2/3. Usually this not possible since (4.3.2) and (4.3.3) show that even for a perturbative
fixed point the conformal dimension and hence the R-charge of X can receive a contribution at
least at first order in α.
It was realized by Kutasov that the reason for this lies in the ambiguous action of UR(1) on the
chiral supermutiplets in the adjoint and fundamental representations, and only an interaction
superpotential relevant to the chiral supermutiplet in the adjoint representation can fix this
ambiguity. Thus Kutasov’s resolution to this puzzle was to assume that the model considered
should be subject to a Wess-Zumino superpotential composed of the adjoint matter [85]
Wel(X)∝TrX3. (4.3.18)
A perturbative calculation in the Wess-Zumino model shows that the interaction provided by
this superpotential contributes to the anomalous dimensions of X and hence to the β function
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SUL(Nf ) SUR(Nf ) UB(1) UR(1)
Q Nf 1 1 1− 2Nc/(3Nf )
Q˜ 1 Nf −1 1− 2Nc/(3Nf )
X 1 1 0 2/3
Table 4.3.1: Representation quantum numbers of the matter fields of the electric theory under
SUL(Nf )×SUR(Nf )×UB(1)×UR(1).
SUL(Nf ) SUR(Nf ) UB(1) UR(1)
q Nf 1 Nc/(2Nf −Nc) 1− 2(Nf −Nc)/(3Nf )
q˜ 1 Nf −Nc/(2Nf −Nc) 1− 2(Nf −Nc)/(3Nf )
Y 1 1 0 2/3
M Nf Nf 0 2− 4Nc/(3Nf )
N Nf Nf 0 8/3 − 4Nc/(3Nf )
Table 4.3.2: Representation quantum numbers of the matter fields of the magnetic theory under
SUL(Nf )×SUR(Nf )×UB(1)×UR(1).
of the gauge coupling. Thus with the superpotential (4.3.18) there is a possible additional fixed
point at which X has the canonical conformal dimension 1 and hence the R-charge 2/3. In
particular, the superpotential (4.3.18) respects the R-symmetry given by (4.3.17), since as a
superpotential it should have R-charge 2. Therefore, the introduction of this superpotential also
chooses the right R-symmetry so that it becomes a part of the IR superconformal symmetry. Of
course, the R-charge (4.3.17) at the IR fixed point is actually found by requiring the existence
of a duality, which is independent of the discussion of the superpotential (4.3.18).
Next we briefly review the duality mentioned above. First, the electric theory has an
anomaly-free global symmetry SUL(Nf )×SUR(Nf )×UB(1)×UR(1) at the IR fixed point under
which the quantum numbers of the matter fields are listed in Table (4.3.1).
The dual description is the SU(2Nf −Nc) gauge theory. The matter fields include not only
the dual quarks qi, q˜
i and the adjoint field Y , but also two gauge singlet chiral superfields M ij
and N ij . At the IR fixed point, these gauge singlets are the meson and meson-like operators of
the original electric theory
M ij = Q
i
rQ˜
r
j = Q
i·Q˜j, N ij = QirXrsQ˜sj = Qi·X·Q˜j. (4.3.19)
The quantum numbers of all the matter fields under the global symmetry SUL(Nf )×SUR(Nf )
×UB(1)×UR(1) are listed in Table (4.3.2).
Strong support to this duality pattern comes from the ’t Hooft anomaly matching for the
above global symmetry group . Using the quantum numbers listed in Tables (4.3.1), (4.3.2) and
the quantum numbers of the electric and magnetic gauginos,
λ : (1, 1, 0, 1); λ˜ : (1, 1, 0, 1), (4.3.20)
one can easily write down the conserved currents and the energy-momentum tensor composed
of the massless fermionic components and calculate the anomaly coefficient. The explicit calcu-
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Triangle diagrams Anomaly coefficients
SUL(R)(Nf )
3 +(−)NcTr(tA{tB , tC})
SUL(R)(Nf )
2UR(1) −2N2c /(3Nf )Tr(tAtB)
SUL(R)(Nf )
2UB(1) NcTr(t
AtB)
UR(1) −2(N2c + 1)/3
UR(1)
3 26(N2c − 1)/27 − 16N4c /(27N2f )
UB(1)
2UR(1) −4N2c /3
Table 4.3.3: ’t Hooft anomaly coefficients.
lation shows that the coefficients are indeed equal in both theories and they are listed in Table
(4.3.3). Note that now there are more non-vanishing triangle diagrams in comparison with the
usual N = 1 supersymmetric QCD.
As in the usual supersymmetric QCD case, the global symmetry and holomorphy determine
that the superpotential of the dual theory should be of the form
Wmag =M
i
jqi·Y ·q˜j +N ijqi·q˜j +TrY 3. (4.3.21)
Note that the first term of the above superpotential is an operator with UV dimensions 4. How-
ever, as argued in the following, M ijqi·Y ·q˜j is actually not always irrelevant, i.e. its dimension
can become less than 4.
The dynamical structure of the theory can be qualitatively analyzed through the scaling
dimension of the meson fields M ij at the IR fixed point,
d(M) =
3
2
R = 3− 2Nc
Nf
. (4.3.22)
The one-loop beta function coefficient (4.3.11) shows that when Nf > 2Nc, the electric theory is
not asymptotically free and thus in a free electric phase. At Nf∼2Nc, d(M)∼2, (4.3.21) shows
that the electric theory should be weak coupled. As Nf decreases, the running coupling in the
IR electric theory increases and d(M) decreases. At Nf = Nc, d(M) becomes 1 and M behaves
as a free scalar field. It is then natural to expect that the dimension of M in the IR region
remains 1 for Nf < Nc as well.
In the dual magnetic description, the dynamical behaviour of M is also remarkable. From
the one-loop beta function coefficient of the magnetic theory,
β˜ = 2(2Nf −Nc)−Nf = 3Nf − 2Nc, (4.3.23)
one can see that for
Nf≃2
3
Nc (4.3.24)
the coupling is weak, and at low energy M will become a free field coupled to the gauge sector
through the first term of the nonrenormalizable superpotential (4.3.21). If Nf > 2Nc/3, the
coupling of MqY q˜ will decrease at large distances. For Nf not much larger than 2Nc/3, pertur-
bation theory works. One can see that M becomes a free field with dimension 1. However, as
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Nf increases, the coupling in the magnetic theory becomes stronger, the anomalous dimension
of MqY q˜ may become more and more negative until, if the coupling is strong enough, this
irrelevant operator actually becomes relevant, i.e. the full (canonical + anomalous) dimension
may become less than 4. Hence it will have effects on the IR dynamics of M and the strongly
interacting magnetic gauge degrees of freedom. Obviously, if this phenomenon occurs, it is com-
pletely due to non-perturbative effects in the magnetic theory, since usually the IR magnetic
gauge coupling should be larger than the critical coupling so thatMqY q˜ becomes relevant. Note
that the interaction ofM with the gauge sector is a flavour interaction and the gauge interaction
occurs through the colour degrees of freedom. Usually at low energy the colour interaction is
much stronger than the flavour one.
One can perform a similar discussion for the operators N ij and the related Nqq˜ interaction.
From Table (4.3.2) the operators N ij have dimension
d(N) =
3
2
R(N) = 4− 2Nc
Nf
, (4.3.25)
which will go to 1 at Nf = 2Nc/3. For Nf < 2Nc/3, (4.3.23) shows that the magnetic theory is
not asymptotically free, and hence the full theory is free in the infrared region. Consequently,
N ij become free field operators when Nf < 2Nc/3. Otherwise they will participate in the
interaction non-trivially.
In summary, the general dynamical structure of this set of theories can be stated as follows:
the theory is free in the ranges Nf > 2Nc and Nf < 2Nc/3. The former corresponds to a free
electric phase, with the fields M and N corresponding to quark composites with dimensions 2
and 3, respectively, due to (4.3.22) and (4.3.25); the latter corresponds to a free magnetic phase
with M and N being free fields with dimension 1. The theory is in an interacting non-Abelian
Coulomb phase for the range 2Nc/3 < Nf < 2Nc, in which there is a dual magnetic description,
i.e. supersymmetric SU(2Nc − Nf ) QCD with two colour singlets M and N . Obviously, the
model with Nf = Nc is self-dual under the duality Nc↔2Nf − Nc, which exchanges the range
Nc < Nf < 2Nc with 2Nc/3 < Nf < Nc. (4.3.22) shows that as Nf < Nc the field operators
M ij are free field operators since they have dimension 1, but the full theory is not.
A discussion similar to the SU(Nc) QCD case can show that the duality is preserved under a
mass deformation and in the flat directions. Note that the flat directions of the magnetic theory
are composed of the D-flat directions of the gauge sector and the F -flat directions obtained
through the superpotential (4.3.21) [85].
4.3.2 Duality in the Kutasov-Schwimmer model
Kutasov-Schwimmer model
The Kutasov-Schwimmer model is a generalization of the model introduced in last section.
The field content is the same, only the superpotential (4.3.18) is replaced by a general one,
W = gkTrX
k+1. (4.3.26)
For simplicity, only the case k < Nc will be considered. (4.3.26) shows that for k = 1 this
superpotential is the mass term for X, so one can integrate out the adjoint superfield in the
IR region and return back to the usual supersymmetric QCD. The k = 2 case is just the one
discussed in the last section.
104
SUL(Nf ) SUR(Nf ) UB(1) UA(1) UR(1)
Q Nf 1 1 1 1− 2Nc/(3Nf )
Q˜ 1 Nf −1 1 1− 2Nc/(3Nf )
X 1 1 0 0 2/(k + 1)
Table 4.3.4: Representation quantum numbers of the matter fields of the electric theory under
SUL(Nf )×SUR(Nf )×UB(1)×UR(1).
We first have a look at the moduli space of this model. As in the usual supersymmetric QCD,
the moduli space is labeled by two kinds of gauge invariant operators: the meson operators
(Ml)
i
j = Q
i
α(X
l−1)αβQ˜
β
j, l = 1, · · ·, k, (4.3.27)
with
(X l−1)αβ≡Xαα1Xα1α2 · · ·X
αl−1
β , (4.3.28)
and the baryon-like operators
B(n1n2···nk) = Qn1(1)· · ·Qnk(k);
k∑
l=1
nl = Nc, (4.3.29)
where Q(l) are the “dressed” quarks
Qi(l)α≡
(
X l−1Qi
)
α
=
(
X l−1
) β
α
Qiβ , l = 1, · · ·, k, (4.3.30)
and consequently
Qnl(l) =
1
l!
ǫα1···αlQi1(l)α1 · · ·Q
inl
(l)αl
. (4.3.31)
( 4.3.29) and (4.3.31) show that the total number of the baryon operators is
∑
{nl}
(
Nf
n1
)
· · ·
(
Nf
nk
)
=
(
kNf
Nc
)
. (4.3.32)
Before discussing the duality, we find the anomaly-free global symmetry. Classically, the
action of N = 1 the theory has the global symmetry
SUL(Nf )×SUR(Nf )×UB(1)×UA(1)×UR0(1). (4.3.33)
The standard form of the classical action of the N = 1 supersymmetric gauge theory with quark
superfields in the fundamental representation and a matter field in the adjoint representation
and the superpotential (4.3.26) imply that the quantum numbers of matter fields under (4.3.33)
should be as listed in Table (4.3.4).
At the quantum level, the UA(1) and UR0(1) will become anomalous. Like in the SU(Nc)
QCD case, there exists an anomaly-free UR0(1) symmetry coming from a combination of UR0(1)
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UB(1) UA(1) UR(1)
Q 1 1 1− 2Nc/(3Nf )
Q˜ −1 1 1− 2Nc/(3Nf )
X 0 0 2/(k + 1)
Table 4.3.5: Anomaly-free UR(1) combination of quantum numbers of the matter fields in the electric
theory.
and UA(1) transformations. The method of searching for such an anomaly-free UR(1) is the
same as the one discussed in Subsect. 3.1.2. The classical conserved currents corresponding to
the classical UR0(1) and UA(1) transformations are, respectively,
j5(R0)µ = ΨQγµγ5ΨQ −
k − 1
k + 1
ΨXγµγ5ΨX − λaγµγ5λa;
j5(A)µ = ΨQγµγ5ΨQ. (4.3.34)
Their operator anomaly equations read
∂µj
5µ
(R0)
= 2
(
2Nc
k + 1
−Nf
)
g2
32π2
F aµν F˜
µνa;
∂µj
5µ
(A) = 2Nf
g2
32π2
F aµν F˜
µνa. (4.3.35)
According to (3.4.4) the anomaly-free UR(1) charge should be the following combination
R = R0 +
(
1− 2
k + 1
Nc
Nf
)
A. (4.3.36)
Therefore, the full quantum symmetry is SUL(Nf )×SUR(Nf )×UB(1)×UR(1), with the anomaly-
free R-charges listed in table (4.3.5).
Duality
The discussion in the last section and (4.3.32) show that the dual magnetic description
should be an SU(kNf − Nc) gauge theory with the following matter content: Nf flavours of
dual quarks qi, q˜
i, an adjoint field Y and gauge singlets Mj, which are identical to (4.3.27) at
the IR fixed point. The quantum numbers of these matter fields under the global symmetry are
listed in Table (4.3.6). They are determined by (4.3.27) and the identification of the baryon-like
operators in both the electric and magnetic theories,
B
(n1n2···nk)
elec ∼B(m1m2···mk)mag (4.3.37)
with
B(m1m2···mk)mag = q
m1
(1) · · ·qmk(k) ;
∑
l
ml = kNf −Nc, l = 1, 2, · · ·, k. (4.3.38)
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SUL(Nf ) SUR(Nf ) UB(1) UR(1)
q Nf 1
Nc
kNf−Nc
1− 2k+1
kNf−Nc
Nf
q˜ 1 Nf − Nc(kNf−Nc) 1−
2
k+1
(kNf−Nc)
Nf
Y 1 1 0 2N+1
Mj Nf Nf 0 2− 4N+1 NcNf +
2
k+1(j − 1)
Table 4.3.6: Representation quantum numbers of the matter fields in the magnetic theory under the
global symmetry SUL(Nf )×SUR(Nf )×UB(1)×UR(1).
Triangle diagrams Anomaly coefficients
SU(Nf )
3 NcTr(t
A{tB , tC})
SU(Nf )
2UR(1) − 2k+1 N
2
c
Nf
Tr(tAtB)
SU(Nf )
2UB(1) NcTr(t
AtB)
UR(1)
3
[(
2
k+1 − 1
)3
+ 1
] (
N2c − 1
)− 16
(k+1)3
N4c
N2
f
UB(1)
2UR(1) − 4k+1N2c
UR(1) − 2k+1(N2c + 1)
Table 4.3.7: ’t Hooft anomaly coefficients.
(4.3.37) and (4.3.38) suggest that
ml = Nf − nk+1−l, l = 1, 2, · · ·, k. (4.3.39)
As in the usual supersymmetric QCD, this dual picture is supported by the ’t Hooft anomaly
matching. Considering the various currents corresponding to the global symmetry SUL(Nf )×
SUR(Nf )×UB(1)×UR(1) and the energy-momenta composed of the fermionic components of
the above matter fields and gauginos in both the electric and magnetic theories and calculating
the non-vanishing triangle diagrams, one can easily find that the anomaly coefficient are indeed
identical. They are listed in table (4.3.7).
The quantum numbers given in Table (4.3.6)) and the holomorphy determine that the su-
perpotential of the dual, magnetic theory should be of the following form
Wmag = TrY
k+1 +
k∑
j=1
Mj q˜Y
k−jq, (4.3.40)
where the normalization coefficients are chosen equal to 1. In principle these coefficients can be
calculated and they are relevant for a more clear understanding of duality. Especially, the case
k = 1 corresponds to the Seiberg duality discussed in Sect. 4.2, since now the superpotential
(4.3.26) and (4.3.40) show that X, Y are massive and can be integrated out. The case k = 2 is
just the Kutasov model discussed in the previous section.
Deformation
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There are many interesting deformations, which can provide a non-trivial check on the above
duality. Two cases will be discussed [86]. The first one is the mass deformation, which is
implemented by giving a mass to the Nf -th electric quarks; thus, the whole superpotential of
the electric theory at tree level becomes
Wel = gkTrX
k+1 +mQ˜NfQNf . (4.3.41)
Consequently, the low energy theory becomes an SU(Nc) gauge theory with Nf − 1 flavours
since the heavy flavour should be integrated out. On the other hand, in the magnetic theory
the introduction of the mass term for the electric quarks gives a new term to the magnetic
superpotential (4.3.40) due to the duality:
Wmag = gkTrY
k+1 +
k∑
j=1
Mj q˜Y
k−jq +m(M1)
Nf
Nf
. (4.3.42)
The equations of motion for (M1)
Nf
Nf
show that the vacuum should satisfy
qNfY
l−1q˜Nf = −δlkm, l = 1, · · ·, k, (4.3.43)
which together with the following conditions determine the expectation values:
q˜
Nf
α = δα,1; q
α
Nf
= δα,k;
Y αβ =
{
δαβ+1, β = 1, · · ·, k − 1
0 otherwise
(4.3.44)
(4.3.43) and (4.3.44) imply that the Higgs mechanism occurs. Consequently, the low energy
magnetic theory is the SU(kNf −Nc − k) theory with Nf − 1 flavours. It corresponds exactly
to the low energy electric theory. Thus the duality is preserved under this mass deformation.
Another deformation is achieved by perturbating the electric superpotential (4.3.26) by the
following term
W (X) = Tr
(
X3 +
m
2
X2 + λX
)
, (4.3.45)
where the last term λTrX is a Lagrange multiplier term since the SU(Nc) adjoint field X is
traceless. Due to the relation between the scalar potential and the superpotential, V (φ) =
|∂W/∂X|2X→φX , the vacuum solutions are given by diagonal matrices X = (xrδrs) with eigen-
values xr satisfying the quadratic equations:
3x2 +mx+ λ = 0. (4.3.46)
Thus there are two solutions,
x± =
−m±√m2 − 12λ
6
, (4.3.47)
which correspond to the two minima of the scalar potential. Since the supersymmetry is not
broken, the Witten index implies that there should exist Nc + 1 possible vacua labelled by
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k = 0, 1, · · ·, Nc. Without loss of generality, we assume that there are k eigenvalues xi equal to
x+ and Nc − k ones equal to x−. Consequently, the gauge group is broken,
SU(Nc)−→SU(k)×SU(Nc − k)×U(1). (4.3.48)
In each vacuum the theory is reduced to the usual supersymmetric QCD since X becomes
massive and can be integrated out.
In the dual magnetic theory, the gauge group is SU(2Nf − Nc) and hence there seems to
exist 2Nf −Nc+1 supersymmetric vacua. A similar analysis shows that the introduction of the
superpotential (4.3.45) breaks the symmetry of the magnetic theory as follows:
SU(2Nf −Nc)−→SU(l)×SU(2Nf −Nc − l)×U(1). (4.3.49)
However, as indicated by ADS superpotential in Ref. [32], a supersymmetric vacuum is not
stable if the the number of flavours is smaller than the number of colours in supersymmetric
QCD. Therefore, the l-th vacuum is stable if and only if l≤Nf and 2Nf − Nc − l≤Nf . Thus
the true vacua are labelled by l = Nf − Nc, · · ·, Nf and there are only Nc + 1 vacua. This
coincides exactly with the requirement of duality. One can naturally think that the explicit
correspondence between the vacua given in (4.3.48) and (4.3.49) is l = Nf − k.
Special consideration should be paid to two particular cases, k = 0 or Nc. Now the SU(Nc)
gauge group remains unbroken. Consequently, the trivial vacuum 〈X〉 = 0 in the electric theory
corresponds to a magnetic vacuum with 〈Y 〉6=0, in which the breaking pattern of the magnetic
gauge group is
SU(2Nf −Nc)−→SU(Nf )×SU(Nf −Nc)×U(1). (4.3.50)
However, we can still get a consistent duality mapping. Eq. (4.1.5) shows that in the magnetic
theory there exists a superpotential W = M ij q˜ri qjr. The equations of motion for M will set
q˜·q = 0. Furthermore, according to Eq. (3.4.52), the quantum moduli space is given by det(q˜ ·
q)−BB˜ = Λ2Nf , which relates q˜ and q to the baryons B˜, B. Thus in the quantum moduli space
of vacua, q˜·q = 0 means BB˜ = −Λ2Nf . This non-vanishing expectation value of B will break
the U(1) symmetry of (4.3.50). Therefore, Seiberg’s duality pattern arises:
SU(Nf )×SU(Nc)←→SU(Nf )×SU(Nf −Nc). (4.3.51)
In the case k > 2, there are many possible choices for the superpotential W leading to
deformations. The situation becomes more complicated, but the analysis is conceptually similar
to the case k = 2. By Eq. (4.3.26), the vacua are determined by the equation W ′(x) = 0. Since
W ′(x) is a polynomial of degree k > 2, there exist k solutions, and in general these solutions are
different. The ground states are labelled by the number il (l = 1, · · ·, k) of eigenvalues x residing
in the l-th minimum of the scalar potential ( i1≤i2≤· · ·ik and
∑k
l=1 il = Nc). Correspondingly,
the electric gauge group SU(Nc) is broken by the non-vanishing expectation values as follows:
SU(Nc)−→SU(i1)×SU(i2)×· · ·×SU(ik)×U(1)k−1. (4.3.52)
Note that each of the SU(il) factors describes a supersymmetric QCD model since X becomes
massive and can be removed. In the dual magnetic theory, a similar breaking pattern occurs.
Assume that there are jl eigenvalues in the l-th minimum (
∑
l jl = kNf −Nc) and the breaking
of the magnetic gauge group is
SU(kNf −Nc)−→SU(j1)×SU(j2)×· · ·×SU(jk)×U(1)k−1. (4.3.53)
The duality mapping is just given by jl = Nf − il.
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5 Non-perturbative phenomena in N = 1 supersymmetric gauge
theories with gauge group SO(Nc) and Sp(Nc = 2nc)
In this section we shall review the non-perturbative dynamics of N = 1 supersymmetric gauge
theories with gauge groups SO(Nc) and Sp(Nc = 2nc). We shall see that in these supersymmet-
ric gauge theories, some new dynamical phenomena arise such as inequivalent branches, oblique
confinement and electric-magnetic-dyonic triality [15]. In addition, there emerges an explicit
phase transition from the Higgs phase to the confining phase [15] in supersymmetric SO(Nc)
gauge theory with quarks in the fundamental representation (i.e. the vector representation).
This is different from the supersymmetric SU(Nc) gauge theory, where the transition from the
Higgs phase to the confining phase is smooth. The reason behind this is that in the SO(Nc) su-
persymmetric gauge theory, the dynamical quarks cannot screen and therefore, at large distances
confinement occurs suddenly.
In the following, the non-perturbative phenomena in the SO(Nc) supersymmetric gauge
theory will be discussed in detail. The new dynamical phenomena different from the SU(Nc)
case will be emphasized. The non-perturbative dynamics of the Sp(2nc) supersymmetric gauge
theory is similar to the SU(Nc) and SO(Nc) cases. In fact, it is proposed that by using the trick
of extrapolating the colour parameter Nc of SO(Nc) to a negative value, the dynamics of the
Sp(Nc = 2nc) supersymmetric gauge theory can be read out from that of the SO(Nc) theory.
Thus the Sp(2nc) case will be only briefly introduced.
5.1 N = 1 supersymmetric SO(Nc) gauge theory with Nf flavours
5.1.1 Global symmetries of N = 1 supersymmetric SO(Nc) QCD
The fundamental representation of the SO(Nc) group is its vector representation and hence it is
always real. Thus in SO(Nc) gauge theory there is no difference between left- and right-handed
quarks. This is different from the SU(Nc) case, where the right-handed quark is the left-handed
anti-quark. The classical Lagrangian of N = 1 supersymmetric SO(Nc) QCD is
L = 1
4
Tr
(
WαWα|θ2 +WαWα|θ2
)
+Q†egV (Nc)Q|
θ2θ
2 . (5.1.1)
In the Wess-Zumino gauge, the (four-) component field form of above Lagrangian reads
L = −1
4
F aµνF
aµν +
1
2
iλ
a
γµDabµ λb + iΨirγµ (DµΨ)ir + (DµΦ)∗ir (DµΦ)ir
− i
√
2g
[
Φir(T
a)rsΨ
is
λa − Φ∗ir (T a) sr λ
a
Ψis
]
− g
2
2
[Φ†,Φ]2 +
iθ
32π2
ǫµνλρF aµνF
a
λρ, (5.1.2)
where the group indices a = 1, · · · , Nc(Nc − 1)/2; the colour indices r, s = 1, · · · , Nc and the
flavour indices i = 1, · · · , Nf . Dµ is the covariant derivative in the adjoint representation and
Dµ in the vector representation, Dabµ = ∂µδab − gfabcAcµ; Dµrs = ∂µδrs − igAµaT ars. The classical
Lagrangian (5.1.2) possesses the global symmetry SU(Nf ) × UA(1) × UR0(1) corresponding to
the following transformations:
• SU(Nf ):
Ψir →
(
eiα
AtA
) j
i
Ψjr, Ψ
ir → Ψjr
(
e−iα
AtA
) i
j
;
Φir →
(
eiα
AtA
) j
i
Φjr, Φ
∗ir → Φ∗jr
(
e−iα
AtA
) i
j
. (5.1.3)
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• UA(1):
Ψ→ eiγ5αΨ, Ψ→ Ψeiγ5α. (5.1.4)
• UR0(1):
Ψ→ eiγ5αΨ, Ψ→ Ψeiγ5α; λa → e−iγ5αλa, λa → λae−iγ5α. (5.1.5)
Like in the SU(Nc) case, the UA(1) and UR0(1) symmetries suffer from an Adler-Bell-Jackiw
(ABJ) anomaly, and they can be combined into an anomaly-free UR(1) symmetry. To do this,
let us first calculate the fermionic triangle anomaly diagrams of the relevant currents and get
the coefficients in the anomaly operator equations for jµ(A) and j
µ
(R0)
, and then try to construct
an anomaly-free UR(1) symmetry. The Noether currents corresponding to the above UA(1) and
UR0(1) transformations are
j(A)µ = Ψ
ir
γµγ5Ψir≡j5µ,
j(R0)µ = Ψ
ir
γµγ5Ψir − 1
2
λ
a
γµγ5λ
a≡j5µ − J 5µ . (5.1.6)
Considering the triangle diagrams 〈j5µJaµJbν〉, 〈J 5µJ aµJ bν 〉 with Jaµ and J aµ being the dynamical
currents corresponding to the global gauge transformations, which are composed of the quarks
and the gaugino, respectively,
Jaµ = Ψ
ir
γµ (T
a) sr Ψis; J aµ = fabcλ
b
γµλ
c, (5.1.7)
we find the operator equation for the anomalies of j(A)µ and j(R0)µ:
∂µj(A)µ = 2Nf
1
32π2
ǫµνλρF aµνF
a
λρ; (5.1.8)
∂µj(R0)µ = [2Nf − 2(Nc − 2)]
1
32π2
ǫµνλρF aµνF
a
λρ. (5.1.9)
Using the same arguments as in the SU(Nc) case, namely find the above anomalies lead to a
shift of the vacuum angle θ in the Lagrangian (5.1.1) and hence the absence of anomalies is
reflected in the vanishing of the shift, one can easily obtain the non-anomalous UR(1) symmetry
with the charge being the linear combination
R = R0 +
Nf −Nc + 2
Nf
A. (5.1.10)
The R0-charges and the UA(1) charges of all the fields (and even of some parameters) should
be combined in such ways so that an anomaly-free UR(1) symmetry is achieved. Therefore, at
the quantum level the anomaly-free global symmetry is SU(Nf )×UR(1). The anomaly-free R-
charges of some fundamental fields are listed in Table (5.1.1) and the transformation properties
of every fundamental field corresponding to the global symmetry are given in Table (5.1.2).
In addition, the theory has an explicit Z2 charge conjugation symmetry C [15]. In particular,
the UA(1) transformation (5.1.4) and the operator anomaly equation (5.1.8), show that at the
quantum level the theory is also invariant under a discrete Z2Nf symmetry,
Q −→ ein2π/(2Nf )Q, n = 1, · · · , 2Nf . (5.1.11)
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UA(1) UR0(1) UR(1)
φQ +1 0 (Nf + 2−Nc)/Nf
ψQ +1 −1 −(Nc − 2)/Nf
Q +1 0 (Nf + 2−Nc)/Nf
λ 0 +1 +1
Table 5.1.1: Combination of anomaly-free R-charges for fundamental fields; φQ and ψQ denote the
lowest component and the (two-) component spinor of the quark chiral superfield.
SU(Nf ) R
φQ Nf (Nf + 2−Nc)/Nf
ψQ Nf −(Nc − 2)/Nf
Q Nf (Nf + 2−Nc)/Nf
λ 0 +1
Table 5.1.2: Representation quantum numbers of fundamental fields under global symmetries
SU(Nf)×UB(1)×UR(1).
(For Nc = 3, the symmetry is enhanced to Z4Nf , which will be discussed in detail in Sect. 5.5.1.
In fact, the anomaly equation (5.1.8) means that under the U(1)A transformation (5.1.4) the
vacuum angle θ in the Lagrangian (5.1.2) is shifted to
θ−→θ + 2Nfα, (5.1.12)
and hence we have the discrete symmetry (5.1.11). However, since the even elements of Z2Nf ,
i.e. those with n = 2, 4, · · · , 2Nf , also belong to SU(Nf ), this global flavour symmetry should
be SU(Nf )×Z2Nf /ZNf .
5.1.2 Classical moduli space
If written in two-component field form, the scalar potential of the supersymmetric SO(Nc) QCD
has the same form as in the SU(Nc) case, (3.3.3). The classical moduli space is still determined
by the D-flatness condition, Da = 0. As in the SU(Nc) theory, the D-flatness condition does not
require that the expectation values of the squarks vanish, only that they equal some constant
values. To make the supersymmetry manifest we work in the superfield form. Like in the SU(Nc)
case, we write the quark superfield in an Nf×Nc matrix form in terms of the flavour and colour
indices. Since the scalar potential is SO(Nc) gauge and SU(Nf ) global transformation invariant,
in the D-flat directions we can use these gauge and global rotations to make the quark superfield
matrix diagonal. In the following we shall discuss the classical moduli space for different relative
colour and flavour numbers.
Nf < Nc
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The quark superfield matrix can in this case be diagonalized as follows:
Q =

a1 0 · · · 0 · · · 0
0 a2 · · · 0 · · · 0
...
...
. . .
...
. . . 0
0 0 · · · aNf · · · 0
 . (5.1.13)
If all the ai 6=0, their scalar components will break the gauge group SO(Nc) to SO(Nc−Nf ) for
Nf < Nc − 2, and completely break SU(Nc) for Nf > Nc − 2. The moduli space will still be
described by the expectation value of the “meson” superfields
M ij = QirQ
rj≡Qi·Qj, (5.1.14)
which is explicitly gauge invariant. We shall show that these Nf (Nf + 1)/2 mesons are the
appropriate low energy dynamical degrees of freedom since they correspond precisely to the
matter superfields left massless by the Higgs mechanism. Due to the spontaneous symmetry
breaking SO(Nc)→SO(Nc −Nf ), among the NfNc quark superfields Q ri there are
1
2
Nc(Nc − 1)− 1
2
(Nc −Nf )(Nc −Nf − 1) = NcNf − 1
2
Nf (Nf + 1) (5.1.15)
fields which become massive through the Higgs mechanism. NfNc − [NfNc −Nf (Nf + 1)/2]=
Nf (Nf + 1)/2 fields remain massless.
Nf≥Nc
In this case the D-flat directions are given by
Q =

a1 0 · · · 0
0 a2 · · · 0
...
...
. . .
...
0 0 · · · aNc
0 0 · · · 0
...
...
. . .
...
0 0 · · · 0

. (5.1.16)
The low energy gauge invariant degrees of freedom that can be constructed to describe the
moduli space are not only the meson superfields M ij = Qi·Qj, but also the baryon superfields
Bi1···iNc =
1
Nc!
ǫr1···rNcQi1r1Q
i2
r2 · · ·Q
iNc
rNc . (5.1.17)
Along the flat directions given by (5.1.16), we have
M =

a21 0 · · · 0
0 a22 · · · 0
...
...
. . .
...
0 0 · · · a2Nc
0 0 · · · 0
...
...
. . .
...
0 0 · · · 0

;
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B1···Nc = a1a2· · ·aNc (5.1.18)
with all other components of M and B vanishing. Thus one can see that the rank of M is at
most Nc. If the rank of M is less than Nc, i.e. one ai or several ais vanish, then the baryon fields
B = 0. If the rank of M is equal to Nc, then B has rank 1 and its non-zero component is the
square root of the product of non-zero diagonal values of M , up to a sign. So the baryon field
should not be regarded as an independent variable to parameterize the moduli space. Therefore,
for Nf≥Nc, the classical moduli space is described by a set of M of rank at most Nc with an
additional sign coming from taking the square root
B = ±
√
det′M (5.1.19)
for M with rank Nc, where the prime denotes that only the non-zero diagonal values of M are
considered.
5.2 Dynamically generated superpotential and decoupling relation
The quantum moduli space and the corresponding non-perturbative dynamics will become more
complicated than in the SU(Nc) case due to the peculiarities of the SO(Nc) group. Some new
dynamical phenomena will arise. The quantum theory is also more sensitive to the relative
numbers of colours and flavours than the SU(Nc) gauge theory. In each case (Nf < Nc or
Nf≥Nc) we must give a detailed classification of the relative numbers of colours and flavours
and discuss the corresponding non-perturbative phenomena. Before going into details we first
present the general form of the dynamically generated superpotential in the case Nf < Nc and
the connections between different energy scales related by the decoupling limits in various ways.
To construct the dynamically generated superpotential, we need a dynamical scale associated
with the running coupling. For Nc > 4, the coefficient of one-loop beta function of the SO(Nc)
gauge theory with Nf quarks in the vector representation of the gauge group is
β0 = 3(Nc − 2)−Nf . (5.2.1)
With Eq. (3.4.4), the running of the gauge coupling is
Λ
3(Nc−2)−Nf
Nc,Nf
= q3(Nc−2)−Nf e−8π/g
2(q2)+iθ. (5.2.2)
(5.2.2) implies that the dynamically generated scale Λ becomes a complex number due to the
presence of the vacuum angle, and further it can be formally thought of as the scalar component
of a (space-time independent) chiral superfield. The UA(1) charge and the R0-charge of this
superfield should be the same as those of θ, i.e. 2Nf and 2(Nf −Nc+2), respectively, since the
anomalies of UA(1) and UR0(1) give corresponding shifts in θ.
In the cases 2 < Nc≤4, there are some peculiarities. When Nc = 4, since
SO(4)≃SU(2)X×SU(2)Y , (5.2.3)
with the subscripts X and Y labelling two SU(2) branches, the theory must be decomposed
into two independent gauge theories with gauge group SU(2). The quark superfields, which
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before were in the vector representation of SO(4) before, should now constitute the fundamental
(spinorial) representation (2, 2) of SU(2)X×SU(2)Y ,
Qir = Q
i
α,β, r = 1, · · ·, 4; α, β = 1, 2, (5.2.4)
i.e. under a gauge transformation,
Qiα,β−→A(X) γα A(Y ) δβ Qiγ,δ, A(X) γα ∈SU(2)X ; A(Y ) δβ ∈SU(2)Y . (5.2.5)
There are two independent gauge couplings, one for each SU(2)s, s = X,Y . Since the one-
loop beta function coefficient in an SU(2) gauge theory with Nf quarks in the fundamental
representation is 6−Nf , we have
e−8π
2/g2s(q
2)+iθ =
(
Λ(s)
q
)6−Nf
. (5.2.6)
(5.2.6) shows that the running of the gauge coupling in each SU(2) branch accidentally coincides
with the general form of the SO(Nc) theory with Nc = 4.
When Nc = 3, the vector representation of SO(3) coincides with its adjoint representation.
In this case the one-loop β-function coefficient is β0 = 6 − 2Nf , and the running of the gauge
coupling is
e−8π
2/g2s(q
2)+iθ =
(
Λ(s)
q
)6−2Nf
. (5.2.7)
One can see that the running coupling in this case does not coincide with the general form for
SO(Nc), and thus it needs a special consideration.
A gauge invariant quantity composed of the dynamically generated superpotential should be
a function of the low energy dynamical degree of freedomM . The global symmetry SU(Nf )×UR(1)
restricts it to be a function of detM . We list the various quantum numbers of Λβ0 and detM
in Table (5.2.1) for Nc 6=3. With the requirement that the superpotential should have R-charge
2 and dimension 3, and should be holomorphic, the only possible form is
W = CNc,Nf
Λ3Nc−6−NfNc,Nf
detM
1/(Nc−2−Nf ) , (5.2.8)
The coefficient CNc,Nf can be determined, like in the SU(Nc) case, through an explicit calcula-
tion. Since the scale Λ is a complex quantity, the superpotential can pick up a ZNc−Nf−2 phase
factor due to the power 1/(Nc −Nf − 2),
W = CNc,Nf e
2inπ/(Nc−2−Nf )
Λ3Nc−6−NfNc,Nf
detM
1/(Nc−2−Nf )
≡ CNc,Nf ǫ(Nc−2−Nf )
Λ3Nc−6−NfNc,Nf
detM
1/(Nc−2−Nf ) ,
n = 1, 2, · · · , Nc − 2−Nf . (5.2.9)
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UA(1) UR0(1) UR(1)
Λβ0 2Nf −2(Nf + 2−Nc) 0
detM 2Nf 0 2(Nf + 2−Nc)
Table 5.2.1: U(1) quantum numbers of the quantities composed of the dynamical superpotential (Nc >
3).
The phase factor in (5.2.9) labels different but physically equivalent vacua of the theory coming
from the spontaneous breaking of a discrete symmetry induced by gaugino condensation in the
low energy SO(Nc −Nf ) Yang-Mills theory.
In the following sections, we shall see that a superpotential of the form (5.2.8) can indeed be
generated by gaugino condensation, like in the SU(Nc) case with Nf < Nc−1. For Nf = Nc−2,
the above superpotential does not makes sense. For Nc − 2 < Nf≤Nc, a superpotential (5.2.8)
cannot be generated, since it would lead to non-physical dynamical behaviour. For Nf > Nc,
detM = 0, and the superpotential (5.2.8) does not exist. Overall, there will be no dynamically
generated superpotential for Nf≥Nc − 2. For the special case Nc = 3, we shall see that there is
also no dynamically generated superpotential for any Nf . Consequently, these theories, with no
dynamically generated superpotential, will have a quantum moduli space of exactly degenerate
but physically inequivalent vacua, and they will present interesting non-perturbative dynamical
phenomena different from the SU(Nc) case.
For later use, we give the relations between different energy scales connected by the decou-
pling of heavy modes. Due to the peculiarity of the SO(Nc) group when 2 < Nc≤4, we must
give special consideration to the decoupling in SO(3) and SO(4) theories.
Giving the Nf -th quarks a large mass Wtree = 1/2mM
NfNf = 1/2mQ
Nf
r QrNf , and making
this heavy mode decouple, the theory with Nf quarks will yield a low energy theory with Nf −1
quarks. The running couplings should match at the scale m. When Nc > 4, we have
4π
g2(m)
=
3(Nc − 2)−Nf
2π
ln
m
ΛNc,Nf
=
3(Nc − 2)− (Nf − 1)
2π
ln
m
ΛNc,Nf−1
;
Λ
3(Nc−2)−Nf
Nc,Nf
m = Λ
3(Nc−2)−(Nf−1)
Nc,Nf−1
. (5.2.10)
When Nc = 4, due to Eq. (5.2.3), in each SU(2) branch the coupling constants should match,
6−Nf
2π
ln
m
Λs,Nf
=
6− (Nf − 1)
2π
ln
m
Λs,Nf−1
;
Λ
6−Nf
s,Nf
m = Λ
6−(Nf−1)
s,Nf−1
, s = X,Y. (5.2.11)
In the case Nc = 3, the quarks are in the adjoint representation of the gauge group and the
one-loop beta function coefficient changes to β0 = 6− 2Nf , so we have
6− 2Nf
2π
ln
m
Λ3,Nf
=
6− 2(Nf − 1)
2π
ln
m
Λ3,Nf−1
;
Λ
6−Nf
3,Nf
m2 = Λ
6−2(Nf−1)
3,Nf−1
. (5.2.12)
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Another way of decoupling is through the Higgs mechanism with a large expectation value
aNf in (5.1.13). The SO(Nc) theory with Nf quarks will decouple into an SO(Nc − 1) theory
with Nf − 1 quarks. Under the requirement that the running couplings should match at the
energy aNf , we get a relation between the high energy scale ΛNc,Nf and the low energy scale
ΛNc−1,Nf−1. In the case Nc > 5, we have
4π
g2(aNf )
=
3(Nc − 2)−Nf
2π
ln
aNf
ΛNc,Nf
=
3[(Nc − 1)− 2]− (Nf − 1)
2π
ln
aNf
ΛNc−1,Nf−1
;
Λ
3(Nc−2)−Nf
Nc,Nf
a−2Nf = Λ
3(Nc−2)−Nf−2
Nc−1,Nf−1
. (5.2.13)
Since in the moduli space, Qir = aiδ
i
r and hence M
NfNf = a2Nf , (5.2.13) can be written as
Λ
3(Nc−2)−Nf
Nc,Nf
(MNfNf )−1 = Λ
3(Nc−2)−Nf−2
Nc−1,Nf−1
. (5.2.14)
When Nc = 5, a decoupling SO(5)→SU(2)X×SU(2)Y occurs, and the high energy running
coupling should match the low energy ones in each SU(2) branch,
9−Nf
2π
ln
aNf
Λ5,Nf
=
6− (Nf − 1)
2π
ln
aNf
Λs,Nf−1
;
Λ
9−Nf
5,Nf
a−2Nf = Λ
9−Nf
5,Nf
(MNfNf )−1 = Λ
6−(Nf−1)
s,Nf−1
. (5.2.15)
For the case Nc = 4, the decoupling pattern is SU(2)X×SU(2)Y→SO(3). This needs a special
consideration. From (5.2.4) and
MNfNf = QNf ·QNf = QNfαX ,αY QNfβX ,βY ǫαXβX ǫαY βY , (5.2.16)
it follows that the sum of the two running couplings of each SU(2) branch should match the
coupling of the low energy SO(3) theory,
6−Nf
2π
(
ln
aNf
ΛX,Nf
+ ln
aNf
ΛY,Nf
)
=
6− 2(Nf − 1)
2π
ln
aNf
Λ3,Nf−1
;
Λ
6−Nf
X,Nf
Λ
6−Nf
Y,Nf
(aNf )
−4 = 4Λ
6−Nf
X,Nf
Λ
6−Nf
Y,Nf
(MNfNf )−2 = Λ
6−2(Nf−1)
3,Nf−1
. (5.2.17)
The numerical factor 4 is due to the fact that
MNfNf = Q
Nf
αX ,αY Q
Nf
βX ,βY
ǫαXβX ǫαY βY = 2(Q
Nf
1,1Q
Nf
2,2 −QNf1,2QNf2,1), (5.2.18)
and hence in the moduli space,
MNfNf = 2a2Nf . (5.2.19)
In general, ΛX 6=ΛY since the dynamics of each SU(2) branch is independent, but for convenience,
we shall limit the discussions on SO(4) to the case ΛX = ΛY .
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5.3 Non-perturbative dynamical phenomena when Nc≥4, Nf≤Nc − 2
5.3.1 Nf≤Nc − 5: dynamically generated superpotential by gaugino condensation
This range is similar to the SU(Nc) case when Nf < Nc − 1 [32]. A superpotential arises
generated by gaugino condensation in the SO(Nc − Nf ) supersymmetric Yang-Mills theory,
which is the remainder of the SO(NC) QCD broken by the scalar component of 〈Q〉. According
to (5.2.8), we have [15]
W = (Nc −Nf − 2)〈λλ〉 = 1
2
(Nc −Nf − 2)ǫ(Nc−Nf−2)
16Λ3Nc−Nf−6Nc,Nf
detM
1/(Nc−Nf−2) , (5.3.1)
where the phase factor ǫ(N)≡ exp(i2nπ/N). Like in the SU(Nc) case when Nf < Nc − 1,
this quantum effective superpotential will lift the classical vacuum degeneracy and make the
theory have no vacuum. This can be explicitly seen from the F -term relevant to this dynamical
superpotential:
Fir =
∂W
∂Qir
= −1
2
ǫ(Nc−Nf−2)
16Λ3Nc−Nf−6Nc ,Nf
detM
1/(Nc−Nf−2)Q−1ir
∼ 1
Q
(
1
detM
)1/(Nc−Nf−2)
6=0. (5.3.2)
Thus all the supersymmetry vacua disappear and this is another typical example of dynamical
supersymmetry breaking [30, 31].
If we consider a mass term for the matter fields, wtree = Tr(mM)/2, this situation will change
greatly. The full superpotential with this mass term is
Wfull =
1
2
(Nc −Nf − 2)ǫ(Nc−Nf−2)
16Λ3Nc−Nf−6Nc,Nf
detM
1/(Nc−Nf−2) + 1
2
mjiM
i
j . (5.3.3)
The moduli space is still given by the following F -flat direction labelled by 〈M〉≡M ,
F ji =
∂Wfull
∂M ij
= −1
2
ǫ(Nc−Nf−2)
16Λ3Nc−Nf−6Nc,Nf
detM
1/(Nc−Nf−2) (M−1)ji + 12mji = 0, (5.3.4)
which gives
mji = ǫ(Nc−Nf−2)
16Λ3Nc−Nf−6Nc,Nf
detM
1/(Nc−Nf−2) (M−1)ji,
detm =
[
ǫ(Nc−Nf−2)
]Nf (16Λ3Nc−Nf−6Nc ,Nf )Nf/(Nc−Nf−2)
(detM)(Nc−2)/(Nc−Nf−2)
(5.3.5)
and
1
detM
=
(
ǫ(Nc−2)
)−Nf (detm)(Nc−Nf−2)/(Nc−2)
(16Λ
3Nc−Nf−6
Nc ,Nf
)Nf/(Nc−2)
. (5.3.6)
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Inserting Eq. (5.3.6) into (5.3.4), we have
M ij = ǫ(Nc−2)
[
16 (detm) Λ
3Nc−Nf−6
Nc,Nf
]1/(Nc−2) (
m−1
)i
j
. (5.3.7)
Therefore, with this mass term we obtain a theory with Nc − 2 supersymmetric vacua labelled
by 〈M〉. This result can also be derived by calculating the Witten index [31].
Further, we can easily check that the superpotential is indeed generated by gaugino conden-
sation in the SO(Nc − Nf ) Yang-Mills theory. Integrating all massive modes out by inserting
(5.3.5) and (5.3.6) into (5.3.3), we can see that
Wfull =
1
2
(Nc − 2)ǫ(Nc−2)
[
16 (detm)Λ
3Nc−Nf−6
Nc,Nf
]1/(Nc−2)
=
1
2
(Nc − 2)ǫ(Nc−2)Λ3Nc−Nf ,0, (5.3.8)
where Λ3Nc−Nf ,0≡
[
16 (detm)Λ
3Nc−Nf−6
Nc,Nf
]1/(Nc−2)
is the low energy scale for the SO(Nc − Nf )
Yang-Mills theory, the many-flavour generalization of (5.2.10).
If not all of the matter fields are massive, we can integrate out the massive quarks and get
the effective superpotential at low energy for the massless ones. It has the same form as (5.3.1)
but with the scale replaced by the low energy one. For instance, if we only add a mass term for
the Nf -th quark, Wtree = m
Nf
Nf
M
Nf
Nf
/2, decoupling this heavy quark, we obtain the low energy
effective superpotential:
WL =
1
2
[Nc − (Nf − 1)− 2] ǫ(Nc−(Nf−1)−2)
16Λ3Nc−(Nf−1)−6Nc,Nf−1
detM
1/[Nc−(Nf−1)−2] , (5.3.9)
where ΛNc,Nf−1 is given by Eqs. (5.2.10), (5.2.11) and (5.2.12), respectively, depending on the
concrete case.
5.3.2 Nf = Nc − 4: Two inequivalent branches and novel dynamics
In this range, Eq. (5.1.13) indicates that SO(Nc) is broken to SO(4)≃SU(2)X×SU(2)Y by the
scalar component of 〈Q〉. The phase factor for each SU(2) branch is
ǫs = e
i2nπ/2 = einπ = ±1, s = X,Y ; n = 1, 2. (5.3.10)
The scale for the low energy SU(2)s Yang-Mills theory (i.e. all the matter fields integrated out)
of each branch is
Λ6X,0 = Λ
6
Y,0 =
Λ
3Nc−2)−(Nc−4)
Nc,Nc−4
detM
=
Λ
2(Nc−1)
Nc,Nc−4
detM
, (5.3.11)
which is the many-flavour generalization of Eq. (5.2.16). The number 6 is the one-loop β-
function coefficient of SU(2) Yang-Mills theory. Note that we have used ΛX = ΛY as discussed
above. The dynamical superpotential is generated by gaugino condensation in the unbroken
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SU(2)X×SU(2)Y Yang-Mills theory. According to Eqs. (5.3.1) and (5.3.11) the dynamical su-
perpotential is
W = WX +WY =
1
2
(4− 2)ǫXΛ3X,0 +
1
2
(4− 2)ǫY Λ3Y,0
= 2〈λλ〉X + 2〈λλ〉Y
=
1
2
(ǫX + ǫY )
16Λ2(Nc−1)Nc ,Nc−4
detM
1/2 . (5.3.12)
Since the phase factor ǫ labels different vacua, there are four ground states, which are labelled
by the four possible combinations of (ǫX , ǫY ), i.e.
1. (1, 1); 2. (−1,−1); 3. (1,−1); 4. (−1, 1). (5.3.13)
The first two ground states, characterized by ǫX = ǫY , are physically equivalent, since they are
related by a discrete R-symmetry given in Eq. (5.1.11). Similarly, the last two ground states
with ǫX = −ǫY are also physically equivalent. Therefore, the sign of ǫXǫY labels two physically
inequivalent branches of the low energy effective theory. The non-perturbative dynamics in these
two branches is greatly different, as shown in the following.
The dynamics in the branch with ǫXǫY = 1 is the same as in the case Nf = Nc − 4. The
dynamical superpotential W = (16Λ
2(Nc−1)
Nc,Nc−4
/detM)1/2 lifts all the vacuum degeneracy and the
quantum theory has no vacuum.
The two ground states with ǫXǫY = 1 present a completely different physical pattern [15].
The superpotential (5.3.12) is zero, and hence the vacua in the quantum moduli space are still
degenerate but physically inequivalent. These vacua are parameterized by 〈M〉. The two differ-
ent values ±1 of ǫX(= −ǫY ) in this branch mean that for every 〈M〉 there are two ground states.
However, in the origin of the moduli space, 〈M〉 = 0, there is only one vacuum. Classically,
in this vacuum the gauge symmetry SO(4) is enhanced to SO(Nc), i.e. at the origin of the
moduli space, the original SO(Nc) symmetry does not break at all and the low energy effective
theory will have a singularity, corresponding to the SO(Nc)/SO(4) vector bosons which become
massless. This singularity can show up in the kinetic term Kclas.(M,M
†), the classical Ka¨hler
potential. In quantum theory, the situation will change: such a singularity is either smoothed
out or it is associated with some fields which become massless. In the theory we are consid-
ering, Intriligator and Seiberg conjectured that the classical singularity at the origin is simply
smoothed out [15]. This means that the massless particle spectrum at the origin is the same as
it is at other generic points, consisting only of the fields M . Similar phenomena have happened
in low energy N = 2 supersymmetric Yang-Mills theory [1, 2] and in a toy model proposed in
Ref. [87].
This conjecture can be subjected to several independent and nontrivial tests. The first is
the ’t Hooft anomaly matching. Since at both microscopic and macroscopic levels the the-
ory has a global SU(Nf )×UR(1) symmetry which is unbroken at the origin, one can check
the massless (fundamental and composite) particle spectrum by looking whether the ’t Hooft
anomaly at the fundamental level matches with that at the composite level. The quantum
numbers of the fundamental massless fermions (quark and gluino) under the global symme-
try SO(Nc)×SU(Nf )×UR(1) and the currents corresponding to SU(Nf )×UR(1) as well as the
energy-momentum tensor are listed in Tables (5.3.1), (5.3.2) and (5.3.3), respectively. The ’t
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SO(Nc) SU(Nf ) UR(1)
ψQ Nc Nf −(Nc − 2)/Nf
Q Nc Nf (Nf + 2−Nc)/Nf
λ Nc(Nc − 1)/2 1 +1
Table 5.3.1: Representation quantum numbers of fundamental fields under the global symmetry
SO(Nc)×SU(Nf)×UR(1).
SU(Nf ) UR(1)
ψQ j
A
µ (Q) = ψQt
AσµψQ jµ(Q) = (2−Nc)/NfψQσµψQ
λ 0 jµ(λ) = λ
a
σµλ
a
Table 5.3.2: Currents composed of fundamental fermionic fields corresponding to the global symmetry
SU(Nf)×UR(1).
Hooft anomaly coefficients contributed by the massless elementary fermions can be easily cal-
culated as in the SU(Nc) case and they are collected in Table (5.3.4).
At the macroscopic level, the only massless fermion is the fermionic component ψM of M
ij,
which belongs to the Nf (Nf + 1)/2-dimensional representation of the SU(Nf ) group. Its R-
charge, from Table (5.1.1), is
2
Nf + 2−Nc
Nf
− 1 = Nf − 2Nc + 4
Nf
. (5.3.14)
Thus the SU(Nf )×UR(1) Noether currents are, respectively:
jAµ (M) = ψ
p
Mγµt
A
pqψ
q
M , j
(R)
µ (M) =
Nf − 2Nc + 4
Nf
ψ
p
Mγµψ
p
M ,
p, q = 1, 2, · · · , Nf (Nf + 1)/2. (5.3.15)
The corresponding ’t Hooft anomaly coefficients are collected in Table (5.3.5), and one can easily
see that when Nf = Nc − 4, the anomalies of the macroscopic theory exactly match those of
the microscopic theory. Note that in calculating the anomaly coefficients of Table (5.3.5) we
have used the relation between the quadratic and cubic SU(Nf ) Casimirs in the Nf (Nf + 1)/2
Tµν
ψ i/4
[(
ψQσµ∇νψQ −∇νψQσνψQ
)
+ (µ←→ ν)
]
− gµνL[ψQ]
λ i/4
[(
λ
a
σµ∇νλa −∇νλaσµλa
)
+ (µ←→ ν)
]
− gµνL[λ]
Table 5.3.3: Contribution of the fundamental fermionic fields to the energy-momentum tensor; L[ψ] =
i/2(ψσµ∇µψ −∇µψσµψ), ∇µ = ∂µ − ωKLµσKL/2, σKL = i/4[σK , σL] and γK = eKµσµ.
121
Triangle diagrams and ’t Hooft anomaly
gravitational anomaly coefficients
UR(1)
3 Nc(Nc − 1)/2 +Nc/N2f (2−Nc)3
SU(Nf )
3 NcTr(t
A{tB , tC})
SU(Nf )
2UR(1) (2−Nc)Nc/NfTr(tAtB)
UR(1) −Nc(Nc − 3)/2
Table 5.3.4: ’t Hooft anomaly coefficients from elementary massless fermions.
Triangle diagrams and ’t Hooft anomaly
gravitational anomaly coefficients
UR(1)
3 (Nf + 1)(Nf − 2Nc + 4)3/(2N2f )
SU(Nf )
3 (Nf + 4)Tr(t
A{tB , tC})
SU(Nf )
2UR(1) (Nf + 2)(Nf − 2Nc + 4)/NfTr(tAtB)
UR(1) (Nf + 1)(Nf − 2Nc + 4)/2
Table 5.3.5: ’t Hooft anomaly coefficients for the composite fermions.
dimensional representation and in the fundamental (Nf -dimensional) representation:
Tr(tA{tB , tC})Nf (Nf+1)/2 = (Nf + 4)Tr(tA{tB , tC})Nf ,
Tr(tAtB)Nf (Nf+1)/2 = (Nf + 2)Tr(t
AtB)Nf . (5.3.16)
Thus the ’t Hooft anomaly matching supports the conjecture: the classical singularity of the
Ka¨hler potential near the origin is smoothed out by quantum effects and hence [1, 87]
K(M †,M)
M→0∼ TrM
†M
|Λ|2 , (5.3.17)
where the dynamical scale Λ is introduced from dimensional considerations.
Another test of the above conjecture is the decoupling of a heavy mode. Giving QNf a
large mass and integrating it out, the resulting low energy effective theory should agree with
the Nf = Nc − 4 case discussed in the last section. We first look at the branch with ǫXǫY = 1.
Adding the mass term Wtree = mM
Nf
Nf
/2 to the dynamical superpotential (5.3.12), we have
Wfull =
16Λ2(Nc−1)Nc,Nc−4
detM
1/2 + 1
2
mM
Nf
Nf
. (5.3.18)
The F -flatness condition for M
Nf
Nf
gives
M
Nf
Nf
=
16Λ2(Nc−1)Nc ,Nc−4
detM
1/2 1
m
. (5.3.19)
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Thus, the low energy superpotential is
W =
3
2
mM
Nf
Nf
=
3
2
16Λ2(Nc−1)−1Nc−1,Nc−5
detM ′
1/2 , (5.3.20)
where we have used the decoupling relation (5.2.10) and detM = detM ′M
Nf
Nf
. (5.3.20) coincides
exactly with the superpotential (5.3.1) with Nf = Nc − 5.
In the branch with ǫXǫY = −1 the dynamical generated superpotential is zero. Adding a
mass term, the full superpotential is Wfull = Wtree = mM
Nf
Nf
/2. It is not possible to return
back to the theory with Nf = Nc − 5 using this superpotential and thus this branch should be
eliminated from the low energy effective theory with Nf≤Nc − 5. This supports the conjecture,
since if one requires that the Ka¨hler potential is smooth everywhere in M , this branch will have
no supersymmetric ground state due to the fact that the scalar potential will be proportional
to 1/K(M †,M). This means that the supersymmetry is dynamically broken. Further, if we
suppose that in the branch with ǫXǫY = −1 there are new massless states somewhere, then the
addition of this QNf mass term will result in additional ground states. Since all the ground
states for Nf < Nc − 4 are already exhausted by (5.3.7), there will be no such extra ground
states. Therefore, one can conclude that the manifold of quantum vacua (i.e. the quantum
moduli space) must be smooth everywhere and without any new massless fields except M .
The physical phenomena at the origin inM are very interesting. The above discussion shows
that at the classical level there are massless quarks and gluons and their superpartners, while in
the quantum theory, only the M quanta are massless. Since M are colour singlets, this clearly
shows that the elementary degrees of freedom are confined. However, the global chiral symmetry
SU(Nf )×UR(1) is not broken at the origin. Therefore, we have a novel physical phenomenon
that there is confinement but without chiral symmetry breaking. The same phenomenon has
been observed in the SU(Nc) case with Nf = Nc + 1.
5.3.3 Nf = Nc−3: Two dynamical branches and massless composite particles (glue-
ball and exotic states)
For this value it will be shown that the ground state of the theory still has two branches, but
with different dynamics.
From (5.1.13), we know that the expectation value of the scalar component of Q breaks
SO(Nc) to SO(3), but the dynamically generated superpotential at low energy is not a simple
continuation of (5.2.8), since in breaking SO(Nc) to SO(3) by the Higgs mechanism, there is a
special case SO(4)≃SU(2)X×SU(2)Y between SO(Nc) and SO(3). The dynamically generated
superpotential is not only contributed by the gaugino condensation of supersymmetric SO(3)
Yang-Mills theory, but it also receives contributions from the instanton in each SU(2)s branch.
A concrete method to find the dynamically generated superpotential is as follows. First by
choosing Nf −1 eigenvalues of 〈Q〉 to be large we break the SO(Nc) theory to SU(2)X×SU(2)Y
with one quark superfield QNf left massless. Matching the running gauge couplings at the scales
of the Higgs mechanism gives us the relation between the low energy and high energy scales:
Λ5X,1 = Λ
5
Y,1 =
Λ2Nc−3Nc,Nc−3
detM ′
, detM ′ =
detM
M
Nf
Nf
. (5.3.21)
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(This relation is actually the many-flavour generalization of (5.2.15).) Then the expectation
value 〈QNf 〉 breaks the SU(2)X×SU(2)Y gauge group of this intermediate theory to a diagonally
embedded SO(3)d. According to (5.2.17), the low energy scale is
Λ6(d)3,0 = 4Λ
5
X,1Λ
5
Y,1(M
NfNf )−2. (5.3.22)
The gaugino condensation in the unbroken SO(3) will generate a superpotential
Wd = 2〈λλ〉 = 2(Λ6(d)3,0)1/2 = 4ǫ
Λ5X(Y ),1
M
Nf
Nf
= 4ǫ
Λ2Nc−3
detM
, ǫ = ±1. (5.3.23)
In addition instantons in the broken SU(2)X generate another superpotential
WX = 2
Λ5X,1
M
Nf
Nf
= 2
Λ2Nc−3Nc,Nc−3
detM
, (5.3.24)
and instantons in SU(2)Y give
WY = 2
Λ5Y,1
M
Nf
Nf
= 2
Λ2Nc−3Nc,Nc−3
detM
. (5.3.25)
Adding these three contributions together, we obtain the superpotential for SO(Nc) with Nf =
Nc − 3,
W =Wd +WX +WY = 4(1 + ǫ)
Λ2Nc−3Nc,Nc−3
detM
. (5.3.26)
Here the generation of the superpotential from the broken SU(2)s needs some delicate ex-
planation [15]. The instanton contributions in SU(2)s contain those from the instantons in the
broken part. Usually when a gauge group G is broken to a non-Abelian subgroup H along
a flat direction, there is no need to consider instantons in the broken G/H part. This is be-
cause an instanton in the broken G/H is not well-defined, and can be rotated to become an
instanton of the H gauge theory. But the dynamics described by the H gauge theory will be
stronger than these instanton effects. However, when the instantons in the broken part like
(SU(2)X × SU(2)Y )/SO(3) are well defined, their effect must be taken into account when one
integrates out the massive gauge fields. This situation occurs when G (or one of its factors if G
is fully reducible) is completely broken or broken to an Abelian subgroup, or when the index of
the embedding of H in G is large than 16. In our case, the the second index of SO(3) in the
adjoint representation is 2 and thus one should consider the contribution from these instantons.
Now let us see what physics the superpotential (5.3.26) describes. First, the low energy
theory again has two physically inequivalent branches classified by ǫ. The branch with ǫ = 1 is
the continuation of (5.3.1) to Nf = Nc − 3. Thus at the quantum level the classical degeneracy
will be lifted and there is no vacuum. The branch with ǫ = −1 has vanishing superpotential,
and thus there exists a quantum moduli space of degenerate vacua. However, the dynamics in
6The index of a group is defined as the expansion coefficient of the leading term when expanding the trace of the
product of any number of its generators in some representation in terms of the fundamental symmetric invariant
tensors of the group [88]. For the trace of n generators, the index is called nth index of this representation.
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this case is greatly different from the ǫXǫY = −1 branch of the Nf = Nc − 4 case. This can be
observed from the decoupling of the heavy mode.
The decoupling is done in the standard way. Adding a mass term Wtree = mM
Nf
Nf
/2 and
then integrating out QNf in the same way as above, the branch with ǫ = 1 will give the two
ground states of the ǫXǫY = 1 branch of the case Nf = Nc − 4. This is exactly what we expect.
If we add the mass term Wtree = mM
Nf
Nf
/2 to the mass term in the ǫ = −1 branch, we should
get the two ground states of the ǫXǫY = 1 branch of the Nf = Nc − 4 case. However, since
the dynamical superpotential vanishes, a similar argument as in the Nf = Nc − 4 case shows
that this branch has no decoupling limit and must be eliminated upon adding Wtree. In oder
to avoid this disease, Intriligator and Seiberg conjecture that there must be additional massless
particles at the origin of the moduli space [15]. Since these massless fields should not appear at
generic points of the moduli space, there must be a superpotential responsible for their masses
away from the origin 〈M〉 = 0. The simplest way (perhaps the only possible way) to implement
this conjecture is to introduce some (chiral super-) fields ki with i being the flavour indices,
and make them couple to M ij. We will see that these fields indeed have a natural physical
interpretation. Near the origin, the corresponding superpotential for the mass term of these
new particles should have the asymptotic form:
W ∼ 1
2µ
M ijkikj , when M ∼ 0, (5.3.27)
where µ is a scale with mass dimension. It is necessary to introduce this scale since the field k,
as a scalar superfield, should have dimension 1, M has dimension 2 and the superpotential has
dimension 2. Requiring this superpotential to respect the global SU(Nf )×UR(1) symmetry, we
see that the ki should belong to the Nf -dimensional conjugate representation of SU(Nf ). Since
the superpotential should have R charge 2 and M has R-charge 2(Nf + 2 −Nc)/Nf , the fields
ki should have R-charge
1
2
[
2− 2Nf + 2−Nc
Nf
]
=
Nc − 2
Nf
= 1 +
1
Nf
. (5.3.28)
Now making the heavy mode M
Nf
Nf
decouple near the origin by adding the mass term Wtree =
mM
Nf
Nf
/2 to (5.3.27),
Wfull =
1
2
mM
Nf
Nf
+
1
2µ
M ijkikj , (5.3.29)
and then integrating out the M
Nf
Nf
, we immediately obtain
〈kNf 〉 = ±i
√
mµ. (5.3.30)
The two sign choices in 〈kNf 〉 can be interpreted as two physically equivalent ground states with
W = 0, which exactly correspond to the two choices in the ǫXǫY = −1 branch of the low energy
Nf = Nc − 4 theory.
Eq. (5.3.27) is the approximate form of the superpotential near M = 0. The most general
superpotential respecting the SU(Nf )×UR(1) symmetry and having the right mass dimension
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Triangle diagrams and ’t Hooft anomaly
gravitational anomaly coefficients
UR(1)
3 1/N2f
SU(Nf )
3 −Tr(tA{tB, tC})
SU(Nf )
2UR(1) 1/NfTr(t
AtB)
UR(1) 1
Table 5.3.6: ’t Hooft anomaly coefficients for composite fermions.
is then
W =
1
2µ
f
[
t =
(detM)(M ijkikj)
Λ2Nc−2Nc,Nc−3
]
M ijkikj . (5.3.31)
In order for this general superpotential to yield the ground states (5.3.30), f(t) must be a
holomorphic function in the neighborhood of t = 0. f(0) can be set to 1 by rescaling qi→qi/f(0).
How can we check the reasonableness of the conjecture that in addition to the massless fields
M there still exist other massless particles? We again resort to the ’t Hooft anomaly matching.
It will be a highly non-trivial verification of the above conjecture if the anomalies contributed
by the massless spectrum consisting of M ij and ki match those of the fundamental massless
particle spectrum with Nf = Nc − 3. The conserved SU(Nf )×UR(1) currents composed of the
fermionic component of ki are:
jAµ (ψk) = ψkt
Aγµψk; jµ(ψk) =
(
1 +
1
Nf
)
ψkγµψk. (5.3.32)
The relevant fermionic part of the energy-momentum tensor for the ’t Hooft axial gravitational
anomaly formally reads:
Tµν =
i
4
(
ψkγµ∇νψk −∇νψkγµψk
)
ψ − gµνL[ψk]. (5.3.33)
The ’t Hooft anomaly coefficients corresponding to the triangle diagrams composed of these
currents are listed in Table (5.3.6). Adding the anomaly coefficients to those contributed by
the field M listed in Table (5.3.5) and comparing them with the anomaly coefficients from the
massless elementary particles listed in Table (5.3.4), one can see that they are precisely equal
for Nf = Nc − 3.
Finally let us see what physical objects these fields ki can be interpreted as. ki should be
constructed from the fundamental chiral superfields since the product of any chiral superfields
is still a chiral superfield. We know that the fundamental chiral superfields in the theory are
the matter fields Qir and the gauge superfield strength W
a
α . From the mass dimensions and the
quantum numbers under SU(Nf )×UR(1), one can immediately identify ki as
ki = Λ
2−Nc
Nc,Nc−3
bi, (5.3.34)
where
bi = (Q)
Nc−4
i Tr(WαW
α)
≡ 1
(Nc − 4)!ǫii1i2···iNc−4ǫ
r1r2···rNc−4Qi1r1Q
i2
r2 · · ·Q
iNc−4
rNc−4(W
a
αW
aα). (5.3.35)
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Obviously, bi has mass dimension Nc − 1. The superpotential (5.3.31) can now be rewritten in
terms of bi,
W =
1
2Λ2N−c−3
f
[
t =
(detM)(M ijbibj)
Λ4N−c−6Nc,Nc−3
]
M ijbibj, (5.3.36)
where the scale µ appearing in (5.3.31) has been absorbed into the definition of f .
(5.3.34) shows that the ki fields describe exotic particles. One can intuitively think of such
exotics as being some heavy bound states. They become massless at the origin of the quantum
moduli space. These exotic particles are similar to the massless mesons and baryons in SU(Nc)
supersymmetric QCD with Nf = Nc + 1, as discussed in Sect. 3.4.3. Since they are colour
singlets and respect the chiral symmetry SU(Nf )×UR(1), this is again a phase in which there
exists confinement but without chiral symmetry breaking.
5.3.4 Nf = Nc − 2: Coulomb phase with massless monopoles and dyons and con-
finement and oblique confinement
For this number of flavours, the dynamics is more complicated than in the cases discussed above.
From Table (5.1.2), the R-charge of M ij vanishes, thus no superpotential of the form (5.2.9)
can be dynamically generated from gaugino condensation. Consequently, the quantum theory
has a moduli space of physically inequivalent vacua, which should still be parametrized by the
expectation values 〈M ij〉. Classically, according to (5.1.13) in the moduli space determined by
the D-flat directions, the SO(Nc) gauge group breaks to SO(2)∼=U(1). Thus the low energy
theory is in the Coulomb phase with the gauge vector superfield being a massless photon su-
permultiplet. Like in the various cases discussed above, there exists a singularity at the origin
〈M〉 = 0 (or equivalently, detM = 0) of the classical moduli space, which is associated with an
unbroken gauge symmetry. In the quantum theory, we will see that a distinct kind of singularity
arises at M = 0, which is related to massless monopoles rather than massless vector bosons. In
fact, from the discussion on the Coulomb phase in Subsect. 2.4, we can imagine this situation
arising since the Coulomb phase has a natural electric-magnetic duality, and hence monopoles
should emerge.
How can we explore the non-perturbative dynamics in the Coulomb phase? The Coulomb
phase looks simple, but actually its non-perturbative dynamics, as a consequence of electric-
magnetic duality, is very complicated. In the cases considered above, the dynamical superpo-
tential and the decoupling limit give almost all of the non-perturbative phenomena, at least
qualitatively. However, the situation in the Coulomb phase is completely different. There is no
dynamical superpotential to depend on. Fortunately, the investigation of N = 2 supersymmet-
ric gauge theories by Seiberg and Witten provided some clues [1, 2]. The Coulomb phase of
the theory can be investigated by determining the effective gauge coupling τ = θπ + i
8π
g2 of the
massless photon supermultiplet on the moduli space of vacua. This is because the general form
of the low energy effective action in the Coulomb phase is
L ∼ Im
∫
d2θτWαW
α. (5.3.37)
The non-perturbative phenomena for the value Nf = Nc − 2 have much in common with the
Coulomb phase of the N = 2 supersymmetric gauge theory. As will be discussed in the fol-
lowing, there are massless monopoles and dyons at some points of the moduli space, and their
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condensation will cause confinement and oblique confinement. It is then not so strange that
both cases exhibit similar non-perturbative phenomena since their low-energy theories are both
in the Coulomb phase.
How can we determine τ? In general, in the Coulomb phase τ receives two contributions.
When 〈M ij〉 is very large, the microscopic theory is weakly coupled and perturbation theory
works. Thus, at the quantum level, one part of τ in the Coulomb phase comes from the gauge
running coupling evaluated at the energy scale characterized by 〈M ij〉. The explicit form of this
perturbative contribution is given by the one-loop beta function of the microscopic theory, i.e.
β0 = 3(Nc − 2)−Nf = 2Nc − 4 = 2Nf . (5.3.38)
From the requirement of holomorphicity, the effective coupling constant τ in the Coulomb phase
should be a holomorphic function of the parameters 〈M ij〉. Because of the global flavour sym-
metry SU(Nf ), it should depend on SU(Nf ) invariant combinations of M
ij. The natural choice
is
U≡ detM ij . (5.3.39)
As shown in Eq. (3.4.4), the perturbative one-loop exact τ at the energy scale characterized by
〈M ij〉 is
ei2πτdetM = Λβ0 ; τ = − i
2π
ln
(
Λβ0
U
)
. (5.3.40)
The general form of the one-loop running gauge coupling and dimensional analysis imply that
the perturbative contribution to τ must be of this form.
However, for small 〈M ij〉 (or equivalently small U), another non-perturbative contribution
arises from the instantons, and hence the determination of τ will become complicated. There are
two ways to determine the explicit functional form of τ . The first one is using a straightforward
instanton calculation [1, 3, 49], which gives an F -term of the form:∫
d2θ
[
(WαWα)
(
Λ2Nc−4
U
)]
, (5.3.41)
where Wα is the low energy U(1) photon field strength supermultiplet. The n-instanton contri-
bution to the low energy effective action in the dilute gas approximation is∫
d2θ
[
WαWα
(
Λ2Nc−4
U
)n]
. (5.3.42)
Since the effective Lagrangian can always be written in the following general form,
Leff = 1
16π
Im
∫
d2θτeffWαW
α + · · · , (5.3.43)
the F -term gives the n-instanton correction to τ of the form:(
Λ2Nc−4
U
)n
. (5.3.44)
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To get the full non-perturbative τ , one should sum all the instanton contributions (5.3.42):
∞∑
n=0
an
(
Λ2Nc−4
U
)n
WαWα, (5.3.45)
where the an are some constant coefficients, which are determined by explicit instanton calcu-
lations. Despite the fact that this method is very physical and can be carried out up to three
instantons, it is actually not possible to perform the above summation. Thus this method can
only be used as a check of the non-perturbative result [89].
A beautiful and powerful method to determine τ was worked out by Seiberg and Witten [1]
based on
• electric-magnetic duality conjecture in the Coulomb phase;
• global geometric structure of the quantum moduli space;
• holomorphicity;
• gauge invariance and various global symmetries;
• correct decoupling limit.
A crucial observation of Seiberg and Witten is that in the SU(2) case, the quantum moduli space
of N = 2 supersymmetric Yang-Mills theory can be determined exactly: the Riemann surface
of the quantum moduli space is a torus and τ is equivalent to the modular parameter of the
torus, i.e. the ratio of the periods of the torus. Then one can use the global geometric property
of the torus and the electric-magnetic duality to determine τ . Before going into the details of
determining τ , we first see how the SO(Nc) symmetry spontaneously breaks to SO(2)∼=U(1).
The spontaneous breaking from SO(Nc) to SO(2) is not straightforward, since there are the
two special groups SO(4) and SO(3) between them. The breaking pattern should be as follows:
first the breaking SO(Nc) −→ SO(4)∼=SU(2)X×SU(2)Y occurs; then SU(2)X×SU(2)Y −→
SU(2)∼=SO(3); finally SU(2) breaks to U(1).
The first step can be taken by considering the region of the moduli space where Nc − 4
eigenvalues of 〈M ij〉 become large, breaking the SO(Nc) theory to a low energy SO(4)∼=SU(2)X
×SU(2)Y theory with two light flavours (Nf = 2) in the fundamental representation (2, 2) of
the low energy gauge group. Matching the running gauge couplings at the scale 〈M ij〉 gives the
relation between the high energy dynamical scale and the low energy scale,
Λ4X,2 = Λ
4
Y,2 =
Λ2Nc−4Nc,Nc−2
det′M2Nc−4
≡Λ
2Nc−4
UH
. (5.3.46)
Eq. (5.3.46) is the Nf − 4 flavour generalization of (5.2.15) and (5.2.17). UH≡ det′M2Nc−4
means the determinant for Nf − 4 heavy flavours, or equivalently, the product of the Nc − 4
large eigenvalues of M ij . Explicitly, the SU(Nf = 2) invariant combination of two light flavours
in the low energy SU(2)X×SU(2)Y theory is
Û =
detM
det′M2Nc−4
=
U
UH
= detMfg, (5.3.47)
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where Mfg are the SU(2)X×SU(2)Y singlets,
Mfg = Qf ·Qg≡1
2
Qf,α1α2Qg,β1β2ǫ
α1α2ǫβ1β2 , f, g = 1, 2; αi = βi = 1, 2. (5.3.48)
The second step SU(2)X×SU(2)Y−→SU(2) can be performed by considering the limit of
large Û and taking one eigenvalue, say M11, large. Then the gauge symmetry is broken to
SU(2)d, with the light flavour Q2,αβ decomposing into an SU(2)d singlet S (i.e. in the trivial
representation) and a triplet φd (i.e. in the adjoint representation) [13],
Q2 = φd ⊕ S. (5.3.49)
(5.3.49) and the definition M22≡Q2 ·Q2 mean that
φ2d =
U
M11
≡U˜ . (5.3.50)
The subscript d indicates that this SU(2) is a diagonally embedded subgroup of SU(2)X×SU(2)Y .
This index will be omitted later. Integrating out the heavy flavour, we obtain the low energy
SU(2)d theory. According to (5.2.17), the relation between the low energy dynamical scale Λd
and the intermediate dynamical scales Λs, s = X,Y is
Λ4 =
16Λ4XΛ
4
Y
M211
. (5.3.51)
Now we have an SU(2) theory with a triplet φ. It is very similar to the N = 2 Seiberg-
Witten model except for two extra gauge singlets (M11 and another one from Q2). The last step
SU(2)−→U(1) is induced by the scalar potential of φa, a = 1, 2, 3. This is a standard Higgs
mechanism. Therefore, we can use the Seiberg-Witten method to determine the low energy
effective coupling in the Coulomb phase. There already exist several excellent reviews on the
Seiberg-Witten solution [90], here we only repeat the main points.
Seiberg-Witten algebraic curve solution
The scalar potential of N = 2 supersymmetric SU(2) Yang-Mills theory is
V (φ) = −g
2
2
(Da)2, Da = [φ†, φ]a. (5.3.52)
Classically, like in supersymmetric QCD, there is a UR(1) symmetry, under which the gaugino
λ, the triplet φ and its superpartner ψ transform as
λ−→eiαλ; φ−→ei2αφ; ψ−→eiαψ. (5.3.53)
At the quantum level, this symmetry is broken by a gauge anomaly, which is equivalent to a
shift of the vacuum angle θ,
θ−→θ − 2Ncα− 2Ncα = θ − 8α. (5.3.54)
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The shift of θ by 2π is still a symmetry of the theory since the generating functional is invariant.
Thus at the quantum level the UR(1) symmetry reduces to a discrete symmetry
λ−→eiπ/4λ; φ−→eiπ/2φ; ψ−→eiπ/4ψ. (5.3.55)
In the moduli space of the vacua, the scalar potential vanishes, but 〈φa〉 may be non-vanishing.
This will break SU(2) to U(1), and as a consequence, the theory will be in the Coulomb phase.
One can choose
〈φb〉 = aδb3 (5.3.56)
by a gauge rotation with a being a complex number. The parameter labelling the moduli space
will be the gauge invariant chiral superfield
u = a2 = Tr〈φ2〉 (5.3.57)
rather than a. The discrete symmetry (5.3.55) is realized on u as a Z2 symmetry,
u−→eiπu = −u. (5.3.58)
In the BPS limit all the particles including the gauge bosons, monopoles and dyons have a
universal mass formula:
m =
√
2|Z|, Z = ane + aDnm, (5.3.59)
where ne and nm are the electric and magnetic charges carried by the particle. ne 6=0, nm = 0
corresponds to the usual electrically charged particles; nm 6=0, ne = 0 corresponds to the magnetic
monopoles and nm 6=0, ne 6=0 to the dyons. In the weak-coupling region,
aD = τa, (5.3.60)
the subscript D indicating the dual variable. Since there exists an electric-magnetic duality in
the Coulomb phase, the duality transformation maps
a←→ aD, τ(a)←→ − 1
τ(a)
≡τD, (5.3.61)
which is a typical feature of electric-magnetic (S-)duality, i.e. the strong and the weak couplings
are exchanged, while the mass spectrum of the particles remains the same. Notice that there
exists another invariance of τ ,
τ −→ τ + 1, (5.3.62)
since this means, from Eq. (3.1.3), the vacuum angle is shifted by 2π and hence the generating
functional remains unchanged.
The transformations (5.3.61) and (5.3.62) of τ can be implemented on (a, aD)
T by the ma-
trices
S =
(
0 1
−1 0
)
, T =
(
1 1
0 1
)
. (5.3.63)
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These matrices generate the group SL(2, Z), under which τ is transformed as
τ −→
(
a b
c d
)
τ =
aτ + b
cτ + d
, a, b, c, d ∈ Z; ad− bc6=0. (5.3.64)
One immediately recognizes that the invariance of τ is the same as the modular invariance
of one-loop amplitudes of strings [91]. This fact gives a hint that τ can be interpreted as the
modular parameter of a certain torus. Seiberg and Witten proposed the following formula [1, 90]
τ =
daD
da
. (5.3.65)
We will see that aD and a can indeed be regarded as the two periods of a torus.
(5.3.40) implies that when a is large, the SU(2) theory is weakly coupled. Hence τ can
be determined perturbatively. Since the one-loop beta function coefficient β0 = 4 for N = 1
SU(2) gauge theory with a triplet matter field, one can according to (5.3.40) write down the
holomorphic relation between τ and u as
τ(u) =
i
π
ln
u
Λ2
. (5.3.66)
In the region of the moduli space corresponding to strong coupling, there is not only the one-
loop perturbative contribution, but also the non-perturbative corrections from instantons. This
makes the u-dependence of τ quite complicated. Fortunately, as Seiberg and Witten did [1, 2],
one can use the geometric structure of the quantum moduli space to determine τ(u).
At large u τ(u) is a multi-valued function,
τ(u) =
i
π
ln
u
Λ2
+ i2kπ, k = 0,±1,±2, · · · , (5.3.67)
i.e. for each point u in the moduli space, there exists an infinite number of τ(u). From complex
analysis we know that to make the correspondence between τ(u) and u one-to-one, we must cut
the u-plane along a line connecting two branch points. For example, both u = 0 and u =∞ are
branch points of ln(u/Λ2), we cut the u-plane along the positive real axis. The moduli space
divides into branches and τ(u) will be a single-valued function on each branch. These branches
can be glued together by identifying the lower lip of the previous branch with the upper lip of
the next branch and the lower lip of the last branch with the upper lip of the first branch. The
complex surface obtained in this way is called the Riemann surface of the moduli space, and
τ(u) will be a single valued function on this Riemann surface.
Seiberg and Witten found the exact solution of τ(u) by determining the singularity structure
of the above Riemann surface, and we shall follow their reasoning. Later Flume et al showed that
their solution is unique assuming only that supersymmetry is unbroken and that the number
of singularities in u is finite [92]. They started from the solution (5.3.66) for τ(u) at large u.
(5.3.65) and (5.3.66) imply that in the weak coupling limit,
aD =
2i
π
a ln
a
Λ
− 2i
π
a. (5.3.68)
Since u = ∞ is a singular point of τ(u), moving along a closed path around u = ∞7 shifts lnu
by
lnu −→ lnu+ 2iπ (5.3.69)
7 It is a large loop around u = 0, but we consider the region outside the loop.
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and hence
ln a −→ ln a+ iπ (5.3.70)
due to u = a2. Such a transformation of a complex function around a singularity is called a
monodromy. From (5.3.68) and (5.3.70), we have
aD −→ −aD + 2a, a −→ −a. (5.3.71)
Therefore, there exists a non-trivial monodromy at infinity on the Riemann surface,
M∞ =
(
−1 2
0 −1
)
= PT−2, (5.3.72)
where T is the generator of the SL(2, Z) group given in (5.3.63) and P is the element −1 of
SL(2, Z).
This non-trivial monodromy at u =∞ implies that there must exist other monodromies on
the u-plane. Equivalently speaking, τ(u) has a branch point at large u, requiring further branch
point or points in the interior of the u-plane, corresponding to strong coupling of the theory,
since now u is finite and non-perturbative effects have already become noticeable.
Now let us analyze these extra singularities. Due to the discrete symmetry u−→− u, singu-
larities of the moduli space must emerge in pairs, i.e. for each singularity at u = u0, there must
exist another one at u = −u0. If there are only two singularities, they must be u =∞ and u = 0
since they are the only fixed points of the Z2 symmetry. We have already seen that u =∞ is a
singularity and that it corresponds to the weak coupling limit of theory. Since the monodromy
around 0 is the same as the monodromy around ∞, M0 = M∞, u = a2 is not affected by any
monodromy and hence u would be a global coordinate of the moduli space. Consequently, τ(u)
would be an analytic function on the moduli space, and its imaginary part Imτ(u) ∼ 1/g2eff
would be a harmonic function due to the Cauchy-Riemann equation
∂z∂zImτ(u) = 0. (5.3.73)
Since the Laplacian ∂z∂z is a positive definite operator, (5.3.73) means that Imτ(u) cannot be
positive definite everywhere on the moduli space. Therefore, there must exist regions in the
moduli space where the low energy effective gauge coupling geff ∼ 1/
√
Imτ becomes imaginary.
To avoid this unphysical conclusion, there have to exist at least two singularities in the interior
of the moduli space [93]. So we can consider three singularities, i.e. ∞, u0 and −u0 for some
u0 6=0. u = 0 will not be a singular point, although its existence respects the Z2 symmetry.
What is the physical interpretation of the singularities at u = ±u0? Classically, u = 0 is
a singular point since classically this means a = 0, or that the full gauge symmetry SU(2) is
restored and no Higgs mechanism occurs. The massive gauge bosons and their superpartners
become massless. However, there is no singularity at u = 0 in the quantum moduli space.
The singularities at u = ±u0 do not imply that the gauge bosons become massless. This is
because the theory at u = ±u0 is in the strong coupling region. The existence of massless
gauge bosons would imply an asymptotically conformal invariant theory in the infrared limit,
but conformal invariance implies that the dimensional parameter u = 〈Trφ2〉 = 0. This is
obviously inconsistent. Therefore, the singularities at u = ±u0 do not correspond to massless
gauge bosons. Seiberg and Witten found that the singularities at u = ±u0 in fact correspond to
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massless magnetic monopoles and dyons. According to the BPS mass formula (5.3.59) [1], the
mass of the magnetic monopole is
m2 = 2|aD|2. (5.3.74)
Thus a massless magnetic monopole will give aD = 0. If we choose aD to vanish at u0, i.e. that
the magnetic monopoles become massless there, we will see that at the singularity u = −u0 the
dyon becomes massless. From the Montonen-Olive duality conjecture, the magnetic monopole
hypermultiplet couples to the dual fields of the original N = 2 photon supermultiplet, and the
dynamics is exactly the same as that of the N = 2 supersymmetric QED with massless electrons.
The magnetic coupling is weak due to the electric-magnetic duality and hence the perturbative
method can be adopted. From the one-loop beta function of the N = 2 supersymmetric Abelian
gauge theory with a massless hypermultiplet, the magnetic coupling should run according to
µ
d
dµ
gD =
g3D
8π
. (5.3.75)
Since the scale µ is proportional to aD and 4πi/[g
2
D(aD)] is τD when θD = 0
8, then near u = u0
(or near aD = 0) we have
aD
d
daD
τD = − i
π
; τD = − i
π
ln aD. (5.3.76)
(5.3.61) and (5.3.65) lead to
τD = − da
daD
, (5.3.77)
which can be integrated to give a near u = u0,
a = a0 +
i
π
aD ln aD − i
π
aD. (5.3.78)
Since aD(u0) vanishes, in the vicinity of u0, aD should be a good coordinate like u and depend
linearly on u, so we obtain
aD = c0(u− u0);
a = a0 +
i
π
c0(u− u0) ln(u− u0)− i
π
c0 ln(u− u0). (5.3.79)
From these expressions, we immediately read off the monodromy matrix as u turns around u0
counterclockwise, u− u0−→ei2π(u− u0),(
aD
a
)
−→
(
aD
a− 2aD
)
=Mu0
(
aD
a
)
,
Mu0 =
(
1 0
−2 1
)
= ST 2S−1. (5.3.80)
8Note that supersymmetric QED, unlike supersymmetric QCD, does not allow a non-vanishing vacuum angle,
except if it is embedded into a larger gauge group.
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The monodromy matrix at u = −u0 is easy to find. Since there are only three singularities, the
contour around u =∞ can be deformed into a contour encircling u0 and a contour encircling −u0,
both being counterclockwise and having same base point. The factorization of the monodromy
matrices gives
M∞ =Mu0M−u0 . (5.3.81)
and hence
M−u0 =
(
−1 2
−2 3
)
= (TS)T 2(TS)−1. (5.3.82)
The physical interpretation of the singularity at u = −u0 can be found from the way the BPS
mass formula (5.3.59) transforms under the action of the monodromy matrix. We write the
central charge Z as
Z = (nm, ne)
(
aD
a
)
. (5.3.83)
The monodromy transformation (
aD
a
)
−→M
(
aD
a
)
(5.3.84)
can be equivalently thought of as changing the magnetic and electric quantum numbers as
(nm, ne)−→(nm, ne)M. (5.3.85)
The state with vanishing mass should be invariant under the monodromy and hence should be
a left eigenvector of M with unit eigenvalue. For the singularity u0, we have assumed that it
corresponds to massless monopoles, so the monopole (1, 0) should be a left eigenvector of Mu0
with unit eigenvalue. It is easy to check that the left eigenvector of M−u0 with unit eigenvalue
is (nm, ne) = (1,−1). This is a dyon since both the electric and magnetic charges do not vanish.
Thus the singularity at −u0 can be interpreted as being due to a (1,−1) dyon becoming massless.
The general monodromy matrix corresponding to a massless dyon (nm, ne) is
M(nm, ne) =
(
1 + 2nmne 2n
2
e
−2n2m 1− 2nmne
)
. (5.3.86)
One special point should be emphasized. Since Mu0M−u0 6=M−u0Mu0 the monodromy re-
lation (5.3.81) seems not to be invariant under u0−→ − u0. This does not contradict the Z2
symmetry, since we have not indicated the base point in defining the composition of two mon-
odromies. Assume the composition Mu0M−u0 happens in the base point u = P , then another
choice of base point u = −P will lead to
M∞ =M−u0Mu0 . (5.3.87)
Then from (5.3.72), (5.3.80) and (5.3.87) we get the monodromy
M−u0 =
(
3 2
−2 −1
)
, (5.3.88)
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one of whose left eigenvectors with unit eigenvalue is the dyon (1,1). The Z2 symmetry on the
quantum moduli space not only exchanges the singularity, but also exchanges the base point P ,
hence
Mu0M−u0←→M−u0Mu0 . (5.3.89)
At the same time the (1,−1) dyon is exchanged with the (1, 1) dyon.
Using the monodromy corresponding to the fundamental monopole or dyon, one can con-
struct the monodromy corresponding to the composite dyon [1, 2]. For example, turning first
ne times around ∞, then around −u0, and then ne times around ∞ in the opposite direction,
we obtain the monodromy
M−ne∞ M−u0M
ne
∞ = T
−2ne(TS)T 2(TS)−1T 2ne
=
(
−1− 4ne 2 + 8ne + 8n2e
−2 3 + 4ne
)
=M(1,−1 − 2ne), (5.3.90)
which corresponds to a massless dyon with nm = 1 and any ne ∈ Z. Similarly, we have
M−ne∞ Mu0M
ne
∞ = T
−2neST 2S−1T 2ne
=
(
1− 4ne 8n2e
−2 1 + 4ne
)
=M(1,−1 − 2ne). (5.3.91)
We know that aD(u) and a(u) are multiple valued functions on the moduli space, and they
are single-valued function on each branch with the branch points being at ∞, u0 and −u0, or
equivalently, single valued on the Riemann surface of the moduli space. Since the value of u0
depends on the choice of renormalization scheme, one can always choose u0 = 1. There are
two approaches to determining a(u) and aD(u) and hence τ exactly by (5.3.65). The first one
is to look for a differential equation satisfied by a(u) and aD(u), since meromorphic functions
with such singularities should satisfy the characteristic equations of the hypergeometric function,
which is called the Picard-Fuchs equations [94]. This method is straightforward and one can
easily write the explicit forms of a(u) and aD(u) in terms of the integral representation of the
hypergeometric function [1],
aD(u) =
√
2
π
∫ u
1
dx
√
x− u√
x2 − 1;
a(u) =
√
2
π
∫ 1
−1
dx
√
x− u√
x2 − 1 . (5.3.92)
Consequently, the low energy effective coupling is given by
τ(u) =
daD(u)/du
da(u)/du
. (5.3.93)
However, Seiberg and Witten gave an indirect but theoretically more beautiful expression for
above solutions — the algebraic curve of the Riemann surface of the moduli space [1, 2]. They
made use of the geometric structure of the Riemann surface of the moduli space in constructing
the solutions. Here we shall only use the explicit expression (5.3.92) for the solution to under-
stand the Seiberg-Witten construction. From (5.3.92), we see that the integrand has square-root
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branch cuts with branch points at +1, −1, u and ∞. The two branch cuts can be chosen from
−1 to +1 and from u to ∞. The Riemann surface of the integrand is composed of two sheets
glued along the cuts. If one adds the point at infinity to each of the two sheets, the topology
of the Riemann surface is that of two spheres connected by two tubes, this is just a torus. How
can we describe a torus, or more generally, an arbitrary Riemann surface quantitatively? We
know that the torus is formed by the compactification of a complex plane, identifying
z −→ z + ω1, z −→ z + ω2, (5.3.94)
with ω2/ω1 = τ and Imτ > 0. ω1 and ω2 are called the periods of the torus. τ is the modular
parameter of the torus, which determines the geometric structure of the torus. Two tori with
modular parameters τ ′ and τ related by a SL(2, Z) transformation
τ ′ =
aτ + b
cτ + d
, ad− bc = 1, a, b, c, d∈Z. (5.3.95)
have the same geometric shape (i.e. are conformally equivalent) [94]. (5.3.94) shows that the
torus is in fact the coset space C/G of the complex plane C, with the group G consisting of the
action on C
z −→ z + n+mτ, τ ∈ C, Imτ > 0. (5.3.96)
A natural choice to describe a Riemann surface is to use the meromorphic functions defined
on it. For a torus, a meromorphic function should be elliptic (doubly periodic) functions with
periods 1 and τ due to (5.3.96). A typical example is the Weierstrass elliptic function with
periods 1 and τ [95, 96]:
ξ(z) =
1
z2
+
∑
n,m
[
1
(z − n−mτ)2 −
1
(n+mτ)2
]
, n,m ∈ Z, n,m 6=0. (5.3.97)
The function ξ satisfies the following differential equation
ξ′2(z) = 4(ξ − e1)(ξ − e2)(ξ − e3), (5.3.98)
with
e1 = ξ
(
1
2
)
, e2 = ξ
(
τ
2
)
, e3 = ξ
(
1 + τ
2
)
. (5.3.99)
ξ′(z) is again an elliptic function and hence is another meromorphic function defined on the
torus. If we define ξ′(z)≡y, x≡ξ(z), the differential equation (5.3.98) can be written as
y2 = 4(x− e1)(x− e2)(x− e3). (5.3.100)
This is a plane cubic curve with the plane coordinates (x, y) being meromorphic functions [96].
In fact, every Riemann surface can be equivalently represented by such an algebraic curve. The
domain of definition of an algebraic curve is a Riemann surface. Conversely, given an algebraic
curve, one can immediately know what the Riemann surface is. The zero points of y are just the
singular points of the Riemann surface. Therefore, a Riemann surface and its algebraic curve
137
are in one-to-one correspondence. For example, the plane cubic curve (5.3.100) shows that y
has three zero points x = ei, i = 1, 2, 3, in the x-space. From (5.3.100)
y = ±
√
4(x− e1)(x− e2)(x− e3), (5.3.101)
This shows that y is a double-valued function on x-space. The branch points are obviously
x = ei,∞. We choose one branch cut from e1 to e2 and another one from e3 to ∞. y is then a
single valued function on the Riemann surface defined by joining the two sheets of the x-plane
along the cuts. It is now easy to see that the Riemann surface is a torus. A torus has two
independent non-trivial closed paths called cycles. The loop on the two-sheeted covering of the
x-plane that goes around one of the two cuts corresponds to one of the cycles and the loop which
intersects both cuts, i.e. the loop goes around e2 and e3 pairing into the second sheet for half
of the way, corresponds to the other cycle.
For the theory we are discussing, the singularities are at 1, −1 and∞ in the u-plane, and the
corresponding Riemann surface is a torus, which, according to (5.3.100), should be parametrized
by a family of curves with the parameter u,
y2 = (x− 1)(x+ 1)(x− u). (5.3.102)
The periods aD(u) and a(u) of the torus represented by this algebraic curve and hence τ(u),
as argued by Seiberg and Witten, can be found as follows [1, 90]. First, a torus is represented
by two cycles, which we denote as γ1 and γ2. These cycles form a local canonical basis for the
first homology group H1,0(T,C) of the torus, or equivalently, the first homology group of the
curve, T denoting the torus or the algebraic curve family. According to Stokes’ theorem, one
can construct a homotopy invariant by pairing an element in the first homology group with an
element in its dual, the first cohomology group. Since aD(u) and a(u) should be homotopic
invariant, we define
aD =
∮
γ1
λ, a =
∮
γ2
λ, (5.3.103)
where λ is an element of the first cohomology groupH1,0(T,C). AsH1,0(T,C) is two-dimensional,
its basis must be provided by any two linearly independent elements. One typical choice is
λ1 =
dx
y
, λ2 =
xdx
y
. (5.3.104)
In general, λ should be a linear combination of the above basis elements with u-dependent
coefficients,
λ = a1(u)λ1 + a2(u)λ2. (5.3.105)
In addition, λ must be a form with vanishing residue so that, on encircling a singularity, aD and
a transform in the way that γ1 and γ2 transform under a subgroup of SL(2, Z). Especially, the
physical requirement Imτ > 0 must be satisfied. (5.3.93) and (5.3.103) give
τ =
daD/du
da/du
,
daD
du
=
∮
γ1
dλ
du
,
da
du
=
∮
γ2
dλ
du
. (5.3.106)
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On the other hand, on a torus defined by the above curve there exists a natural definition for
the periods,
bi =
∮
γi
λ1, i = 1, 2, (5.3.107)
and the modulus parameter
τu =
b1
b2
(5.3.108)
should possess the fundamental property Imτu > 0. Therefore, one can choose
dλ
du
= f(u)λ1 = f(u)
dx
y
(5.3.109)
with f(u) a function of u only. Then we get
τ =
daD/du
da/du
=
b1
b2
= τu =
∮
γ1
dx/y∮
γ2
dx/y
, (5.3.110)
which naturally satisfies Imτ > 0. The reverse is also true, i.e. if Imτ > 0 everywhere, then
τ = τu and λ satisfy (5.3.109) and (5.3.110). The function f(u) can be determined by demanding
the asymptotic behaviours (5.3.68), (5.3.79) of aD and a near u = 1, −1, ∞,
f(u) = −
√
2
4π
. (5.3.111)
Therefore, with (5.3.102) and (5.3.111), one can integrate (5.3.109) over u and get
λ =
√
2
2π
√
x− u√
x2 − 1dx =
√
2
2π
y
x2 − 1dx. (5.3.112)
We finally have from (5.3.106)
aD =
∮
γ1
√
2
2π
√
x− u√
x2 − 1dx, a =
∮
γ2
√
2
2π
√
x− u√
x2 − 1dx. (5.3.113)
Deforming the cycles γ1 and γ2 continuously into the branch cuts, we immediately get (5.3.92),
the same result as obtained from the differential equation approach.
Since the Riemann surface and the algebraic curve are exactly in one-to-one correspondence,
and given a Riemann surface, its modulus τ is fixed up to an SL(2, Z) transformation, one can
conveniently use the algebraic curve to represent the solution of the low energy effective theory
in the Coulomb phase.
The Seiberg-Witten method can be naturally generalized to the case with matter fields, i.e.
N = 2 supersymmetric QCD [2]. The matter fields belong to N = 2 hypermultiplets, which are
pairs of N = 1 chiral supermultiplets (Qi, Q˜i) in the fundamental representation of the gauge
group and its conjugate (i = 1, · · · , Nf is the flavour index) [27, 97]. In N = 1 language, the
classical Lagrangian consists of the standard coupling of the N = 2 gauge supermultiplet to Qi,
Q˜i, plus the following superpotential
W =
∫
d2θ
√2 Nf∑
i=1
Q˜iΦaT aQi +
Nf∑
i=1
miQ˜
iQi
 , (5.3.114)
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Φ is the N = 1 chiral supermultiplet part of the N = 2 gauge supermultiplet, since an N = 2
gauge supermultiplets is composed of an N = 1 gauge supermultiplet (gauge fields and gaugino)
and N = 1 chiral supermultiplet in the adjoint representation. The classical moduli space of
the vacua will be determined by both D-flatness and F -flatness conditions. There are two types
of possible solutions to these conditions [2]. The first type leads to a Coulomb branch of the
moduli space with the expectation values of the scalar components of Φ, Q and Q˜ satisfying
〈Φ〉6=0, 〈Qi〉 = 〈Q˜†i 〉 = 0. (5.3.115)
The second one gives a Higgs branch in the moduli space in the massless case (mi = 0) with
9
〈Φ〉 = 0, 〈Qi〉 = 〈Q˜†i 〉6=0, i = 1, · · ·, k≤Nf , Nf≥2. (5.3.116)
We are only interested in the Coulomb branch. To ensure that (nm, ne) are both integers even
in the presence of matter fields, one should rescale the electric charge ne by a factor 2 and
simultaneously divide a by 2 so that the BPS mass spectrum m2 = 2|aDnm+ ane|2 remains the
same. This rescaling can be thought of as a transformation(
aD
a
)
−→
(
aD
a/2
)
=
(
1 0
0 1/2
)(
aD
a
)
≡S
(
aD
a
)
. (5.3.117)
Consequently, the monodromy matrix will transform as(
m n
p q
)
−→ S
(
m n
p q
)
S−1 =
(
1 0
0 1/2
)(
m n
p q
)(
1 0
0 2
)
=
(
m 2n
p/2 q
)
. (5.3.118)
Therefore, in the new convention the monodromy matrices (5.3.72), (5.3.80) and (5.3.82) with
Nf = 0 are
Mu0 =
(
1 0
−1 1
)
; M−u0 =
(
−1 4
−1 3
)
; M∞ =
(
−1 4
0 −1
)
. (5.3.119)
With these new monodromy matrices the algebraic curve corresponding to (5.3.102) becomes
[2, 13]
y2 = x3 − ux2 + 1
4
Λ4x, (5.3.120)
where u0 = Λ
2 was chosen. The curve (5.3.120) describes the same physics as the curve (5.3.102).
However this curve is more general since it can be applied to the case of matter fields. Thus,
one usually adopts the curve solution of the form (5.3.120) even in the case Nf = 0. The branch
points of the moduli space are the zeros of the plane cubic curve (5.3.120)
x = 0, x = x± =
1
2
(
u−
√
u2 − Λ4
)
, (5.3.121)
9For Nf = 0, 1, the moduli space has no Higgs branch. When Nf = 2, there are two Higgs branches in the
moduli space, which coincide with the Coulomb branch at the origin of the moduli space. These two branches
are exchanged by a parity-like symmetry. For Nf≥3, there is only one Higgs branch, which meets the Coulomb
branch at the origin of the moduli space [2].
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together with the point at infinity. The natural choice for the two branch cuts is (x−, x+) and
(0,∞), and the Riemann surface of course remains a torus. When two branch points coincide,
one cycle of the torus will vanish and hence the torus will become singular. This can be related
to the singular points in the u-plane, where there will exist massless particles. Two solutions
of a cubic equation can coincide only when the discriminant ∆ vanishes. For a general cubic
equation
x3 +Bx2 + Cx+D = 0, (5.3.122)
the discriminant is
∆ = − 1
108
(
B2C2 − 4C3 − 4B4D + 18BCD − 27D2
)
(5.3.123)
The discriminant for the algebraic curve (5.3.120) is hence
∆(u) =
1
16
(u2 − Λ4)Λ8. (5.3.124)
Therefore, the torus will become singular at u = ±Λ2, the zeros of ∆(u). Massless monopoles
and dyons will exist in these two singular points.
In the Coulomb phase Seiberg and Witten worked out the explicit algebraic curve solutions
for Nf = 1, 2, 3 using a similar method as in the Nf = 0 case [2].
In summary, in the Coulomb phase, we can get insight into the dynamics by determining the
effective gauge coupling τ(u) with u = 〈Trφ2〉 being the coordinate of the moduli space, while
τ(u) is indirectly given by a family of elliptic curves parametrized by u. From the algebraic
curve, one can determine the Riemann surface of the moduli space and its periods aD(u) and
a(u), and hence the τ(u) through (5.3.93). In particular, the singular points in the moduli space,
which will lead to a singular Riemann surface, correspond to the zeros of the discriminant of
the vanishing elliptic curve. There exist massless particles in these singular points of the moduli
space.
Now we go back to the theory at hand. In the Coulomb phase the effective gauge coupling
at large Û is given by the curve (5.3.120),
y2 = x3 − x2U˜ + 1
4
Λ4dx, (5.3.125)
in which U˜ is the light field
U˜ = 〈Trφ2〉 = 2Û
M11
, (5.3.126)
where we have used (5.3.50), and the factor 2 comes from taking the trace. Considering the
relation (5.3.126) and rescaling y−→ (M11/2)3/2 y, x−→ (M11/2) x, we write the curve at large
U as
y2 = x3 − x2Û + xΛ4XΛ4Y . (5.3.127)
Using this asymptotic solution, we can find the exact curve solution. We first assume that the
exact solution has the general form of a plane cubic curve,
y2 = x3 + αx2 + βx+ γ. (5.3.128)
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The coefficients α, β and γ are functions of U , the gauge coupling and the scales ΛX , ΛY . There
exist some important constraints on them [2, 13]:
1. In the weak coupling limit Λ = 0, the curve should give a singular Riemann surface for
every U , i.e. the curve should vanish. So generally one can assume that the curve should
be of the form
y20 = x
2(x− U),when Λ = 0. (5.3.129)
2. α, β and γ should be holomorphic functions in U and the various coupling constants, since
this guarantees that τ is also holomorphic in them.
3. The solution expressed by the curve (5.3.127) should be compatible with all the global
symmetries of the theory including the discrete symmetry and those explicitly broken by
the anomaly.
4. In various limits we should get the curves of the models obtained in the corresponding
limit.
5. The curve should have the correct monodromies around the singular points.
We use these constraints to determine the coefficients. The global flavour symmetry SU(2)f
and the discrete symmetry Z2 as well as the large U limit (5.3.127) show that the coefficient α
must be [13]
α = −Û + δ(Λ4X + Λ4Y ) (5.3.130)
with δ being some constant. In addition, the asymptotic form at large U gives
β = Λ4XΛ
4
Y , γ = 0. (5.3.131)
This choice also ensures that the curve is singular when either ΛX or ΛY vanishes. So the exact
curve solution should be
y2 = x3 +
[
−U + δ(Λ4X + Λ4Y )
]
x2 + Λ4XΛ
4
Y x. (5.3.132)
To determine the parameter δ, we consider the limit ΛY≫ΛX . In this limit the theory is
approximately an SU(2)X gauge theory with three singlets Mfg, f, g = 1, 2 and a triplet field
φ˜. This model is just the Nf = Nc = 2 case of the low energy supersymmetric SU(Nc) QCD
with Nf flavours. From the discussion in Sect. 3.4.2, the quantum moduli space is parametrized
by V with the constraint (3.4.52). So here we have
detMfg +
1
2
µ2Tr(φ˜2) = Û + µ2U˜ = Λ4Y , (5.3.133)
where µ is a dimensional normalization necessary for making the dimensions right. The low
energy Coulomb phase of SU(2)X with a triplet φ˜ is just the Seiberg-Witten model, whose exact
solution is given by the curve (5.3.125). Its branch points (5.3.121) and the discriminant (5.3.124)
show that the solution is singular at U˜ = ±Λ2X since two branch points coincide. Therefore, for
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SU(2)X with the matter fields containing not only φ˜, but also Mfg, and considering (5.3.125),
the τ of this SU(2)X theory should be singular at
Û≈Λ4Y ± µ2Λ2X (5.3.134)
in the ΛY≫ΛX limit. On the other hand, the discriminant of the curve (5.3.132) is
∆ = − 1
108
(ΛXΛY )
8
{[
−Û + δ
(
Λ4X + Λ
4
Y
)]2 − 4Λ4XΛ4Y } , (5.3.135)
and hence the curve is singular at
Û = δ
(
Λ4X + Λ
4
Y
)
± 2Λ2XΛ2Y . (5.3.136)
Comparing (5.3.134) with (5.3.135), we find that δ = 1. So finally we obtain the solution in the
large U limit,
y2 = x3 +
(
−Û + Λ4X + Λ4Y
)
x2 + Λ4XΛ
4
Y x (5.3.137)
Usually, for convenience of discussion, we rescale Λs →
√
2Λs, s = X,Y . Then the curve
(5.3.137) is rewritten as
y2 = x3 +
(
−Û + 4Λ4X + 4Λ4Y
)
x2 + 16Λ4XΛ
4
Y x (5.3.138)
Expressing (5.3.138) in terms of the original high energy scale (5.3.46), using (5.3.47) and rescal-
ing
y−→U3/2H y, x−→UHx, (5.3.139)
we have
y2 = x3 +
(
−U + 8Λ2Nc−4Nc,Nc−2
)
x2 + 16Λ4Nc−8Nc,Nc−2x, (5.3.140)
where the relation (5.3.46) was used. It should be stressed that (5.3.140) is the curve where U
is large enough to compare with the scale Λ2Nc−4Nc,Nc−2. The exact curve solution should reproduce
it in the large U limit. As Seiberg and Witten did [1, 2], assuming that the quantum correc-
tions to (5.3.140) are polynomials in the instanton factor Λ2Nc−4Nc,Nc−2, as implied by (5.3.44), the
holomorphy and the various global symmetries prohibit any corrections to (5.3.140). Therefore,
the curve (5.3.140) is an exact solution [15].
We can now discuss the physical consequences. First the branch points given by the curve
are x = 0, ∞ and
x± =
1
2
[
U − 8Λ2Nc−4Nc,Nc−2 ±
√
U(U − 16Λ2Nc−4Nc,Nc−2)
]
. (5.3.141)
According to (5.3.109) and (5.3.110), the periods of the torus are
aD(U) ∼
∫ x+
x−
dx
[
x3 + x2
(
−U + 8Λ2Nc−4Nc,Nc−2
)
+ 16Λ4Nc−8Nc,Nc−2x
]1/2
=
∫ x+
x−
dx [x(x− x+)(x− x−)]1/2 ,
a(U) ∼
∫ x−
0
dx [x(x− x+)(x− x−)]1/2 (5.3.142)
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and the effective coupling is given by the ratio
τ(U) =
∫ x+
x−
dx/y(x)∫ x−
0 dx/y(x)
. (5.3.143)
The singularities of the effective gauge coupling τ(U) can be inferred from the vanishing of the
discriminant
∆ = − 1
108
(
Λ2Nc−4Nc,Nc−2
)2 [(−U + 8Λ2Nc−4Nc,Nc−2)2 − 64Λ4Nc−8Nc,Nc−2] = 0, (5.3.144)
which gives singularities at U = 0 and U = 16Λ2Nc−4Nc,Nc−2≡U1. The monodromy matrices around
U = 0 and U = U1 can be immediately obtained by observing the change in the asymptotic
expansion form of aD(U) and a(U) near U = 0 and U = U1 when taking U −→ e2iπU . They
are, respectively, [13]
M0 = S
−1TS =
(
1 0
−1 1
)
, M1 = (ST
−2)−1T (ST−2) =
(
−1 4
−1 3
)
, (5.3.145)
up to an overall conjugation by T 2. According to (5.3.86) and (5.3.145) we can see that (1, 0) is
the left eigenvector of M0 and (1,−1) the left eigenvector of M1. This reveals that there must
exist massless monopoles or dyons in two subspaces 〈M ij〉 = M∗ of the moduli space of vacua
determined by detM∗ = 0 or detM∗ = U1. Note that the spaces of these singular vacua M
∗ are
non-compact. Ignoring the overall T 2 conjugation, which from (5.3.91) only shifts the electric
charges of the monopole or dyon, we can consider that magnetic monopoles exist in the singular
vacuum M∗ with detM∗ = 0 and dyons in the singular vacuum M∗ with detM∗ = U1.
The number of massless monopoles or dyons existing in the singular vacuaM∗ with detM∗ =
0 or detM∗ = U1 can be detected from the monodromy of τ upon takingM aroundM
∗. We will
see that these two cases are different. Let us first consider the vacua with U = U1. Since in this
case U = f(M) = detM is a single-valued function in the M complex plane, moving M around
M∗, (M −M∗)→e2iπ(M −M∗) leads to (U −U1)→e2iπ(U −U1) and gives the monodromy M1.
From the above discussion, we know that this monodromy is associated with a single pair of
dyons E± with magnetic charge ±1. At U = U1 the dyons are massless and away from U = U1
the dyons become massive. Thus the global symmetries, the holomorphy and mass dimension
determine that the superpotential near U1 should be
W = (U − U1)
1 +O
 U − U1
Λ
2(Nc−2)
Nc,Nc−2
E+E−. (5.3.146)
The situation for the singular vacuum M∗ with detM∗ = 0 is more interesting. detM∗ = 0
means that r < Nf with r being the rank of M
∗, soM∗ has Nf − r zero eigenvalues. Thus when
taking M around a vacuum M∗, (M −M∗)→e2iπ(M −M∗), the complex function U = detM
will behave as U→e2iπ(Nf−r)U . Since the transformation U→e2iπU leads to the monodromy
M0, the above transformation should yield the monodromy M
Nf−r
0 . Therefore, there must exist
Nf − r pairs of massless monopoles in the vacuum parameterized by 〈M〉 =M∗ with M∗ having
rank r. This requires the superpotential for Nf pairs of monopoles q
+
i and q
−
i with magnetic
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charge ±1 to be of the form
W =
1
2µ
f
t = detM
Λ
2(Nc−2)
Nc,Nc−2
M ijq+i q−j , (5.3.147)
where f(t) should be holomorphic around t = 0 and normalized as f(0) = 1. The scale µ is
introduced to ensure the correct dimension 3 of the superpotential because M has dimension 2
and q±i has dimension 1. The superpotential automatically makes Nf − r monopoles massless
at M∗ since it has rank r. In addition, to make the above superpotential respect the global
flavour symmetry SU(Nf ) and R-symmetry, the monopole q
±
i must belong to the conjugate
fundamental representation Nf of SU(Nf ) and have R-charge 1.
The magnetic monopole and dyon are the left eigenvectors of the monodromy matrices at the
singularities obtained from the curve solution (5.3.140). Considering the various representation
quantum numbers of of the electric quarkQ and the magnetic quark q under the global symmetry
SU(Nf )×UR(1) and their electric and magnetic charges, one can regard the dyon E as the bound
state of the electric quark Q and magnetic quark q [15],
E± ∼ q±i Qi. (5.3.148)
This construction can be checked from the left eigenvectors of M0 and M1.
In addition, there exists a massless supermultiplet left by the breaking SO(Nc)−→SO(2)∼=U(1)
in the Coulomb phase, i.e. an N = 1 low energy (effective) photon field, whose field strength
is a chiral superfield Wα and which can be given a gauge invariant construction on the moduli
space of vacua in terms of the fundamental fields,
Wα∼ǫi1i2···iNc−2ǫrsr1r2···rNc−2(Wα)rsQi1r1Qi2r2 · · ·Q
iNc−2
rNc−2≡Wα(Q)Nc−2. (5.3.149)
Later we will see that a similar relation also exists in the non-Abelian Coulomb phase.
The reasonableness of the above massless particle spectrum is supported by two non-trivial
consistency checks. The first one is still ’t Hooft anomaly matching. At the origin 〈M〉 = 0
of the moduli space of vacua, the global symmetry SU(Nf )×UR(1) is unbroken like in the
SO(Nc) theory. The massless particle spectrum consists of the meson field M
ij , the photon
supermultiplet with the field strength (5.3.149) and the monopole pair q±i associated with the
singularity U = detM = 0. Let us check whether the ’t Hooft anomalies contributed from
this low energy massless particle spectrum match those contributed by the massless funda-
mental quarks as listed in Table (5.3.4). The contributions from massless M ij have already
been collected in Table (5.3.5), so we need only consider the contributions from the fermionic
components of the q±i and the photino. (5.3.149) shows that the R-charge of the photino λW is
1+(Nf+2−Nc)(Nc−2)/Nf = 1 for Nf = Nc−2. The relevant currents and energy-momentum
tensors are listed in Tables (5.3.7), (5.3.8) and the corresponding anomalies in Table (5.3.9).
Adding the contributions from the low energy particles to the contributions from the field
M given in Table (5.3.5), one can see the anomalies indeed match the high energy anomalies
given in Table (5.3.4) for Nf = Nc − 2.
Another check is to verify that the decoupling of a heavy flavour will yield the description of
the Nf = Nc− 3 case discussed in Subsec. 5.3.3. Without losing generality, we choose the Nf -th
flavour to be heavy by adding a large mass term Wtree = mM
Nf
Nf
/2. There are two branches in
the moduli space, a branch with detM∗ = U1 and a branch with detM
∗ = 0. We first discuss
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SU(Nf ) UR(1)
ψ±qi j
A
µ = ψ
+
qit
A
ijσµψ
−
qj + ψ
−
qit
A
ijσµψ
+
qj 0
λW 1 jµ(λ) = λ
a
Wσµλ
a
W
Table 5.3.7: Currents composed of the fermionic components of monopole and photino corresponding
to the global symmetry SU(Nf)×UR(1).
Tµν
ψ±qi i/4
[
(ψ
+
qiσµ∇νψ−qi −∇νψ
+
qiσµψ
−
qi) + (µ←→ ν)
]
− gµνL[ψq]
λW i/4
[(
λWσµ∇νλW −∇νλµWσµλW
)
+ (µ←→ ν)
]
− gµνL[λW ]
Table 5.3.8: Energy-momentum tensor contributed by the fermionic components of q±i and the photino;
L[ψ] = i/2(ψσµ∇µψ −∇µψσµψ), ∇µ = ∂µ − ωKLµσKL/2, σKL = i/4[σK , σL] and γK = eKµσµ.
Triangle diagrams and ’t Hooft anomaly
gravitational anomaly coefficients
UR(1)
3 1
SU(Nf )
3 −2Tr(tA{tB , tC})
SU(Nf )
2UR(1) 0
UR(1) 1
Table 5.3.9: ’t Hooft anomaly coefficients.
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the branch with detM∗ = U1. According to (5.3.146), the full superpotential near U = U1 with
the above large mass term is
W = (U − U1)E+E− + 1
2
mM
Nf
Nf
. (5.3.150)
Integrating out M
Nf
Nf
by its equation of motion
∂W
∂M
Nf
Nf
=
detM
M
Nf
Nf
E+E− +
1
2
m = 0 (5.3.151)
gives
〈E+E−〉 = − m
2 det M̂
, (5.3.152)
where M̂ denotes the mesons for the remaining Nf − 1 = Nc − 3 flavours. Obviously, the non-
vanishing expectation value (5.3.152) of 〈E+E−〉 has made the electric charge confined. Since
E± are a pair of dyons, according to the discussions in Sect. 2.4, this phenomenon is just the
oblique confinement proposed by ’t Hooft. The low energy superpotential at U = U1 is
W =
1
2
mM
Nf
Nf
=
m detM∗
2 det M̂
= 8
mΛ2Nc−4Nc,Nc−2
det M̂
. (5.3.153)
Using the relation (5.2.10) between the high energy scale ΛNc,Nc−2 and the low energy scale
ΛNc,Nc−3, (5.3.153) is just the superpotential of the ǫ = 1 branch of (5.3.26).
As for the branch with detM∗ = 0, we add a large mass term for the Nf -th flavour to
(5.3.147). The classical equation of motion of M
Nf
Nf
,
∂W
∂M
Nf
Nf
=
1
2µ
f(t)q+Nf qNf +
1
2µ
df
dt
1
Λ2Nc−2Nc,Nc−2
detM
M
Nf
Nf
+
m
2
= 0, (5.3.154)
shows that 〈q±Nf 〉6=0 and hence that the magnetic U(1) group is Higgsed. From the discussion in
Sect. 2.4, the dual Meissner effects occurs and the original electric variables are confined. Due
to the non-trivial function f(t) in (5.3.147) and the constraint from the magnetic U(1) D-term,
q+i e
gVDq−i |θ2θ2 , there is a difficulty in explicitly integrating out the massive modes. However,
from the classical equations for M
Nf
Nf
, q+Nf and q
−
Nf
, one can see that the low energy massless
modes are only M̂ î
ĵ
, q+
î
and q−
î
, î, ĵ = 1, · · · , Nf − 1. Usually, for convenience of discussion, one
defines the gauge invariant interpolating fields
q̂
i
=
1
2
√
mµ
(
q+
î
q−Nf − q−î q
+
Nf
)
(5.3.155)
of q±
î
to replace q±
î
as massless modes. Considering the contribution from the magnetic U(1)
D-term, one can get the low energy effective superpotential
W =
1
2µ
f̂
t̂ = (det M̂)(M̂ ij q̂iq̂j)
mΛ
2(Nc−2)
Nc,Nc−2
 M̂ ij q̂
i
q̂
j
=
1
2µ
f̂
t̂ = (det M̂)(M̂ ij q̂iq̂j)
Λ
2(Nc−2)
Nc,Nc−3
 M̂ ij q̂
i
q̂
j
. (5.3.156)
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This is just the superpotential of the ǫ = −1 branch of the low energy Nf = Nc− 3 theory given
by (5.3.36). Consequently, according to (5.3.35) we have
q̂
i
= Λ2−NcNc,Nc−3b̂i = Λ
2−Nc
Nc,Nc−3
(Q)Nc−4(WαWα), (5.3.157)
i.e. the remaining massless monopoles can be identified as massless exotics (glueballs). Note
that in (5.3.156) f̂(t̂) depends on f(t) in (5.3.147), and the condition from the U(1) D-term is
important in showing that a non-trivial f(t) leads to f̂(t̂).
In summary, the physical phenomena in the branch with detM∗ = 0 are very interesting.
Upon giving a heavy mass to QNf , some of the massless magnetic monopoles q±i condense and
this condensation leads to the confinement of Qi. Especially, the remaining massless magnetic
monopoles can be identified as massless exotics (glueballs). According to the discussion in
Sect. 4.2, this phenomenon was also observed in the SU(Nc) theories where massless magnetic
quarks become massless baryons. So one can conclude that the following non-perturbative
physical phenomenon is generic: some of gauge invariant composite operators such as baryons,
glueballs and other exotics can be thought of as (Abelian or non-Abelian) magnetic objects.
5.4 Nc≥4, Nf≥Nc − 1: Dual magnetic SO(Nf −Nc + 4) description
5.4.1 General introduction to magnetic description
In this range, the infrared behaviour of these theories can be equivalently described by a dual
magnetic theory. The reason we resort to a magnetic description is the same as in the SU(Nc)
case: the “electric” mesons (5.1.14) and baryons (5.1.17) are not the appropriate variables to
describe the moduli space of vacua and we cannot use them to construct a consistent dynam-
ical superpotential. One can easily check that the ’t Hooft SU(Nf )×UR(1) anomalies cannot
match for the fermionic components of (Q,λ) in the microscopic theory with those of (M,B).
The matter field variables in the magnetic theory are the original “electric” variables M ij and
magnetic quarks qr˜i with the superpotential
W =
1
2µ
M ijqi·qj = 1
2µ
M ijqir˜q
r˜
j . (5.4.1)
To ensure that W is SU(Nf )×UR(1) invariant, qi must be in the conjugate fundamental repre-
sentation Nf of SU(Nf ) and have R-charge (Nc−2)/Nf since the R-charge of M is 2(Nf −Nc+
2)/Nf . The subscript r˜ is the magnetic colour index. Note that the magnetic quarks cannot
introduced from the baryons (5.1.17) as in the SU(Nc) case. Before we explain the role played
by the scale µ, we first explain what the dual gauge group SO(N˜c) is, which is not as easily
found as in the SU(Nc) case. This gauge group is restricted by the requirement that is UR(1)
anomaly-free in the magnetic theory. Since the UR(1) charge of the magnetic gaugino λ˜ should
be 1, so from the above assignments of the UR(1) charge to M and the magnetic quarks qir˜, the
anomaly-free UR(1) current in terms of four-component is
j(R)µ =
(
Nc − 2
Nf
− 1
)
Ψ
i
qr˜γµγ5Ψqir˜ + λ˜
a˜
γµγ5λ˜
a˜ +
2(Nf −Nc + 1)
Nf
ψMγµγ5ψM . (5.4.2)
The dynamical vector current for this magnetic SO(N˜c) gauge theory, i.e. the Noether current
corresponding to global SO(N˜c) gauge transformations, is
J a˜µ = Ψ
i
qr˜γµT
a˜
r˜s˜
Ψqis˜ + f
a˜˜bc˜λ˜
b˜
γµλ˜
c˜. (5.4.3)
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The triangle diagram 〈j(R)µ J a˜µJ b˜µ〉 gives the UR(1) anomaly
∂µj(R)µ =
[
2Nf
(
Nc − 2
Nf
− 1
)
+ 2f a˜˜bc˜f a˜˜bc˜
]
1
32π2
ǫµνλρF a˜µνF
a˜
λρ
=
[
2 (Nc − 2−Nf ) + 2(N˜c − 2)
] 1
32π2
ǫµνλρF a˜µνF
a˜
λρ. (5.4.4)
That UR(1) is anomaly-free means that the above anomaly coefficient should vanish and hence
we have N˜c = Nf −Nc + 4. Thus the magnetic gauge group should be SO(Nf −Nc + 4) [15].
This theory is asymptotically free since the one-loop β function coefficient is
β˜0 = 3(N˜c − 2)−Nf = 3(Nf −Nc + 4− 2)−Nf = 2Nf − 3Nc + 6 > 0 (5.4.5)
because Nc≥4 and Nf≥Nc − 1. The scale µ is introduced for the following reason. In the
electric description the meson fieldM ij = Qi·Qj has dimension 2 at the UV fixed point g = 0 and
generally acquires some anomalous dimension at the IR fixed point. In the magnetic description,
since now M is thought of as an elementary matter field, its dimension should be its canonical
dimension 1 at the UV fixed point g˜ = 0. We denote M in the magnetic description by Mm.
In order to relate Mm to M of the electric description, a scale µ must be introduced with the
relation M = µMm. Later all the expressions will be written in terms of M and µ rather than
in terms of Mm.
Dimensional considerations show that for generic Nc and Nf the scale Λ˜ of the magnetic
theory should be related to Λ, the scale of the electric theory by
Λβ0Λ˜β˜0 = Λ3(Nc−2)−Nf Λ˜3(Nf−Nc+2)−Nf = C(−1)Nf−NcµNf , (5.4.6)
where C is a dimensionless constant which will be determined below. Like in the SU(Nc) gauge
theory, the scale relation (5.4.6) has several consequences:
1. It is preserved under mass deformation and along the flat directions, in which spontaneous
symmetry breaking occurs. The phase (−1)Nf−Nc is necessary to ensure that this relation
is preserved.
2. It reveals that as the electric theory becomes stronger the magnetic theory becomes weaker
and vice versa,
qNf e−8π
2/[g2(q2)]e−8π
2/[g˜2(q2)]∝(−1)Nf−Nc . (5.4.7)
3. It implies that the dual theory of the magnetic description is identical to the original
electric theory;
4. Combined with the quantum effective action, it yields a relation between the gaugino
condensations in both the electric and magnetic theories, λλ = −λ˜λ˜.
Now let us look at how the discrete symmetry behaves in the dual magnetic theory. The
discussion in Sect. 5.1.1 shows that there exist discrete symmetries Z2Nf and Z2 generated by
the transformation Q−→ei2π/(2Nf )Q and the charge conjugation C, respectively. In the magnetic
theory, due to the kinetic term of the gauge singlet M/µ and the superpotential (5.4.1) in the
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classical action, the corresponding discrete symmetries is generated by q−→e−i2π/(2Nf )Cq and
C,respectively. Note that the Z2Nf symmetry commutes with the electric gauge group SO(Nc)
but does not commute with the magnetic gauge group SO(Nf −Nc + 4) [15].
Finally, it is worth seeing what the correspondences are in the magnetic theory for the gauge
invariant chiral operators such as the meson, baryon and exotics used in the electric theory.
The gauge invariant chiral operators appearing in the previous subsections, which can also be
formally defined for Nf≥Nc − 1 and Nc≥4, are collected in the following:
M ij =
1
2
Qi·Qj ,
Bi1···iNc =
1
Nc!
ǫr1···rNcQi1r1 · · ·Q
iNc
rNc≡B[i1···iNc ],
bi1···iNc−4 =
1
(Nc − 4)! (W
αWα) ǫ
r1···rNc−4Qi1r1 · · ·Q
iNc−4
rNc−4≡b[i1···iNc−4],
W i1···iNc−2α = 1
(Nc − 2)!Wαǫ
r1···rNc−2Qi1r1 · · ·Q
iNc−2
rNc−2≡W
[i1···iNc−2]
α . (5.4.8)
Based on SU(Nf )×UR(1) symmetry, these operators should be mapped to the following gauge
invariant operators of the magnetic theory
M ij −→ M ij ,
B[i1···iNc ] −→ ǫi1···iNf b˜[iNc+1···iNf ],
b[i1···iNc−4] −→ ǫi1···iNf B˜[iNc+1···iNf ],
W [i1···iNc−2]α −→ ǫi1···iNf
(
W˜α
)
[iNc−1···iNf ]
, (5.4.9)
where
b˜[iNc+1···iNf ]
≡ 1
(Nf −Nc)!ǫr˜1···r˜Nf−Ncq
r˜1
iNc+1
· · ·q r˜Nf−NciNf , for Nf > Nc,
B˜[iNc−3···iNf ]
≡ 1
(Nf −Nc + 4)!ǫr˜1···˜rNf−Nc+4q
r˜1
iNc−3
· · ·q r˜Nf−Nc+4iNf ,(
W˜α
)
[iNc−1···iNf ]
≡ 1
(Nf −Nc + 2)!W˜αǫr˜1···r˜Nf−Nc+2q
r˜1
iNc−1
· · ·q r˜Nf−Nc+2iNf . (5.4.10)
The R-charge of each “electric” operator in (5.4.9) is equal to that of its “magnetic” image,
for example, the R-charge of the baryon operator B[i1···iNc ] of the electric theory is Nc(Nf −
Nc + 2)/Nf , while the R-charge of ǫ
i1···iNf b˜[iNc+1···iNf ]
is 2 + (Nf −Nc)(Nc − 2)/Nf = Nc(Nf −
Nc + 2)/Nf . The mappings (5.4.9) show that the baryons of the electric theory are dual to
the exotics of the magnetic description, and the electric photon supermultiplet is dual to the
magnetic photon supermultiplet.
The above is a general introduction to the dual magnetic description of supersymmetric
SO(Nc) gauge theory in the range of colours and flavours, Nc≥4 and Nf≥Nc − 1. It is shown
that the magnetic theory is a supersymmetric SO(Nf−Nc+4) gauge theory with colour singlets
M ij and Nf magnetic quarks in the conjugate fundamental representation of SU(Nf ). Since the
gauge groups SO(3) and SO(4) are special, we shall in the following two sections give a special
discussion of the magnetic SO(3) and SO(4) gauge theories, and then return to the general case.
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SU(Nf ) UR(1)
ψijM ψ
ij
M t
A
ij,klσµψ
kl
M (Nf − 2Nc + 4)/Nf ψ
ij
Mσµψ
ij
M
ψi
qr˜
ǫr˜s˜ψ
i
qr˜σµt
A
ijψ
j
qs˜
(Nc − 2)/Nf ǫr˜s˜ψiqr˜σµψjqs˜
λ˜ 0 λ˜
a˜
σµλ˜
a˜
Table 5.4.1: Currents composed of the fermionic components of the singlets M , magnetic quarks and
the magnetic SO(3) gluino corresponding to the global symmetry SU(Nf)×UR(1).
5.4.2 Nf = Nc − 1: Dual magnetic SO(3) gauge theory
Nf = Nc − 1 means that the dual magnetic description is an SO(3) gauge theory. The matter
fields, as discussed in the general introduction, are the SO(3) singlets M ij and the magnetic
quarks q r˜i . Note that now the magnetic quarks belong to the adjoint representation of SO(3)
due to the coincidence of the adjoint representation and vector representation of SO(3). We first
introduce the dynamics of this case. Since from Table (5.1.1) the R-charge of M ij is 2/Nf for
Nf = Nc − 1, the gauge invariant and SU(Nf )×UR(1) invariant superpotential consists of not
only (5.4.1), but also of a term proportional to detM . Taking into account the mass dimension,
the full superpotential should be of the form
W =
1
2µ
M ijqi·qj − 1
26Λ2Nc−5Nc,Nc−1
detM, (5.4.11)
where ΛNc,Nf=Nc−1 is the dynamically generated scale and the normalization factor 26 is chosen
to make various deformations of theory consistent, as shown in detail later. The scale relation
here is also different from the general case, since the one-loop β function coefficient of the
magnetic SO(3) theory is β˜0 = 6 − 2Nf , while for Nf = Nc − 1 the factor Λ˜3(Nf−Nc+2)−Nf in
the general scale relation (5.4.6) is just Λ˜3−Nf ; thus here the scale relation should be something
like the square of the general scale relation for Nf = Nc − 1,
214
(
Λ2Nc−5Nc,Nc−1
)2
Λ˜
6−2(Nc−1)
3,Nc−1
= µ2Nc−1, (5.4.12)
where the normalization factor 214 is determined in the same way as the factor 26 and will be
explained later.
At the origin of the moduli space 〈M〉 = 0, the matter fieldsM ij and q r˜i and the SO(3) vector
bosons of the magnetic theory are massless. Both the electric and the magnetic theories have the
global symmetry SU(Nf )×UR(1). One can verify the reasonableness of this magnetic magnetic
theory by checking whether its ’t Hooft SU(Nf )×UR(1) anomalies match those of the electric
theory given in Table (5.3.4). The corresponding currents composed of the fermionic components
and the energy-momentum tensors for the gravitational anomaly are listed in Tables (5.4.1) and
(5.4.2), respectively, and the ’t Hooft anomaly coefficients are collected in Table (5.4.3). It is
shown that by explicit calculations that for Nf = Nc − 1 the ’t Hooft anomalies in the electric
and magnetic theories indeed match.
A special point for the magnetic SO(3) theory should be mentioned. The one-loop β-function
coefficient, β˜0 = 6 − 2Nf implies that when Nf≥3 this magnetic SO(3) gauge theory is not
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Tµν
ψM i/4
[(
ψ
ij
Mσµ∇νψijM −∇νψ
ij
Mσµψ
ij
M
)
+ (µ←→ ν)
]
− gµνL[ψM ]
ψq i/4
[
ǫr˜s˜
(
ψ
i
qr˜σµ∇νψiqs˜ −∇νψ
i
qr˜σµψ
i
qs˜
)
+ (µ←→ ν)
]
− gµνL[ψq]
λ˜ i/4
[(
(λ˜
a˜
σµ∇ν λ˜a˜ −∇ν λ˜
a˜
σµλ˜
a˜
)
+ (µ←→ ν)
]
− gµνL[λ]
Table 5.4.2: Energy-momentum tensor contributed from the fermionic component of M ij , qir and the
magnetic SO(3) gluino; L[ψ] = i/2ǫr˜s˜(ψ
r˜
σµ∇µψs˜ − ∇µψr˜σµψs˜), ∇µ = ∂µ − ωKLµσKL/2, σKL =
i/4[σK , σL] and σK = eKµσ
µ.
Triangle diagrams and ’t Hooft anomaly
gravitational anomaly coefficients
UR(1)
3 (Nf + 1)(Nf − 2Nc + 4)3/(2N2f ) +Nc(Nc − 2)3/N2f
+(Nf −Nc + 4)(Nf −Nc + 3)/2
SU(Nf )
3 [(Nf + 4) − (Nf −Nc + 4)]Tr(tA{tB , tC})
SU(Nf )
2UR(1) 2 [(Nf + 2)(Nf − 2Nc + 4)/Nf + (Nc − 2)/Nf ] Tr(tAtB)
UR(1) (Nf − 2Nc + 4)(Nf + 1) +Nc(Nc − 2)
Table 5.4.3: ’t Hooft anomaly coefficients.
asymptotically free. Consequently, the value g˜ = 0 of the magnetic coupling is the infrared fixed
point and thus the theory is free in the infrared. The fields qi and M behave as free scalar fields
and should have dimension 1. In this case the superpotential (5.4.11) does not exist and hence
the infrared theory has a large accidental symmetry. When Nf < 3, the global symmetries
(including the discrete symmetry Z2Nf ) and the holomorphy around M = q = 0 determine
that the superpotential (5.4.11) of the magnetic theory is unique. Unlike (5.3.31) and (5.3.147),
(5.4.11) cannot be modified by a non-trivial function of the global and gauge invariants. In the
following we shall see that the detM term of (5.4.11) is very important in properly describing
the theory when it is perturbed by a large mass term or along the flat directions. In particular,
without the detM term, the term M ijqi·qj would possess a Z4Nf symmetry in contrast to the
Z2Nf symmetry (5.1.11) of the electric theory, while as a dual theory the magnetic theory should
have a Z2Nf symmetry.
In the following we shall show that the moduli space of vacua of the magnetic description
agrees with that of the original electric theory. We shall see that some interesting phenomena
will arise.
Flat directions
The moduli space of the magnetic theory is given by the F -flat directions of the superpotential
(5.4.11) and the D-flat directions of the gauge theory part. Here we only consider the F -flat
directions. (5.4.11) shows that forM 6=0 the magnetic quarks will have a mass matrix µ−1M . At
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low energy, the heavy quarks will decouple and there are only k = Nf − rank(M) massless dual
quarks q left. We first consider the case rank(M) = Nf . All the dual quarks become massive
and hence decouple, so the low energy theory is a pure SO(3) Yang-Mills theory with massless
singlets M . According to (5.2.12) this low energy magnetic theory has a scale
Λ˜63,0 = Λ˜
6−2(Nc−1)
3,Nf
det(µ−1M)2. (5.4.13)
Gluino condensation generates a dynamical superpotential
Wdyn = 2〈λ˜λ˜〉 = 2ǫΛ˜33,0 = 2ǫΛ˜3−(Nc−1)3,Nf µNc−1 detM, (5.4.14)
where ǫ = ±1 means that the gaugino condensation leads to two vacua. Considering the term
proportional to detM in (5.4.11) and adding it to (5.4.14), we have the full low energy super-
potential
Wfull = 2ǫΛ˜
3−(Nc−1)
3,Nf
µNc−1 detM − 1
26Λ2Nc−5Nc,Nc−1
detM = (ǫ− 1) 1
26Λ2Nc−5Nc,Nc−1
detM. (5.4.15)
Therefore, the ǫ = 1 branch reproduces the moduli space of supersymmetric ground sates rep-
resented by generic 〈M〉. The ǫ = −1 branch will be discussed later. (5.4.15) also shows why
the normalization factors 214 and 26 were chosen in (5.4.11) and (5.4.12), respectively.
When rank(M) = Nf − 1, the corresponding low energy theory is a magnetic SO(3) with
one massless flavour, which can be taken to be the Nf -th flavour, qNf . This is just the magnetic
version of the N = 2 Seiberg-Witten model [1], whose exact solution is given by the algebraic
curve (5.3.132). From the discussions in Subsect. 5.3.4 we know that it has a massless photon
and massless monopoles at the singularity
〈u〉≡u1 = 〈q2Nf 〉 =
√
16Λ˜43,1 = 4ǫΛ˜
2
3,1, ǫ = ±1, (5.4.16)
where, according to (5.4.12) and (5.4.13), the low energy scale Λ˜3,1 is given by
Λ˜43,1 =
µ2
214(Λ2Nc−5 det M̂)2
(5.4.17)
with det M̂ = detM/MNfNf , the product of the Nf −1 non-zero eigenvalues of M . Considering
the contribution of the massless magnetic monopoles to the low energy superpotential, the full
low energy superpotential near the massless monopole points u≈4ǫΛ˜23,1 should be the sum of the
low energy version of (5.4.11) and the monopole contribution (5.3.146),
W =
1
2µ
M
Nf
Nf
(qNf )
2 − 1
64Λ2Nc−5Nc,Nc−1
det M̂ − 1
2µ
(u− u1) E˜+(ǫ)E˜−(ǫ)
=
1
2µ
M
Nf
Nf
(
u− 1
32Λ2Nc−5Nc,Nc−1
µ det M̂
)
− 1
2µ
(
u− 4ǫΛ˜23,1
)
E˜+(ǫ)E˜
−
(ǫ), (5.4.18)
where the choice of the normalization factor f(u1) = −1 of the E˜+(ǫ)E˜−(ǫ) term is purely for
convenience. From this low energy superpotential, the equation for MNfNf gives
〈u〉 = µ det M̂
25Λ2Nc−5Nc,Nc−1
= 4Λ˜23,1. (5.4.19)
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This has fixed the low energy magnetic theory with ǫ = 1 in which there are a massless photon
supermultiplet and a pair of massless monopoles E˜±(+). The u equation of motion further yields
MNfNf = E˜+(+)E˜
−
(+). (5.4.20)
This relation can be understood from electric-magnetic duality: the monopoles E˜±(+) are magnetic
relative to the magnetic variables; they will be electric in terms of the original electric variables.
Now we consider the low energy electric theory. rank(M) = Nf − 1 = Nc − 2 means that the
SO(Nc) gauge group breaks to SO(2)∼=U(1) in the flat direction but with one of the elementary
quarks which is charged under U(1) remaining massless . According to the duality relation, it
should be a massless collective excitation in the magnetic description — the monopole. (5.4.20)
is just a reflection of this correspondence.
For the case rank(M)≤Nf − 2, the low energy magnetic theory is an SO(3) gauge theory
with k = Nf − rank(M)≥2 light flavours. When k = 2, β0 = 0, the low energy theory is at
a non-trivial fixed point of the beta function and hence it is described by a four dimensional
superconformal field theory. If k > 2, the low energy theory is in a free magnetic phase, it is
not well defined due to the Landau pole. All the results in the magnetic theory of these cases
are dual to those of the original electric description.
Mass deformations
Let us see whether the magnetic SO(3) theory leads to the correct description of the Nf =
Nc − 2 electric theory if one heavy flavour decouples. As usual, adding a large QNf mass term
Wtree = mM
NfNf /2 to the superpotential (5.4.11) of the magnetic theory, we have the full
superpotential
Wfull =
1
2µ
M ijqi·qj − 1
26Λ2Nc−5Nc,Nc−1
detM +
1
2
mMNfNf . (5.4.21)
The MNfNf equation of motion ∂Wfull/∂M
NfNf = 0 gives
〈q2Nf 〉 =
det M̂
25Λ2Nc−5Nc,Nc−1
− µm (5.4.22)
with det M̂ = detM/MNfNf . This non-vanishing expectation value breaks the magnetic SO(3)
group to SO(2). After integrating out the massive fields, the low energy magnetic SO(2) gauge
theory has matter fields consisting of neutral fields M î̂j and fields q±
î
of SO(2) charge ±1 and
the corresponding tree-level superpotential is Wtree = M
î̂j q̂
i
q̂
j
/2. However, according to the
discussion in Subsect. 5.3.4, the contribution to the superpotential from the instantons in the
broken magnetic SO(3) should also be included since there are well defined instantons in the
broken part of the SO(3) group. Therefore, the superpotential is modified to
W =
1
2µ
f
 det M̂
Λ
2(Nc−2)
Nc,Nc−2
M î̂jq+
î
q−
ĵ
. (5.4.23)
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This is just the superpotential (5.3.147) and the q±
iˆ
can be identified as the monopoles of the
electric theory with Nf = Nc − 2.
Now we consider another special point in the moduli space of vacua. After we choose a
small mass m for the Nf th flavour but large det M̂ , the first Nf − 1 flavours qi will become
very heavy and must be integrated out. The low energy theory is the magnetic SO(3) theory
with the quarks qNf in the adjoint representation and the scale given by (5.4.17). This is just
the Seiberg-Witten model discussed in Sect. 5.3.3 [1]. From its exact algebraic curve solution we
know there exist massless monopoles or dyons E˜±(ǫ)at u1 = 4ǫΛ˜
2
3,1. Thus near one of these two
vacua, the low energy superpotential should include contributions from these solitons,
W ≈ 1
2µ
MNfNf (qNf )
2 − 1
26Λ2Nc−5Nc,Nc−1
det M̂ +
1
2
mMNfNf − 1
2µ
(
(qNf )
2 − 4ǫΛ˜23,1
)
Ê+(−)Ê
−
(−)
=
1
2µ
MNfNf (u− 1
25Λ2Nc−5Nc,Nc−1
µ det M̂ + µm)− 1
2µ
(
u− 4ǫΛ˜23,1
)
Ê+(−)Ê
−
(−), (5.4.24)
where we denoted u≡q2Nf . The MNfNf and u equations of motion, respectively, give
u =
1
25Λ2Nc−5Nc,Nc−1
µ det M̂ − µm; MNfNf = Ê+(−)Ê−(−). (5.4.25)
Inserting (5.4.25) into (5.4.24) we get the low energy superpotential as m becomes large
WL =
1
2
[
m− (1 − ǫ) 1
25Λ2Nc−5Nc,Nc−1
det M̂
]
. (5.4.26)
This WL shows that for ǫ = 1 there is no supersymmetric vacuum since the F -term does not
vanish. The low energy superpotential for the ǫ = −1 vacuum is
WL =
1
2
m− 1
24Λ
2(Nc−2)−1
Nc,Nc−1
det M̂
 Ê+(−)Ê−(−). (5.4.27)
The theory can be identified as the one described by (5.3.146) with Ê±(−) as the dyons, which
become massless at det M̂ = 16mΛ
2(Nc−2)−1
Nc,Nc−1
= 16Λ2Nc−4Nc,Nc−2. This conclusion is the same as that
obtained from low energy electric theory discussed in Subsect. 5.3.4.
If we assign large masses to more flavours, the number of massless flavours in the low energy
theory is correspondingly reduced. The non-perturbative phenomena observed in the Nf =
Nc− 3 and Nf = Nc− 4 electric theory will be produced: the monopoles or dyons condense and
lead to confinement or oblique confinement. If there are Nf < Nc − 4 massless flavours in the
low energy theory, the moduli space of vacua will not exist and the confining branch disappears
[1]. However, when all the flavours are given large masses, there exist an oblique confinement
branch with the superpotential
Wobl = − 1
32Λ2Nc−5Nc,Nc−1
detM. (5.4.28)
This superpotential can be formally obtained by setting m = 0 in (5.4.27) and using the u
equation of motion since all the flavours should be integrated out.
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Overall, the monopoles q±i of the electric theory at the origin (u=0) of the low energy
Nf = Nc−2 electric theory have a weakly coupled magnetic description in terms of the magnetic
quarks q±i of dual theory. The massless dyons E
± of the Nf = Nc − 2 electric theory at
u = u1 = det M̂ = 16Λ
2Nc−4
Nc,Nc−2
are described by strongly coupled dyons.
5.4.3 Nf = Nc: Dual magnetic SO(4) gauge theory
The discussion in Subsect. 5.1.2 shows that the classical moduli space of the electric SO(Nc)
theory withNf = Nc can be parametrized by the mesonsM
ij = Qi·Qj and the baryon B = detQ
but with the constraint B = ±√detM . The quantum moduli space in this case should be
described in the context of the dual magnetic description, which is an SO(4)∼=SU(2)X×SU(2)Y
gauge theory with Nf flavours of quarks in the (2, 2) representation of the gauge group and the
SO(4) singlets M ij . The symmetries and the holomorphy around M = q = 0 determine the
superpotential as given by (5.4.1) and it cannot be modified by any non-trivial gauge invariant
function. The one-loop beta function coefficients of the SU(2) theory and the SO(Nc) gauge
theory with Nf = Nc flavours together with dimensional analysis give the scale relation [1]
28Λ˜β˜0s,NcΛ
β0
Nc,Nc
= 28Λ˜
6−Nf
s,Nc
Λ2Nc−6Nc,Nc = µ
Nc , s = X,Y. (5.4.29)
The normalization factor 28 is chosen for consistency under deformation and symmetry breaking
along the flat directions. The one-loop beta function coefficient β˜0 = 6−Nf of SU(2) shows that
the magnetic SU(2)X×SU(2)Y theory is not asymptotically free for Nf≥6. Thus the magnetic
theory in the case of Nf≥6 is free in the infrared region. For Nc = Nf = 4, 5, the theory is
asymptotically free and has a non-trivial infrared fixed point, at which the magnetic theory is
in an interacting non-Abelian Coulomb phase. Thus the magnetic theory should be dual to the
original SO(Nc) electric theory with Nf = Nc quarks Q
i in a non-Abelian Coulomb phase.
The magnetic theory has an anomaly-free SU(Nf )×UR(1) global symmetry, under which the
magnetic quarks qi are in the conjugate fundamental representation Nf and have the R-charge
(Nc − 2)/Nc, the singlets M ij are in the Nf (Nf + 1)/2 dimensional representation and have
R-charge 4/Nc. The global SU(Nf )×UR(1) symmetry is unbroken at the origin of the moduli
space of both the electric and the magnetic theories and qi and M
ij are massless. We can verify
this massless particle spectrum by checking the ’t Hooft anomaly matching between the electric
and magnetic theories. The currents and the energy-momentum tensors are listed in Tables
5.4.4 and 5.4.5 and the ’t Hooft anomalies from the massless fermions of magnetic theory are
collected in Table 5.4.6. The anomaly coefficients are indeed equal to those listed in Table 5.3.4
for Nf = Nc.
Flat directions
The flat directions are given by the F -term of (5.4.1) and the D-term of the magnetic SO(4)
gauge theory. The M ij equations of motion give qi·qj = 0. Furthermore, the vanishing of D-
terms gives the solution of 〈qi〉 = 0. Thus the low energy theory around such a point 〈M〉 should
be a magnetic SO(4) gauge theory with k = Nf − rank(M) dual quarks qi since the equations of
motion for M and the vanishing of the D-term do not require them to vanish. In the following
we consider several typical cases.
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SU(Nf ) UR(1)
ψijM ψ
ij
M t
A
ij,klσµψ
kl
M ψ
ij
Mσµψ
ij
M
ψi
qr˜X r˜Y
ǫr˜X s˜X ǫr˜Y s˜Y ψ
i
qr˜X r˜Y σµt
A
ijψ
j
qs˜X s˜Y
−2/Nf ǫr˜X s˜X ǫr˜Y s˜Y ψiqr˜X r˜Y σµψiqs˜X s˜Y
λ˜ 0 λ˜
a˜
σµλ˜
a˜
Table 5.4.4: Currents composed of the fermionic components of the singlets M , magnetic quarks and
the magnetic SO(3) gluino corresponding to the global symmetry SU(Nf)×UR(1).
Tµν
ψM i/4
[(
ψ
ij
Mσµ∇νψijM −∇νψ
ij
Mσµψ
ij
M
)
+ (µ←→ ν)
]
− gµνL[ψM ]
ψq i/4ǫ
r˜X s˜X ǫr˜Y s˜Y
[(
ψ
i
qr˜X r˜Y σµ∇νψiqs˜X s˜Y −∇νψ
i
qr˜X r˜Y σµψ
i
qs˜X s˜Y
)
+ (µ←→ ν)
]
− gµνL[ψq]
λ˜s i/4
[(
λ˜
a˜
sσµ∇ν λ˜a˜s −∇νλ˜
a˜
sσµλ˜
a˜
s
)
+ (µ←→ ν)
]
− gµνL[λ˜]
Table 5.4.5: Energy-momentum tensor composed of the fermionic components of M ij , qir and the
magnetic SO(3)s gluino, s = X,Y ; L[ψ] = i/2ǫr˜X s˜X ǫr˜Y s˜Y (ψr˜X r˜Y σµ∇µψs˜X s˜Y −∇µψr˜X r˜Y σµψs˜X s˜Y ), ∇µ =
∂µ − ωKLµσKL/2, σKL = i/4[σK , σL] and σK = eKµσµ.
Triangle diagrams and ’t Hooft anomaly
gravitational anomaly coefficients
UR(1)
3 Nf (Nf − 1)/2 + 1/Nf (2−Nf )3
SU(Nf )
3 NfTr(t
A{tB , tC})
SU(Nf )
2UR(1) (2−Nf )Tr(tAtB)
UR(1) −Nf (Nf − 3)/2
Table 5.4.6: ’t Hooft anomaly coefficients.
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When rank(M) = Nf , there are no massless dual quarks. The low energy magnetic theory
is a pure SU(2)X×SU(2)Y Yang-Mills theory with the scale
Λ˜6s,0≡Λ˜6 =
µNc
28Λ2Nc−6Nc,Nc /det(µ
−1M)
=
detM
28Λ2Nc−6Nc,Nc
, s = X,Y, (5.4.30)
where the scale relations (5.2.10) and (5.4.29) are used. The discussion in Subsect. 5.3.2 shows
that the low energy supersymmetric SO(4)∼=SU(2)X×SU(2)Y gauge theory have four vacua
labelled by ǫXǫY = ±1. The gaugino condensation in each SU(2)s generates the superpotential
W = 2
(
〈λ˜λ˜〉X + 〈λ˜λ˜〉Y
)
= 2(ǫX + ǫY )Λ˜
3 = 2(ǫX + ǫY )
(detM)1/2
24ΛNc−3Nc,Nc
. (5.4.31)
(5.4.31) shows that these two vacua with ǫXǫY = 1 have the superpotential
W≈± 1
4
(detM)1/2
ΛNc−3Nc,Nc
(5.4.32)
and hence are not supersymmetric vacua since FM = ∂W/∂M does not vanish unless M = 0.
The other two vacua with ǫXǫY = −1 lead to W = 0 and hence lead to two supersymmetric
ground states. Therefore, there exist two vacua for rank(M) = Nf corresponding to the sign ±
of ±〈(W˜α)2X − W˜α)2Y 〉, the superfield form of the gaugino condensation 〈λ˜λ˜〉X + 〈λ˜λ˜〉Y . By the
identification
B∼(W˜α)2X − (W˜α)2Y , (5.4.33)
one can see that these two vacua for 〈M〉 of rank Nf = Nc correspond to the sign of B =
±√detM and hence are identical to the classical moduli space of vacua discussed in Sub-
sect. 5.3.2.
For the case rank(M) = Nf − 1, the low energy theory is a magnetic SO(4) theory with one
flavour, say, qNf . This low energy theory was discussed in Subsect. 5.3.3, where the low energy
theory has no massless gauge fields but qi∼bi. For the present case, the massless magnetic
composite should be something like a glueball
q˜∼(W˜α)2X − (W˜α)2Y . (5.4.34)
According to (5.4.1) one can construct a low energy effective superpotential
W =
1
2µ
MNfNf qNf ·qNf −
1
2µ
qNf ·qNf q˜2≡
1
2µ
NNfNf (M
NfNf − q˜2). (5.4.35)
Integrating out NNfNf = qNf ·qNf from the superpotential, we obtain
MNfNf = q˜2, (5.4.36)
so the composite field q˜ of the magnetic theory is a semi-classical construction in the electric
theory. On the other hand, (5.1.18) implies that for rank(M) = Nf − 1 = Nc − 1, the SO(Nc)
gauge symmetry is broken to U(1) in the moduli space and Nf − 1 of the Nf quarks become
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massive. So the electric theory is completely Higgsed but one of the quarks, qNf , remains
massless. Consequently, the baryon field is
B = ±
√
detM = ±
√
MNfNf , (5.4.37)
and thus from (5.4.34) and (5.4.36) we have
B = ±q˜∼(W˜α)2X − (W˜α)2Y . (5.4.38)
This means that the baryon field of the electric theory is indeed mapped to a massless glueball
q˜∼(W˜α)2X − (W˜α)2Y of the magnetic theory under the duality, as expected.
For rank(M) = Nf − 2, the low energy theory is a magnetic SO(4)∼=SU(2)X×SU(2)Y with
two flavours qi, i = Nf − 1, Nf in the representation (2, 2). This theory was also discussed in
Subsect. 5.3.4. It is in the Coulomb phase and its exact solution is given by the curve (5.3.137),
y2 = x3 + (−U + Λ4X + Λ4Y )x2 + Λ4XΛ4Y x. Here for the magnetic theory U = detNij and
Nij = ǫ
rsqirqjs, i, j = Nf − 1, Nf . The discriminant
∆ = [U − (Λ2X + Λ2Y )2][U − (Λ2X − Λ2Y )2], (5.4.39)
shows that there exist massless monopoles or dyons at the points of the moduli space U = 0 and
U = U1 = (Λ
2
X +Λ
2
Y )
2≡4Λ4. We only consider the massless monopoles near U = U1. According
to (5.3.146) and (5.4.1), the superpotential near U = U1 should be
W =
1
2µ
Nf∑
i,j=Nf−1
M ijNij − 1
2µ
[det(Nij)− U1] E˜+E˜−. (5.4.40)
At U = U1, the N
ij equations of motion give
〈E˜+E˜−〉 = M
ij
U1
=
M ij
4Λ4
∼M ij. (5.4.41)
This shows that the monopoles or dyons in the magnetic theory are identified as some of the
components of the elementary quarks of the electric theory.
When rank(M) = Nf − 3, the low energy theory is a magnetic SO(4)∼=SU(2)X×SU(2)Y
with three flavours qi. This is just the case discussed in the last subsection since SU(2)s∼=SO(3).
Due to the vanishing of the one-loop beta function coefficient: β˜0 = 6−2Nf = 0, the low energy
theory is in a free non-Abelian magnetic phase with the gauge group SO(3) and three flavours of
magnetic quarks. These magnetic quarks can be identified as the quarks Qi, i = Nf −2, Nf −1,
Nf , of the SO(Nc) electric theory, since along the flat directions with rank(M) = Nf − 3, the
theory is Higgsed to an electric SO(3) gauge theory. It is very interesting that these elementary
quarks and gluons emerge out of strong coupling dynamics in the dual magnetic theory.
For the case rank(M)≤Nf −4, the low energy theory is a magnetic theory SO(4)∼=SU(2)X×
SU(2)Y with more than three flavours. Since the one-loop beta function coefficient β˜0 = 6 −
2Nf < 0, the theory is either not asymptotically free or a free theory in the infrared region.
Overall, above discussions shows that for rank(M) = Nf there are two vacua, the same
as in the classical case, while for rank(M) < Nf there is a unique ground state which can be
interpreted either as the one of the electric or as the one of the magnetic theory.
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Mass deformation
We add as usual a large mass term to the Nf -th electric quark by introducing a tree level
superpotentialWtree = mM
NfNf /2. With (5.4.1), the full superpotential of the magnetic theory
is thus Wfull =
1
2µM
ijqi·qj + 12mMNfNf . The MNfNf equation of motion gives
〈q2Nf 〉 = −µm. (5.4.42)
This non-vanishing expectation value breaks the gauge symmetry SU(2)X×SU(2)Y to the diag-
onal subgroup SU(2)d. Consequently, the Nf −1 quarks q̂irXrY will be decomposed into SU(2)d
triplets q̂̂
i
and singlets Ŝ
i
as in (5.3.49). The qNf equations of motion give M
iNf qi = 0 for any
qi and hence lead to
M iNf = 0. (5.4.43)
Further, the M îNf equations of motion give
q̂
i
·qNf = 0, î = 1, · · ·, Nf − 1. (5.4.44)
With (5.4.42), (5.4.43) and (5.4.44), the remaining low energy theory is the diagonal SO(3)∼=
SU(2)d gauge theory with Nf−1 SO(3) triplets q̂̂i and the singletsM î̂j , î, ĵ = 1, · · ·, Nf−1. The
dynamics of these fields is described by the low energy superpotential inherited from (5.4.1),
Ŵ =
1
2µ
M î̂j q̂̂
ia
q̂̂
ja
, a = 1, 2, 3. (5.4.45)
The instantons in the broken magnetic SU(2)X×SU(2)Y give an additional contribution to the
superpotential since they are well defined. The superpotential generated by the instantons can
be analyzed as follows. For det M̂ 6=0, the superpotential (5.4.45) gives masses µ−1M̂ to the first
Nf − 1 dual quarks q̂i, hence the low energy theory has one dual quark qNc and the SU(2)s
scale, which, according to (5.2.10) and (5.4.29), is
Λ˜5s,1 =
µNc
28Λ2Nc−6Nc,Nc /det(µ
−1M̂ )
=
µ det M̂
28Λ2Nc−6Nc,Nc
. (5.4.46)
(5.3.24) and (5.3.25) imply that the superpotential generated by the instantons in the broken
magnetic SU(2)s has the form
Winst = 2
Λ˜5X,1 + Λ˜
5
Y,1
qNf ·qNf
= 4
Λ˜5
qNf ·qNf
= − det M̂
26mΛ2Nc−6Nc,Nc
, (5.4.47)
where we have used (5.4.46), (5.4.29) and the decoupling relation (5.2.10) for Nf = Nc,
Λ2Nc−6Nc,Nc m = Λ
2Nc−5
Nc,Nc−1
. (5.4.48)
Combining Winst with the superpotential (5.4.45), one can see that the low energy dynamics
properly reproduces the magnetic SO(3) theory with Nf − 1 flavours with the superpotential
(5.4.11). Moreover, the scale relation (5.4.29) reproduces the scale relation (5.4.12) for the
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low energy electric and magnetic theories. First, the square of the scale relation (5.4.29) now
becomes
216
(
Λ˜6−Ncs,Nc
)2 (
Λ2Nc−6Nc,Nc
)2
= µ2Nc . (5.4.49)
Then in the magnetic theory, the non-vanishing expectation value (5.4.42), according to (5.2.17),
leads to
4
(
Λ˜6−Ncs,Nc
)2 (〈qNf ·qNf 〉)−2 = Λ˜6−2(Nc−1)3,Nc−1 , (Λ˜6−Ncs,Nc )2 = Λ˜6−2(Nc−1)3,Nc−1 µ2m222 . (5.4.50)
Inserting (5.4.48) and (5.4.48) into (5.4.49), we immediately get (5.4.12).
Having discussed these two specific cases, we shall review the general Nf > Nc case for which
the dual theory is an SO(Nf −Nc + 4) gauge theory.
5.4.4 Nf > Nc: General dual magnetic SO(Nf −Nc + 4) gauge theory
The superpotential in this range is given by (5.4.1), which, like before, is uniquely determined
by the symmetries and holomorphy around M = q = 0. The scale relation (5.4.6) between the
electric and magnetic theories now becomes
28Λ
3(Nc−2)−Nf
Nc,Nf
Λ˜
3(Nf−Nc+2)−Nf
Nf−Nc+4,Nf
= (−1)Nf−NcµNf , (5.4.51)
where the normalization factor C = 1/28 is chosen to get the consistent low energy behaviour
under large mass deformation and along flat directions.
We first have a look at the dynamical behaviour of the magnetic SO(Nf − Nc + 4) gauge
theory with Nf flavours. Its one-loop beta function coefficient β˜0 = 3(Nf −Nc+2)−Nf reveals
that for Nf≤3(Nc − 2)/2, β˜0≤0 and hence the theory is not asymptotically free. Consequently,
in the infrared region the theory will provide a weakly coupled magnetic description to the
strongly coupled electric theory. When 3(Nc − 2)/2 < Nf < 3(Nc − 2) both the magnetic
SO(Nf − Nc + 4) and the electric SO(Nc) theories are asymptotically free and have the same
interacting infrared fixed point, at which both the electric and the magnetic descriptions are in
a non-Abelian Coulomb phase and are physically equivalent. Due to the scale relation (5.4.51),
the magnetic description is at strong coupling as the number of flavours Nf increases while the
electric description is at weak coupling and vice versa. For Nf > 3(Nc−2), the one-loop electric
beta function coefficient β˜0 < 0, so the electric description is a free theory in the infrared region
whereas the magnetic coupling is strongly coupled. Therefore, the high energy magnetic theory
has provided a dual low energy description of the electric theory and vice versa.
At the origin of the moduli space, the fields M ij , the magnetic quarks qi and the SO(Nf −
Nc+4) gauge field multiplets are all massless, and the global symmetry SU(Nf )×UR(1) remains
unbroken. One can check that the ’t Hooft anomalies of this massless spectrum of the magnetic
theory indeed match the anomalies listed in Table 5.3.4 which receives contributions from the
fundamental particles of the electric theory. The relevant particulars such as the currents, the
energy-momentum tensor parts and the anomaly coefficients are listed in Tables 5.4.7, 5.4.8 and
5.4.9, respectively.
In the following, we further discuss the decoupling behaviour of the magnetic theory under
large mass deformation and along the flat directions and show that these phenomena indeed
coincide with the original electric description.
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SU(Nf ) UR(1)
ψijM ψ
ij
M t
A
ij,klσµψ
kl
M (3Nf − 2Nc)/Nfψ
ij
Mσµψ
ij
M
ψi
qr˜
ψ
i
qr˜σµt
A
ijψ
j
qr˜
(Nc −Nf − 2)/Nfψiqr˜σµψiqr˜
λ˜a 0 λ˜
a˜
σµλ˜
a˜
Table 5.4.7: Currents composed of the fermionic components of the singletM , magnetic quarks and the
magnetic SO(Nf −Nc + 4) gluino corresponding to the global symmetries SU(Nf )×UR(1).
Tµν
ψM i/4
[(
ψ
ij
Mσµ∇νψijM −∇νψ
ij
Mσµψ
ij
M
)
+ (µ←→ ν)
]
− gµνL[ψM ]
ψq i/4
[(
ψ
i
qr˜σµ∇νψiqr˜ −∇νψ
i
qr˜σµψ
i
qr˜
)
+ (µ←→ ν)
]
− gµνL[ψq]
λ˜ i/4
[(
λ˜
a˜
σµ∇ν λ˜a˜ −∇νλ˜
a˜
σµλ˜
a˜
)
+ (µ←→ ν)
]
− gµνL[λ˜]
Table 5.4.8: Energy-momentum tensor composed of fermionic components of M ij , qir and the magnetic
SO(Nf−Nc+4) gluino; L[ψ] = i/2(ψr˜σµ∇µψr˜−∇µψr˜σµψr˜), ∆µ = ∂µ−ωKLµσKL/2, σKL = i/4[σK , σL]
and σK = eKµσ
µ.
Triangle diagrams and ’t Hooft anomaly
gravitational anomaly coefficients
UR(1)
3 Nc(Nc − 1)/2 +Nc(2−Nc)3N2f
SU(Nf )
3 NcTr(t
A{tB , tC})
SU(Nf )
2UR(1) Nc(2−Nc)/Nf Tr(tAtB)
UR(1) −Nc(Nc − 3)/2
Table 5.4.9: ’t Hooft anomaly coefficients.
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Flat directions
In the flat directions parametrized by 〈M〉, the superpotential (5.4.1) shows that there are
k = Nf − rank(M) massless magnetic quarks qi. The F term, i.e. the M equation of motion
from (5.4.44), and the vanishing of the D-term from the gauge coupling part of the magnetic
theory require 〈qi〉 = 0. So along the flat directions the gauge symmetry SO(Nf − Nc + 4)
remains unbroken but there are only k = Nf − rank(M) flavours in the low energy magnetic
theory. In the following we discuss the dynamics of the low energy magnetic theory along the
flat directions according to the rank of M .
For rank(M) > Nc, more than Nc quarks are massive, so the flavour number k in the low
energy magnetic theory satisfies k = Nf − rank(M) < Nf −Nc, and thus
k≤(Nf −Nc)− 1 = (Nf −Nc + 4)− 5. (5.4.52)
Therefore, this low energy magnetic SO(Nf−Nc+4) theory with k flavours is similar to the elec-
tric SO(Nc) theory with Nf≤Nc − 5 flavours discussed in Subsect. 5.3.1. Thus a superpotential
like (5.3.1)
W =
1
2
(Nf −Nc − k + 2)ǫNf−Nc−k+2
16Λ3(Nf−Nc+2)−kNf−Nc+4,k
detM
1/(Nf−Nc−k+2) . (5.4.53)
will ne generated. Therefore, there exists no supersymmetric ground state at 〈qi〉 = 0 due to
the above dynamical superpotential.
For rank(M) = Nc, the low energy magnetic SO(Nf −Nc + 4) gauge theory has
k = Nf − rank(M) = Nf −Nc = (Nf −Nc + 4)− 4 (5.4.54)
flavours. Thus it is analogous to the electric SO(Nc) theory with Nf = Nc−4 flavours considered
in in Subsect. 5.3.2. Similarly, a superpotential
W =
1
2
(ǫX + ǫY )
16Λ2(Nf−Nc+4)Nf−Nc+4,k
detM
1/2 . (5.4.55)
arises. Consequently, two supersymmetric ground states exist at the origin 〈qi〉 = 0, correspond-
ing to the two sign choices for ǫX (or ǫY ) in ǫXǫY = −1. There is no supersymmetric ground
state for ǫXǫY = 1. The same is also true in the underlying electric theory.
For rank(M) = Nc − 1, the low energy magnetic theory is SO(Nf −Nc + 4) with
k = Nf −Nc + 1 = (Nf −Nc + 4)− 3 (5.4.56)
flavours. So it is analogous to the theory considered in Subsect. 5.3.3 . Thus the low energy
magnetic theory has no massless gauge fields but has massless composites, and they can be
interpreted as some of the components of the elementary electric quarks as in (5.3.35).
For rank(M) = Nc − 2, the low energy magnetic theory is SO(Nf − Nc + 4) with k =
(Nf −Nc + 4)− 2 flavours. It is analogous to the theory discussed in Subsect. 5.3.4. A similar
analysis shows that this magnetic theory has a massless photon which is confined because of
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the existence of magnetic monopoles at the origin 〈qi〉 = 0. This is just the dual description of
the the corresponding low energy electric theory when rank(M) = Nc − 2, in which there is a
massless photon with massless elementary quarks.
For 3Nc/2−Nf/2− 3≤rank(M) < Nc− 2, the number of massless flavours number k lies in
the range
(Nf −Nc + 4)− 2 < k = Nf − rank(M)≤3
2
[(Nf −Nc + 4)− 2]. (5.4.57)
The low energy magnetic theory is still strongly coupled since the one-loop beta function coef-
ficient β˜0 = 3(Nf −Nc + 2)− k > 0. If we dualize this magnetic theory, the electric theory will
be a free SO(Nc − rank(M)) gauge theory with Nf − rank(M) massless quarks due to the fact
that β0 = 3(Nc − rank(M) − 2) − (Nf − rank(M)) < 0. This result is obvious in the original
electric description.
For rank(M) < 3Nc/2 − Nf/2 − 3, the β˜0 < 0 and hence the variables in the low energy
magnetic theory are the same as the free ones.
In summary, when Nf > Nc, the moduli space of supersymmetric vacua is described by 〈M〉,
whose rank is at most Nc along with an additional sign when rank(M) = Nc. Thus one has
obtained a consistent description of the classical moduli space of the electric theory as discussed
in Subsect. 5.1.2 in terms of the strong coupling effects of the magnetic theory.
Mass deformation
Like in the above two special cases, we consider a tree-level superpotentialWtree = mM
NfNf /2.
In the electric theory this term gives a mass to the Nf -th quark Q
Nf and the correspond-
ing low energy theory is an SO(Nc) gauge theory with Nf − 1 quarks. In the magnetic
theory, combining this term with the superpotential (5.4.1), we have the full superpotential
Wfull =
1
2µM
ijqi·qj + 12mMNfNf . The MNfNf equations of motion lead to 〈q2Nf 〉 = −µm. This
non-vanishing expectation value further breaks the magnetic SO(Nf − Nc + 4) gauge theory
with Nf quarks to an SO(Nf −Nc + 3) gauge theory with Nf − 1 quarks. The qNf equation of
motion gives M îNf = 0, î = 1, · · ·, Nf − 1, and the M îNf equations of motion yield q̂i·qNf = 0.
Therefore, the remaining low energy magnetic theory is a magnetic SO(Nf −Nc+3) gauge the-
ory with Nf − 1 flavours and the superpotential WL = 1/2µM îjˆ q̂i·q̂j. This low energy magnetic
theory is dual to the low energy SO(Nc) gauge theory with Nf − 1 massless quarks. This can
be seen from following two aspects. First, the scale relation (5.4.51) for the high energy theories
can be precisely reduced to the one that relates the low energy electric and magnetic theories
mentioned above. (5.2.10) gives the scale of the low energy electric SO(Nc) theory with Nf − 1
massless quarks,
Λ
3(Nc−2)−(Nf−1)
Nc,Nf−1
= mΛ
3(Nc−2)−Nf
Nc,Nf
, (5.4.58)
while (5.2.14) gives the scale of the low energy magnetic theory
Λ˜
3[(Nf−Nc+3)−2]−(Nf−1)
Nf−Nc+3,Nf−1
= Λ
3[(Nf−Nc+4)−2]−Nf
Nf−Nc+4,Nf
(−µm)−1. (5.4.59)
Inserting (5.4.58) and (5.4.59) into (5.4.51) we indeed get the scale relation that relates the
SO(Nc) electric theory with Nf − 1 flavours to the SO(Nf − Nc + 3) magnetic theory with
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Nf − 1 flavours,
28Λ3(Nc−2)−(Nf−1)Λ˜3(Nf−Nc+1)−(Nf−1) = (−1)Nf−(Nc−1)µNf−1. (5.4.60)
Secondly, if we consider a concrete case, Nf = Nc+1, the corresponding magnetic description is
an SO(5) theory with Nf + 1 flavours. The mass term mM
NfNf/2 breaks the SO(Nc) electric
theory with Nf = Nc + 1 flavours to the low energy SO(Nc) electric theory with Nf = Nc
flavours, while at the same time, the non-vanishing expectation value 〈qNf 〉 breaks SO(5) with
Nf = Nc+1 flavours to the low energy magnetic SO(4)∼=SU(2)X×SU(2)Y with Nf = Nc, which
was discussed in the last subsection. This explicit low energy pattern coincides with the general
consideration [15].
5.5 Electric-magnetic-dyonic triality in supersymmetric SO(3) gauge theory
5.5.1 Peculiarities of supersymmetric SO(3) gauge theory
Supersymmetric SO(3) gauge theory is somehow exceptional compared to the general cases
introduced above. New non-perturbative phenomena arise. The most remarkable of them is
the occurrence of two theories dual to the original one. If the original SO(3) gauge theory is
“electric”, one dual theory is “magnetic” and the other one is called “dyonic”. One refers to this
dynamical pattern as electric-magnetic-dyonic triality. Moreover, a discrete symmetry (Z4Nf )
which is explicit in the original SO(3) theory can be realized in the dual magnetic and dyonic
theories. However, such symmetries can not be explicitly observed in the dual Lagrangians
because they are implemented by non-local transformations on the fields and hence are called
“quantum” symmetries. In the following we first give a general introduction to the special points
of supersymmetric SO(3) gauge theory and then, following the route of Ref. [1], introduce some
concrete cases with the definite matter contents.
Let us first have a look at the discrete symmetries of the SO(3) gauge theory with Nf
quarks. It is invariant under the Z2 charge conjugation transformation C and an enhanced Z4Nf
symmetry,
Q−→ei2nπ/4NfQ. (5.5.1)
This is because the quarks Qi are in the adjoint representation of SO(3). With the normalization
of SO(3) generators Tr(T a˜T b˜) = δa˜˜b, a˜, b˜ = 1, 2, 3, the UA(1) operator anomaly equation is
∂µj(A)µ = 4Nf
1
32π2
ǫµνλρF a˜µνF
a˜
λρ. (5.5.2)
This Z4Nf symmetry will be realized non-locally in the dual theories. We can roughly understand
this as follows in the dual magnetic theory, which is an SO(Nf +1) theory with Nf dual quarks
qi and has the discrete symmetry Z2Nf and charge conjugation Z2 generated by the operation
q−→e−2iπ/(2Nf )Cq. (5.5.3)
The full Z4Nf symmetry in this dual magnetic theory should be generated by the “ square root
” of the operation (5.5.3). There are many possible choices in the “square root” of the charge
conjugation C, but Intriligator and Seiberg, using the concrete examples, found that it should
be a special element of the SL(2, Z) electric-magnetic duality modular transformation [15],
A = TST 2S. (5.5.4)
165
The discrete Z4Nf is thus a non-local “quantum symmetry”.
Another special point is that in the dual description of SO(3) gauge theory a new superpo-
tential term proportional to
det(qi·qj) (5.5.5)
arises with qi being the magnetic quarks. The necessity of adding this superpotential term stems
from ensuring that the dual of the dual of the SO(3) gauge theory should be SO(3) itself. The
discussion in Subsect. 5.4.2 shows that the dual description of SO(Nf + 1) with Nf flavours is
SO(3) with Nf flavours and an extra interaction term proportional to detM . By analogy, we
can see that only with the inclusion of (5.5.5) the dual of the dual of the SO(3) superpotential
(5.4.11) is identical to that of the original theory. For Nf≥3, the full superpotential of SO(Nf+1)
should be of the form (5.4.11) with the replacements
M ij ←→ qi·qj;
Λ2Nc−5Nc,Nc−1 = Λ
2(Nf−1)−1
Nf+1,Nf
←→ −Λ˜2(Nf−1)−1Nf+1,Nf , (5.5.6)
that is,
W =
1
2µ
M ijqi·qj + 1
26Λ˜
2(Nf−1)−1
Nf+1,Nf
det(qi·qj). (5.5.7)
The scale relation (5.4.12) should remain the same with the exchange Λ˜↔Λ since now SO(3) is
the original theory, and thus we get the scale relation
214(Λ˜
2(Nf−1)−1
Nf+1,Nf
)2Λ
6−2Nf
3,Nf
= µ2Nf , (5.5.8)
and its square root
27ǫΛ˜
2(Nf−1)−1
Nf+1,Nf
Λ
3−Nf
3,Nf
= (−1)3−NfµNf , (5.5.9)
where ǫ = ±1 comes from taking the square root of the instanton factor Λ3−Nf3,Nf of the electric
SO(3) theory and the phase (−1)3−Nf preserves the relation (5.5.9) along the flat directions and
under mass deformation.
The term (5.5.5) in the superpotential (5.5.7) brings some new phenomena into the dual
SO(Nf + 1) theory. Despite the invariance of the term (5.5.5) under the global symmetry
SU(Nf )×UR(1), it breaks some of the discrete symmetries, since under the transformation
qi−→ei2nπ/(4Nf )
det(qi·qj)−→einπ det(qi·qj). (5.5.10)
This shows that only the Z2Nf subgroup of the Z4Nf symmetry and the charge conjugation
C remain unbroken. Due to the anomaly (5.1.9) in the SO(Nf + 1) gauge theory, except for
Nf = 1, 2, the transformations qi−→ei2π/(4Nf )qi shift the vacuum angle θ:
θ−→θ + 2Nf 2π
4Nf
= θ + π. (5.5.11)
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Therefore, the symmetry transformation qi−→ei2π/(4Nf )qi in the original electric SO(3) theory,
which should also exist in the dual SO(Nf +1) theory, changes the sign of (5.5.5) (i.e. the n = 1
case of (5.5.10)) and shifts the vacuum angle by π (see (5.5.11)) for Nf 6=1, 2. Intriligator and
Seiberg interpreted this phenomenon as follows [15]. The original electric SO(3) theory has,
in fact, two dual descriptions corresponding to the two signs of this term for Nf 6=1, 2. One of
them is “magnetic”, which is the electric SO(Nf + 1) theory of discussed in Subsect. 5.4.2; The
other dual theory is “dyonic”, which will be reviewed later. These two dual theories are related
to another by a duality transformation. We will see that these triality transformations are the
extension of the Z2 group of N = 1 duality transformations to the modular transformation
group SL(2, Z). Precisely speaking, it is the subgroup of SL(2, Z),
S3∼=SL(2, Z)/Γ(2), (5.5.12)
which permutes these three theories, where Γ(2) is the subgroup of SL(2, Z) generated by the
monodromies (5.3.119). In one word, the full Z4Nf includes the moduli transformation which
exchanges the magnetic and dyonic theories and which appears as a quantum symmetry in the
dual descriptions.
Since the theories with Nf = 1, 2 are exceptional cases, we first discuss how the quantum
symmetry is realized in these two cases and then turn to the cases with more flavours.
5.5.2 One-flavour case: Abelian Coulomb phase and quantum symmetries
Since the quark now is in the adjoint representation of the SO(3) group, the model is just
the N = 2 theory discussed by Seiberg and Witten [1]. The theory has a quantum moduli
space labeled by the expectation value u = 〈M〉/2 = Q2/2. The SO(3) gauge symmetry is
spontaneously broken to SO(2)∼=U(1) on this moduli space. Consequently, the low energy
theory has a Coulomb phase with a massless photon. As discussed in Subsect. 5.3.4, the low
energy gauge coupling is given by the algebraic curve solution (5.3.120),
y2 = x3 − 1
2
Mx2 +
1
4
Λ43,1x. (5.5.13)
One usually chooses for convenience the normalization Λ3,1→2Λ3,1 and M→2M . With this
convention the curve solution changes to
y2 = x3 −Mx2 + 4Λ43,1x. (5.5.14)
As discussed in Subsect. 5.3.4, the singularities of the quantum moduli space is given by the
zeroes M±≡ ± 4Λ23,1 of the discriminant ∆(M) = M2 − 16Λ43,1. There exists a pair of massless
magnetic monopoles q±(+) atM+ = 4Λ
2
3,1 and a pair of massless dyons q
±
(−) atM− = −4Λ23,1. Cor-
respondingly, the effective superpotentials, for the monopoles and dyons, according to (5.3.147),
are, respectively
W+ = f+
(
M
Λ23,1
)
q+(+)q
−
(+); W− = f−
(
M
Λ23,1
)
q+(−)q
−
(−). (5.5.15)
Near the singularities M =M±, from (5.3.146), the superpotentials are, respectively,
W+ ≈ 1
2µ
(
M − 4Λ23,1
)
q+(+)q
−
(+); W−≈
1
2µ
(
M + 4Λ23,1
)
q+(−)q
−
(−). (5.5.16)
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Comparing (5.5.16) with (5.5.7), one can see that the first term is the Mq+q− term and the
second one is (5.5.5).
Let us see what the quantum symmetry in this model is. Classically, the N = 2 SU(2)
gauge theory has a global R-symmetry SUR(2)×UR(1) [2, 27]. At the quantum level, the UR(1)
symmetry is broken by an anomaly. Since all the fermionic fields, which include the gaugino
and quarks, are in the adjoint representation and their transformations under UR(1) have the
same form, the operator anomaly equation for this R-current in the adjoint representation is
∂µJ (R)µ = 4Nc
1
32π2
ǫµνλρF aµνF
a
λρ = 8
1
32π2
ǫµνλρF aµνF
a
λρ, a = 1, 2, 3. (5.5.17)
This anomaly shifts the vacuum angle: θ←→θ+8α, and hence the UR(1) is broken to ZR8 under
which the field Q and its fermionic component transform as
Q−→e2inπ/4Q, ψQ−→e2inπ/8ψQ, n = 1, 2, · · ·, 8. (5.5.18)
The index R in ZR8 indicates that it is the remanent from the UR(1). Since the center elements
of SUR(2) are contained in Z
R
8 , the full global symmetry including the charge conjugation C is((
SUR(2)×ZR8
)
/Z2
)
×C. (5.5.19)
Now let us observe how the discrete symmetries of (5.5.19) are realized in a given vacuum.
From (5.5.18), the ZR8 generator e
2iπ/8 acts on the scalar component of M as the operation R,
R : M−→eiπM = −M. (5.5.20)
Hence the ZR8 symmetry is spontaneously broken to Z
R
4 for M 6=0 since the elements e2inπ/8
of ZR8 with n even still leave M invariant. At the origin M = 0 of the moduli space the full
ZR8 symmetry is restored. It should be emphasized that for a given vacuum, i.e. a given point
on the moduli space, only a ZR4 symmetry is left of the UR(1) symmetry, while on the whole
moduli space the full ZR8 symmetry is still preserved. R
2 acts as charge conjugation on the
scalar component of Q, so does on Q,
R2 : Q−→eiπQ = −Q. (5.5.21)
Thus for M 6=0 this remaining ZR4 should be generated by R2C. Intriligator and Seiberg further
observed that the generators of ZR8 includes an SL(2, Z) modular transformation [15]
w = RA (5.5.22)
with
A = (TS)−1S(TS) =
(
−1 1
−2 1
)
, (5.5.23)
where T and S are the SL(2, Z) generators given in (5.3.63). Since that A2 = −1 = C, C being
the charge conjugation generators. Thus, w is the square root of the ZR4 generator, R
2C, i.e. a
generator of ZR8 .
The following consideration shows why the moduli transformation A necessarily appears in
w. Consider the central charge Z = ane + aDnm of the N = 2 superalgebra at M = 0. The
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action of UR(1) on the supercharge (two-component form), Q, is Q−→eiαQ. After UR(1) is
broken to ZR8 , the above transformation is carried out by the elements of Z
R
8 and is generated
by the transformation R : Q−→e2iπ/8Q. Due to the N = 2 superalgebra, Z∼{Q,Q}, and Z
must transform under w as Z−→eiπ/2Z = iZ. On the other hand, from the integral expressions
(5.3.113) for a(M) and aD(M),
aD =
√
2
π
∫ M/(4Λ2
3,1)
1
dx
√
x−M/(4Λ23,1)√
x2 − 1 ,
a =
√
2
π
∫ +1
−1
dx
√
x−M/(4Λ23,1)√
x2 − 1 , (5.5.24)
it is easily seen that near M = 0 [15]
a′n′e + a
′
Dn
′
e = i(ane + aDnm), (5.5.25)
if n′e and n
′
m are related to ne and nm by the modular transformation A = (TS)
−1S(TS). Since
the modular transformation A can be rewritten as CT (S−1T 2S) whereas according to (5.3.80)
S−1T 2S is the monodromy around M+ = 4Λ
2
3,1, thus A is actually congruent to CT modulo the
multiplication by the monodromy [15].
If M 6=0, the ZR8 symmetry is broken to ZR4 . The broken ZR8 generator w maps the massless
monopole at the singular pointM = 4Λ23,1 to the massless dyon atM = −4Λ23,1. At the origin the
ZR8 symmetry is restored and these massless soliton states are degenerate and are mapped from
one to another by the ZR8 symmetry. Since the monopoles and dyons are collective excitations,
the fields representing them are not local, so it is not possible to give w a local realization. This
fact further confirms that A should be a modular transformation. In particular, A cannot be
diagonalized by an SL(2, Z) transformation, i.e. we cannot find a 2×2 matrix X with integer
elements to make A diagonal by the operation X−1AX. This means that there exists no photon
field multiplet which is invariant under the action of A, since the photon supermultiplet is the
only local object in the low energy theory. Therefore, even A cannot be realized locally in the
low energy effective theory [15].
Now we consider how the above non-local symmetry is reflected in the dynamics (5.5.15) of
monopoles and dyons. The interpretation is as follows. The electric SO(3) theory has two dual
theories, one of them, which is called the magnetic dual, describes the physics aroundM = 4Λ23,1
with the superpotential W+ in (5.5.15). The other dual theory, which can be called the dyonic
dual, gives the physics near M = −4Λ23,1 with the superpotential W− in (5.5.15). The magnetic
dual is related to the electric theory by the modular transformation S of SL(2, Z) modulo Γ(2),
while the dyonic dual is related to the electric description by the SL(2, Z) transformation ST
modulo Γ(2).
5.5.3 Two-flavour case: non-Abelian Coulomb phase and quantum symmetries
In this case the classical moduli space is parametrized by the expectation value of the colour
singlets M ij = Qi·Qj , i, j = 1, 2, which transform as the adjoint representation of the global
SU(2)f flavour symmetry. For M
ij 6=0 the SU(2) gauge symmetry is completely broken and the
theory is in the Higgs phase. On the submanifold of the moduli space where detM = 0 , the
rank of M should be 1, and the SU(2) gauge symmetry will break to U(1). There now only
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exists a photon supermultiplet in the low energy theory, and the theory is in a Coulomb phase
[15].
There are not only these two phases in the low energy theory, a confining phase can also arise.
To see this, we add a tree level superpotential Wtree =M
ijmij/2. For detm 6=0, both Q1 and Q2
get a mass, and after integrating out the massive matter fields, the low energy theory is an N = 1
pure SU(2) gauge theory, which is known to be in the confining phase. For detm = 0 but m 6=0,
only one of the matter fields gets a mass, the low energy theory is the N = 2 supersymmetric
Yang-Mills theory discussed by Seiberg and Witten. Since now the matter field is in the adjoint
representation, the theory is in the Coulomb phase as shown in Ref. [1]. Thus we see that the
theory can be in three different phases, the Coulomb, confining and the Higgs phases. Note that
since the theory has no field in the fundamental representation of gauge group, as discussed in
Subsect. 2.4, the confining phase and the Higgs phases are distinct. The order parameter, the
Wilson loop, obeys an area law in the confining phase, but a perimeter law in the Higgs phase.
In the following we discuss the dynamics of each phase. Let us first consider the confining
phase. The low energy effective Lagrangian for N = 1 supersymmetric SU(Nc) gauge theory
was constructed in the 1980s from the UR(1) anomaly [25, 98]. Since locally SO(3)∼=SU(2), the
low energy effective action for the present N = 1 pure SO(3) Yang-Mills gauge theory is the
same as in the pure SU(2) case [12, 84]:
Weff = S
[
ln
(
Λ63,0
S2
)
+ 2
]
= S
[
ln
(
Λ23,2(detm)
2
S2
)
+ 2
]
, (5.5.26)
where S = WαWα is the composite (glueball) field and we have used the decoupling relation
(5.2.12) for the SO(3) theory, Λ23,2(detm)
2 = Λ63,0. According to Intriligator’s “integrating in”
technique [84], the low energy superpotential for the SO(3) gauge theory with matter fields can
be obtained from
W =Weff +
1
2
M ijmij = S
[
ln
(
Λ23,2(detm)
2
S2
)
+ 2
]
− 1
2
M ijmij (5.5.27)
by integrating out mij . ∂W/∂mij = 0 gives
mij = 4SM
−1
ij (5.5.28)
and hence
detm =
16S2
detM
. (5.5.29)
Inserting (5.5.28) and (5.5.29) into (5.5.27) we obtain the low energy superpotential for the
SO(3) gauge theory with two flavours,
W = S
[
ln
(
162Λ23,2S
2
(detM)2
)
− 2
]
. (5.5.30)
With the inclusion of the mass term for the two flavours, the full low energy superpotential is
Wfull = S
[
ln
(
162Λ23,2S
2
(detM)2
)
− 2
]
+
1
2
M ijmij. (5.5.31)
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Because S, as a glueball field, is always massive, it should be integrated out. The equation of
motion for S, ∂Wfull/∂S = 0, gives
S = ±detM
16Λ3,2
. (5.5.32)
Thus after integrating out S the full superpotential for the confining phase is
Wfull = ∓detM
8Λ3,2
+
1
2
TrmM. (5.5.33)
The dynamics of the Coulomb and the Higgs phase can be discussed as follows. Integrating
out M from (5.5.33) we obtain
〈Mij〉 = ±4 (Λ3,2 detm)m−1ij , 〈S〉 = ±Λ3,2 detm. (5.5.34)
Taking
m =
(
0 0
0 m22
)
, (5.5.35)
i.e. choosing only the second flavour Q2 to be massive. After integrating out Q2, the low energy
theory is the Seiberg-Witten model and hence is in the Coulomb phase [1]. Note that now
detM = 0 since from (5.5.34) detm = 0. Nevertheless, (5.5.34) and (5.5.35) give
Tr(Q1)
2 = TrM11 = ±4Λ3,2m22 = ±2Λ23,1, (5.5.36)
where we have used the scale relation (5.2.12) between Λ3,2 and Λ3,1. The exact solution is given
by the curve (5.5.14), y2 = x3−M11x2+4Λ3,2m22x. There exist massless monopoles and dyons
at the points M11 = ±4m22Λ3,2. The Higgs phase is represented by the generic points in the
moduli space with mass matrix m = 0 (i.e. mij = 0).
In summary, the above discussion has shown that all the three phases can be described by
the superpotential
W = e
detM
8Λ3,2
+
1
2
TrmM, (5.5.37)
where e = 0,±1 labels the three branches. The branch with e = 0 describes the Higgs or
Coulomb phases of the theory. Both of these phases are obtained for detm = 0. For m = 0,
the generic point in the moduli space is in the Higgs phase. When only m22 6=0, the low energy
theory is in the Coulomb phase, and it has a massless monopole at the point M11 = 4m22Λ3,2
and a massless dyon at the point M11 = −4m22Λ3,2. When detm 6=0, the monopole (the dyon)
will condense and lead to confinement (oblique confinement). e = −1 represents the confining
branch and e = 1 the oblique confinement branch [15].
Now let us turn to the dual description of the electric SO(3) theory with Nf = 2. It has two
dual theories and they are SO(3) gauge theories with two flavours. The holomorphy, dimensional
analysis, the global and gauge symmetries determine the superpotentials of the dual theories,
which should take following form:
W =
2
3µ
Tr (Mq·q) + ǫ
(
8Λ˜3,2
3µ2
detM +
1
24Λ˜3,2
det(q·q)
)
, (5.5.38)
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where ǫ = ±1 labels the two dual theories and the scales of the theories are related by the square
root of (5.4.12),
64Λ3,2Λ˜3,2 = µ
2. (5.5.39)
The sign ambiguity introduced by taking the square root is reflected in (5.5.38) by the sign ǫ.
The first term in (5.5.38) is the standard one (5.4.1) of the dual theory. The detM term, from
(5.4.11), should appear for Nf = Nc − 1 and the det(q·q) term is as in (5.5.5). The coefficients
in (5.5.38) and (5.5.39) are chosen to guarantee the duality; later we shall explain in detail why
they are chosen as those given in (5.5.38).
The dual magnetic theory should also have three branches. In comparison with (5.5.37),
the superpotential is not only of the form (5.5.38), there should also emerge another term
characterizing the branches. Thus the full superpotential of the dual magnetic theory should be
We˜ =
2
3µ
Tr(MN) + ǫ
(
8Λ˜3,2
3µ2
detM +
1
24Λ˜3,2
detN
)
+ e˜
detM
8Λ˜3,2
, (5.5.40)
where Nij = qi·qj and e˜ = 0,±1 labels the three branches. Integrating out Nij by the equations
of motion for Nij and adding a Q
i mass term, Wtree = Tr(mM)/2, we immediately obtain
We˜ =
8Λ˜3,2
µ2
(
e˜− ǫ
1 + 3e˜ǫ
)
+
1
2
Tr(mM). (5.5.41)
This superpotential is the same as (5.5.37) with the identification
e =
e˜− ǫ
1 + 3e˜ǫ
. (5.5.42)
Eq. (5.5.41) shows that the coefficients in (5.5.38) are chosen to guarantee the identification of
this dual potential with (5.5.37).
The e˜ = 0 branch describes the the weakly coupled Higgs phase of the dual theory. On the
other hand, when e˜ = 0 (5.5.42) gives e = −ǫ = ∓1. From the above discussion, we know that
in the electric theory this corresponds to the two strongly coupled branches. In particular, when
ǫ = 1, the dual theory is in the Higgs phase, and e = −1 states that the corresponding electric
theory is in the confining phase. The Higgs branch of the ǫ = −1 dual theory describes the
oblique confinement branch of the electric theory since now e = 1. Therefore, the ǫ = 1 branch
should be regarded as the magnetic dual and the ǫ = −1 branch as the dyonic dual. These are
exactly the duality patterns introduced in Subsect. 5.5.1.
The two other branches of the dual theories are strongly coupled. The branches with e˜ = ǫ,
which describe the oblique confinement of the magnetic theory and confinement of the dyonic
theory, give the e = 0 branch and hence correspond to the Higgs branch of the electric theory.
The branches with e˜ = −ǫ, which correspond to the confinement phase of the magnetic theory
and the oblique confinement phase of the dyonic theory, also yield e = ǫ. and hence give another
description of the strongly coupled branches of the electric theory [15].
Overall, in this two-flavour case, there are three equivalent theories: electric, magnetic and
dyonic. The moduli space of each of them has three branches: Higgs, confinement and oblique
confinement. The map between the branches of the different theories is the S3 permutation
given by (5.5.42). Let us argue this from the discrete symmetry, along the line of the discussion
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in Subsect. 5.5.2. The electric theory has a ZR8 symmetry generated by Q−→e2iπ/8Q and charge
conjugation C. In the magnetic theory the ZR8 symmetry takes the form: M−→e2iπ/4M and
q−→e−2iπ/8AQ, where A is the non-local moduli transformation and satisfies that A2 = C. Thus
the ZR8 symmetry is a “quantum symmetry”.
In the following we explicitly verify the above duality patterns by working out one example,
the Coulomb phase of the electric theory. This phase is obtained by adding Wtree = mM
22/2
to (5.5.40) with e˜ = ǫ and integrating out the massive fields. The equations of motion for M22,
N22, M
12 and N12 from the superpotential
We˜=ǫ +Wtree =
2
3µ
Tr(MN) + ǫ
(
8Λ˜3,2
3µ2
detM +
1
16Λ˜3,2
detN
)
+
1
2
mM22 (5.5.43)
give, respectively,
2
3µ
(q2·q2) + 8ǫΛ˜3,2
3µ2
M11 +
1
2
m = 0, M22 = − ǫ
16Λ˜3,2
q1·q1
µ
, q1·q2 = 0, M12 = 0. (5.5.44)
(5.5.44) shows that forM11+3ǫmµ2/(16Λ˜32)6=0, the expectation value of q2 will break the gauge
group to SO(2). (5.5.43) and (5.5.44) lead to the low energy superpotential for the remaining
massless fields q1, denoted as q
+
1 and q
−
1 according to their SO(2) charges,
WL =
1
2µ
(
M11 −m ǫµ
2
16Λ˜3,2
)
q+1 q
−
1 =
1
2µ
(
M11 − 4ǫmΛ3,2
)
q+1 q
−
1 , (5.5.45)
where the relation (5.5.39) was used. This low energy superpotential will be modified by quantum
corrections from instantons in the broken magnetic SO(3) part. For large m, the instanton
contribution is small and can be ignored. The superpotential shows that the low energy theory
has massless fields q±1 at M
11 = 4ǫmΛ3,2 = 4ǫmΛ
2
3,1. These massless fields can be interpreted as
the monopoles for ǫ = 1 and the dyons for ǫ = −1 of the Nf = 1 case. This is precisely the dual
interpretation according to which the ǫ = 1 branch is the magnetic description and the ǫ = −1
the dyonic one.
In addition to the above two monopoles in the Coulomb phase, one can still find other
monopoles in the Nf = 1 theory arising from the strong coupling dynamics of the dual theories.
The superpotential (5.5.43) shows that q1 gets an effective mass
m˜ =
4M11
3µ
+
ǫ
12Λ˜3,2
u (5.5.46)
for u = q22 6=0. Thus q1 should be integrated out first and an Nf = 1 theory is obtained. (5.5.46)
and (5.2.12) give the scale of the low energy magnetic theory
Λ˜43,1 =
(
4
3µ
Λ˜3,2 +
ǫ
12
u
)2
. (5.5.47)
There should exist massless monopoles at
u = ±4Λ˜23,1 = ∓4
(
4
3µ
Λ˜3,2 +
ǫ
12
u
)
=
16Λ˜3,2M
11
µ(±3− ǫ) . (5.5.48)
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The M22 equation of motion in (5.5.44) gives
µ−1u = −4ǫΛ˜3,2
µ2
M11 − 3
4
m = − ǫ
16Λ3,2
M11 − 3
4
m. (5.5.49)
From (5.5.48) and (5.5.49), we obtain
M11 = 4mΛ3,2
∓3 + ǫ
1± ǫ . (5.5.50)
For m 6=0, since ǫ = ±1, the above equation gives only one solution:
M11 = −4ǫmΛ3,2 = −4ǫΛ23,1. (5.5.51)
Therefore, another monopole of the Nf = 1 theory has been found, whose existence is a conse-
quence of the strong coupling dynamics of the dual theory.
In the m = 0 case, a similar analysis shows that there exists a strongly coupled state in the
dual theories along the flat directions with detM = 0. This state can be interpreted as the
massless quark of the electric theory.
Finally, we consider the dual of the dual description (5.5.38) and see how the triality behaves
[15]. From the scale relation (5.5.39), the dual of the dual theories (5.5.38) should be an SO(3)
theory with Nf = 2 quarks, say d
i, gauge singlet fields M and N and the scale
˜˜
Λ3,2 = Λ3,2. (5.5.52)
By analogy with (5.5.38), the superpotential should be
W =
2
3µ
Tr(MN) + ǫ
(
8Λ˜3,2 detM
3µ2
+
detN
24Λ˜3,2
)
− 2
3µ
Tr[N(d·d)]
+η
8 ˜˜Λ3,2 detN
3µ2
+
det(d·d)
24Λ˜3,2

=
2
3µ
Tr(MN) + ǫ
(
detM
24Λ3,2
+
detN
24Λ˜3,2
)
− 2
3µ
Tr[N(d·d)]
+η
(
detN
24Λ˜3,2
+
det(d·d)
24Λ3,2
)
, (5.5.53)
where ǫ = ±1 and η = ±1 label different duals. There are two possible choices for ǫ and η.
The first one is ǫ = −η. Then the superpotential shows that N is a Lagrangian multiplier
implementing the constraint M = d·d and consequently the superpotential is W = 0. Thus with
this choice the dual of dual theory is just the original electric theory with di = Qi. The other
choice is ǫ = η, and the superpotential (5.5.53) becomes
W =
2
3µ
Tr(MN)− 2
3µ
Tr[N(d·d)] + ǫ
(
detM
24Λ3,2
+
detN
12Λ˜3,2
+
det(d·d)
24Λ3,2
)
. (5.5.54)
Now we integrate out Nij . The equations of motion for Nij give
detNN−1ij =
8Λ˜3,2
µ
(di·dj −Mij),
Nij = Λ
2
3,2 [det(di·dj −Mij)] (di·dj −Mij)−1. (5.5.55)
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Inserting (5.5.55) into (5.5.54) we get the superpotential
W =
ǫ
12Λ3,2
M ijǫikǫjl(d
k·dl)− ǫ
24Λ3,2
[detM + (d·d)] . (5.5.56)
(5.5.56) does not describe new dual theories. Defining
qi≡ǫij
√
ǫ
(
Λ3,2
Λ˜3,2
)1/4
dj (5.5.57)
and using the scale relation (5.5.39), we rewrite (5.5.56) in terms of the new variables,
W =
1
12Λ3,2
(
Λ3,2
Λ˜3,2
)1/2
M ij(qi·qj)− ǫ
24Λ3,2
[
detM +
Λ3,2
Λ˜3,2
det(q·q)
]
=
2
3µ
Tr[M(q·q)] + ǫ
[
8Λ˜3,2
3µ2
detM +
24Λ˜3,2
det
(q·q)
]
. (5.5.58)
This is precisely the magnetic dual superpotential (5.5.38). Thus it does not give a new dual
description.
In summary, the supersymmetric SO(3) gauge theory with Nf = 2 has three equivalent
descriptions: the original electric theory and the two magnetic dual ones. The above discussions
show that taking the duals of the dual theories permutes these three descriptions.
5.5.4 Nf = Nc = 3 case: Identification of N = 1 duality with N = 4 Montonen-Olive-
Osborn duality
This case has several special points [15]. First, the one-loop beta function vanishes, and
hence the bare coupling constant τ0 = θ0/(2π) + 4iπ/(g
2
0) is not renormalized at one-loop.
The two-loop beta function is negative, so the theory is not asymptotically free and the the-
ory is free in the infrared region; Secondly, the (magnetic and dyonic) dual descriptions are
SO(4)∼=SU(2)X×SU(2)Y gauge theories, thus we should discuss the duality for each SU(2)s
branch. In particular, since the electric quark superfields Q can be written as a 3×3 square ma-
trix in terms of their flavour and colour indices, the theory allows a cubic superpotential ∼ detQ
at tree level. With this cubic superpotential, the N = 1 duality is in fact the duality proposed by
Montonen and Olive [7] and found by Osborn [8] in N = 4 supersymmetric Yang-Mills theory.
Like in the discussions in previous sections, the various symmetries and holomorphy as well
as the mass dimension determine the superpotential of the magnetic and dyonic theories to be
W =
1
2µ
Tr[M(q·q)] + 1
64Λ˜s,3
det(q·q), s = X,Y, (5.5.59)
where q·q = ǫr˜X s˜X ǫr˜Y s˜Y qr˜X r˜Y qs˜X s˜Y since the magnetic quarks q belong to the fundamental
representation of each SU(2)s. The scales Λ˜s,3 of the magnetic SU(2)s are chosen to be equal
and are given by the relation
ǫ27eiπτ0Λ˜3s,3 = µ
3, (5.5.60)
where τ0 is the bare gauge coupling mentioned above, and ǫ = ±1 shows that the term eiπτ0 is
the square root of the SO(3) instanton factor. The sign of ǫ determines whether the dual theory
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is magnetic or dyonic. Note that in the two-flavour case ǫ only appears in the superpotential
(5.5.38) and not in the the scale relation (5.5.39). However, here ǫ appears in the scale relation
so that it can relate the instanton factor for the SU(2)s to the square root of the instanton
factor for the electric SO(3) theory.
As usual, we analyze the duality by looking at the flat directions and mass deformation. The
analysis in the flat directions is similar to the general Nf = Nc case and the det(q·q) term in the
superpotential does not modify the analysis essentially. Thus, in the following we only discuss
the mass deformation.
Introducing a large mass term Wtree = mM
33/2 for the third flavour, according to (5.2.12)
the decoupling of this heavy flavour in the electric theory will lead to a low energy theory with
two flavours and the scale
Λ23,2 = m
2e2iπτ0 . (5.5.61)
In the dual theory, adding the above mass term to the superpotential (5.5.59), we have
Wfull =
1
2µ
Tr[M(q·q)] + 1
64Λ˜3s,3
det(q·q) + 1
2
mM33. (5.5.62)
The equation of motion for M33 from (5.5.62) gives the expectation value, 〈q23〉 = −µm, which
breaks the dual SO(4)∼=SU(2)X×SU(2)Y gauge group to a diagonal subgroup SO(3)d. (5.2.17)
gives the decoupling relation of the dual theory
4(Λ˜3s,3)
2(µm)−2 = Λ˜23,2. (5.5.63)
(5.5.60), (5.5.61) and (5.5.63) immediately yield the relation (5.5.39) between the scale Λ˜3,2 of
the low energy magnetic theory and the scale Λ3,2 of low energy electric theory. This is another
argument for the correctness of the relation (5.5.60). Integrating out the massive fieldM33 using
the equations of motion for N33 = q3·q3, we have
M33 = − µ
32Λ˜3s,3
det(q·q)(q3·q3)−1. (5.5.64)
Inserting (5.5.64) into (5.5.62), we obtain
W =
1
2µ
Tr[M̂(q̂·q̂)] + 1
2
mM33 =
1
2µ
Tr[M̂ (q̂·q̂)] + ǫ
32Λ˜3,2
det(q̂·q̂) (5.5.65)
where we have taken into account (5.5.60) and (5.5.63). q̂ denotes the two light flavours. In
addition, the contribution generated by instantons in the broken part of the SU(2)X×SU(2)Y
gauge group should be included. To get the instanton contribution, we introduce the Lagrangian
multiplier field L and rewrite the second term as Tr[L(q̂·q̂)] −32ǫΛ˜3,2 detL. The original term
can be recovered upon integrating out L. Consequently, the superpotential (5.5.65) is rewritten
as
W =
1
2µ
Tr[M̂(q̂·q̂)] + Tr[L(q̂·q̂)]− 32ǫΛ˜3,2 detL. (5.5.66)
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(5.5.66) implies that q̂irXrY get the effective mass 2L + M̂/µ and hence that they should be
integrated out. The low energy theory is a pure SO(3)d gauge theory with the scale given by
(5.2.12),
Λ˜63,0 = Λ˜
2
3,2
[
det
(
M̂
µ
+ 2L
)]2
= Λ˜23,2
[det(M̂ + 2µL)]2
µ4
. (5.5.67)
A superpotential contribution by instantons is
Wins = 2ǫΛ˜
3
3,0 =
2ǫΛ˜3,2
µ2
det(M̂ + 2µL). (5.5.68)
The whole low energy superpotential is the combination of this instanton generated one and
(5.5.68),
W =
1
2µ
Tr[(M̂ + 2µL)(q̂·q̂)]− 32ǫΛ˜3,2 detL+ 2ǫΛ˜3,2
µ2
det(M̂ + 2µL). (5.5.69)
Integrating out L, ( 5.5.69) gives
W =
2
3µ
Tr
[
M̂ (q̂·q̂)
]
+ ǫ
[
8Λ˜3,2
3µ2
det M̂ +
1
24Λ˜3,2
det(q̂·q̂)
]
, (5.5.70)
which is just the superpotential of the dual SO(3) gauge theory of the Nf = 2 case given by
(5.5.38).
Next we add a perturbation to the electric theory in the form of a cubic superpotential [15]
Wtree = β detQ, (5.5.71)
where β corresponds to the Yukawa coupling. This kind of superpotential is special for Nf = 3
since only in this case Q can be written as a square matrix in terms of its flavour and colour
indices. If we choose β =
√
2, the gauge coupling will be identical to the Yukawa coupling,
and the theory is very similar to the N = 4 SO(3) supersymmetric Yang-Mills theory since all
of these three flavours are in the adjoint representation and the one-loop beta function is zero.
However, in general this theory is not identical to the N = 4 supersymmetric SO(3) Yang-Mills
theory since the two-loop beta function is negative, and thus only in the infrared region, the
theory with the cubic superpotential agrees with the N = 4 supersymmetric Yang-Mills theory.
The choice β =
√
2 means that we rescale Q as
Q−→
(√
2
β
)1/3
Q. (5.5.72)
Due to the non-vanishing two-loop beta function, there is a conformal anomaly connected to the
scale transformation (5.5.72) in the infrared region [22], which is proportional to
4 ln
(√
2
β
)∫
d2θ(WαWα) + h.c. . (5.5.73)
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This leads to a relation between τE, which is the effective gauge coupling in the infrared region,
and τ0 = θ/(2π) + 4iπ/g
2
0 , the bare gauge coupling:
e2iπτE = e2iπτ0
(
β√
2
)4
=
1
4
e2iπτ0β4, (5.5.74)
since the classical Lagrangian takes the form 1/g20
∫
d2θ(WαWα) + h.c. .
What are the effects of the cubic superpotential in magnetic theory? (5.4.8) and the second
relation in (5.4.9) mean that the electric operator detQ is mapped to (W˜α)
2
X − (W˜α)2Y . There-
fore, the addition of the above cubic superpotential to the electric theory makes the magnetic
SU(2)X×SU(2)Y theory have Λ˜3X,3 6=Λ˜3Y,3. Consequently, the various symmetries determine that
the superpotential (5.5.59) should be modified to
W =
1
2µ
Tr[M(q·q)] + 2ǫe
iπτ0
µ3
f(τE, ǫ) det(q·q). (5.5.75)
Similarly, the scale relation (5.5.60) is modified to
ǫ27eiπτ0Λ˜3s,3gs(τE , ǫ) = µ
3, (5.5.76)
where f and gs are functions of τE and ǫ whose explicit forms are not known. When β = 0,
the scales should coincide: Λ˜3X,3 = Λ˜
3
Y,3, and thus from (5.5.74), (5.5.75) and (5.5.76) we should
have
τE = i∞, f(τE, ǫ)|τE=∞ = gs(τE, ǫ)|τE=∞ = 1. (5.5.77)
In the infrared region the magnetic SO(4)∼=SU(2)X×SU(2)Y theory with Λ˜X 6=Λ˜Y also flows
to the N = 4 supersymmetric gauge theory. This can be observed from the Λ˜X≫Λ˜Y limit. We
denote τE in this limit by τ∗. Since supersymmetric SU(2) gauge theory with Nf = 3 is free in
the infrared region, for Λ˜Y = 0 the SU(2)Y gauge symmetry has become a global symmetry and
hence is not a dynamical symmetry any more. Consequently, the magnetic quarks qirXrY can be
written as qArX , A = 1, · · ·, 6. Thus the magnetic theory is an SU(2)X theory with six doublets
coupled through the superpotential (5.5.75). This superpotential breaks the global SU(6) to
SU(3)f×SU(2)Y under which the SU(2)X doublets qrX are in the representation (3, 2). The
strong SU(2)X dynamics confines them to be the meson fields Nij≡qi·qj in the representation
(6, 1), and φi in the representation (3, 3) of SU(3)f×SU(2)X . This can be seen from the decom-
positions of the fundamental representations of SU(3)×SU(3) and SU(2)×SU(2): 3×3 = 3⊕6,
2×2 = 1⊕3. The above global and SU(2)X gauge symmetries and the holomorphy determine
that the interaction of these fields should be given by the superpotential
Wint = −1
2
Nij
Λ˜X
(φi·φj) + 1
8
detN
Λ˜3X
+ 2detφ, (5.5.78)
where the φi have been rescaled to have mass dimension 1 instead of 2. Combining (5.5.78) with
(5.5.75) and adding a mass term Tr(mM)/2, we have the full superpotential
Wfull =
1
2µ
M ijNij +
2ǫeiπτ0
µ3
[
f(τ∗, ǫ) + 2
3gX(τ∗, ǫ)
]
detN
−1
2
Nij(φ
i·φj)
Λ˜X
+ 2detφ+
1
8
detN
Λ˜3X
+
1
2
Tr(mM). (5.5.79)
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Now we gauge the group SU(2)Y , i.e. localize this group and introduce new degrees of
freedom, the SU(2)Y gauge fields. If the energy is higher than Λ˜X , the coupling of the SU(2)Y
gauge theory is very weak and runs with the scale Λ˜Y . If the energy is much lower than Λ˜X ,
the SU(2)Y gauge fields will couple to the three triplets φ
i. The coupling τY will become very
strong and will not run. Thus it should satisfy
e2iπτY ∼ Λ˜
3
Y
Λ˜3X
. (5.5.80)
This means that for Λ˜Y≪Λ˜X , τY≃i∞.
The fieldsM and N in (5.5.79) are massive and should be integrated out. TheMij equations
of motion set
Nij = −µmij, (5.5.81)
and the Nij equations of motion give
Mij =
φi·φj
Λ˜L
+
4ǫeiπτ0
µ2
[
f(τ∗, ǫ) + 2
3gL(τ∗, ǫ)
]
m−1ij . (5.5.82)
After integrating out M and N the superpotential (5.5.79) becomes
W = 2detφ+
1
2
µ
Λ˜X
mij(φ
i·φj)− 2ǫeiπτ0
[
f(τ∗, ǫ) + 2
3gX(τ∗, ǫ)
]
detm. (5.5.83)
For m = 0, this superpotential is proportional to the Yukawa potential detφ. Thus in the
infrared region the magnetic theory can be identified with an N = 4 SU(2) supersymmetric
gauge theory with weak coupling τY .
The above discussion on the infrared magnetic theory was based on the limit Λ˜X≫Λ˜Y . Away
from this limit, in the infrared magnetic theory also flows to an N = 4 supersymmetric gauge
theory with the coupling τY being a function of τE.
It should be emphasized that the N = 4 supersymmetric theory with τY , as the infrared
limit of the magnetic theory, is the not the same as the N = 4 supersymmetric gauge theory
with τE given by (5.5.74), i.e. the infrared limit of the original electric theory. The original
electric N = 4 supersymmetric gauge theory, with coupling τE, is weakly coupled for β≪1; this
can be seen from (5.5.74):
τE∼ 2
iπ
ln β ∼ ∞. (5.5.84)
(Note that τ = θ/(2π) + 4iπ/g2.) The magnetic N = 4 theory, with coupling τY , is strongly
coupled for β≪1. This is because when β≪1, the mapping from the electric operator to the
magnetic one leads to
β detQ−→β
[
(W˜α)
2
X − W˜α)2Y
]
≃0. (5.5.85)
Consequently
Λ˜X≈Λ˜Y , (5.5.86)
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and hence according to (5.5.80), τY≈0. Conversely, the magnetic N = 4 gauge theory is weakly
coupled when Λ˜X≫Λ˜Y . This limit occurs for β ∼ 1, where the original electric N = 4 theory is
weakly coupled. Based on this fact, Intriligator and Seiberg assumed that [15]
τE = − 1
τR
. (5.5.87)
In this sense the N = 1 duality can be interpreted as a generalization of the N = 4 duality
proposed by Osborn based on the Montonen-Olive conjecture.
In this duality, the meson operatorM ij of the electric theory can be related to the correspond-
ing operator of the magnetic theory in the τY→i∞ limit by differentiating the superpotential
(5.5.83) with respect to mij,
Mij =
µ
Λ˜X
(
φi·φj
)
− 4ǫeiπτ0
[
f(τ∗) + 2
3gX(τ∗)
]
det(m)m−1ij . (5.5.88)
One notices that M ij has not the simple form of
(
φi·φj) but is shifted. A similar shift was
observed by Seiberg and Witten in discussing the flow from the N = 4 to the N = 2 theory
when m has one vanishing eigenvalue and the two other eigenvalues are equal. This gives a
strong support to the above assumption that N = 1 duality is related to N = 4 duality [15].
5.6 Dyonic dual of SO(Nc) theory with Nf = Nc − 1 flavours
It was shown in the last section that there exists a dyonic dual description in the SO(3) gauge
theory, which is a new duality phenomenon. In this section we shall explore some aspects of this
dual theory in more detail such as its flat directions and mass deformation etc.
We start from the electric SO(Nc) (Nc > 4) theory with Nf = Nc − 1 flavours discussed in
Subsect. 5.4.2. Its dual magnetic description is an SO(3) gauge theory with Nf quarks and the
superpotential (5.4.11). Now we consider the dual of this magnetic theory [15]. The discussion
in Subsect. 5.4.2 shows that the SO(3) theory has both magnetic and dyonic dual descriptions.
Both of them are SO(Nc) gauge theories with Nf matter fields d
i, gauge singlet fields M ij and
Nij and the superpotential
W =
1
2µ
Tr [N(M − d·d)]− 1
26Λ
2(Nc−2)−1
Nc,Nc−1
[detM − ǫ det(d·d)] (5.6.1)
according to (5.4.11), where ǫ = ±1 and the scales satisfy
˜˜
Λ
2(Nc−2)−1
Nc,Nc−1 = ǫΛ
2(Nc−2)−1
Nc,Nc−1
(5.6.2)
due to the scale relations (5.4.12) and (5.5.9). The equation of motion from (5.6.1) yields
M ij = di·dj . One can easily see that the theory (5.6.1) with ǫ = 1 gives W = 0 and (5.6.2)
shows that ˜˜
Λ
2(Nc−2)−1
Nc,Nc−1 = Λ
2(Nc−2)−1
Nc,Nc−1
. (5.6.3)
Thus this is just the original electric theory with the matter fields identified with the electric
quarks Qi. On the other hand, the theory (5.6.1) with ǫ = −1 has the superpotential
W = − 1
32Λ
2(Nc−2)−1
Nc,Nc−1
det(d·d) = 1
32
˜˜
Λ
2(Nc−2)−1
Nc,Nc−1
det(d·d) (5.6.4)
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and the scale
˜˜
Λ
2(Nc−2)−1
Nc,Nc−1 = −Λ
2(Nc−2)−1
Nc,Nc−1
= eiπΛ
2(Nc−2)−1
Nc,Nc−1
. (5.6.5)
According to (3.1.3), we have
τ =
θ
2π
+
4π
g2
i∼ 1
2iπ
ln Λβ0Nc,Nf =
1
2iπ
ln Λ
3(Nc−2)−Nf
Nc,Nf
=
1
2iπ
ln Λ
2(Nc−2)−1
Nc,Nc−1
, (5.6.6)
so the scale difference (5.6.5) with the original electric theory means a shift of the vacuum angle
θ by π,
θ−→θ + π. (5.6.7)
Therefore, the theory with the superpotential (5.6.4) is called the dyonic description of the
original electric theory. Let us next consider the physics in the flat directions of the dyonic dual
theory and the effects of mass deformation.
Flat directions
The flat directions of this theory are very subtle. The natural variables parametrizing the
classical moduli space are the singlet fields M ij = di·dj . The M equation of motion from
(5.6.4) gives detM = 0. Since M is an Nf×Nf matrix, one might conclude that the classical
moduli space of vacua is given by all the values of M ij subject to the constraints detM = 0,
i.e. rank(M)≤Nf − 1, and the gauge symmetry at most breaks to SO(2)∼=U(1). However, this
conclusion is not correct since from (5.6.4) this theory is scale Λ dependent. This can be made
more clear from the following arguments [15]. Consider the flat directions where M is diagonal
and has Nf − 1 non-zero equal eigenvalues a. In the case of the vacua far away from the origin
of moduli space, i.e. a≫Λ2Nc,Nc , the SO(Nc) gauge symmetry will break to SO(2)∼=U(1) due
to the non-vanishing 〈M〉. From the superpotential (5.6.4) and the Higgs mechanism, some
quarks will acquire masses of order aNf−1/Λ2Nf−3 while the massive gauge bosons are much
lighter, their masses are of the order
√
a. In the case that the energy of the theory lies between
these two values, Λ2Nc,Nf < q
2 < a, the gauge symmetry is neither broken nor are the quarks
in the vector representation of SO(Nc). This occurs because the interaction described by the
superpotential (5.6.4) is not renormalizable. Therefore, the above symmetry breaking pattern
cannot be applied to the large a case. On the other hand, if the the expectation values of di
are very large, the gauge symmetry is broken at a high energy scale and the SO(Nc) gauge
interaction is weak. This is because its one-loop beta function is positive. However, in this case
the superpotential (5.6.4) leads to strong coupling for the massive fields so that they cannot be
easily integrated out and hence the classical analysis gives the wrong conclusion.
What will happen if we consider the origin of the moduli space? Near the origin, the
expectation value 〈Mij〉≪Λ2Nc,Nf−1, and thus one can analyze the flat direction by first putting
the superpotential (5.6.3) aside. Then the dyonic dual description is similar to the electric
theory. From the discussion on the electric theory in Subsect. 5.5.2, we know that this dyonic
dual theory should have several branches as does the electric theory. We only consider its oblique
confining branch, which should still be described by the superpotential (5.4.28), only with the
scale replaced by
˜˜
Λ. This Wobl will differ from (5.4.28) by a sign due to the relation (5.6.2)
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with ǫ = −1. Now considering the superpotential (5.6.4) on this branch and adding to it Wobl
will give the full superpotential Wfull = 0. Thus on this branch with oblique confinement of the
dyonic description, one finds that the flat directions given by the space of 〈M ij〉 are identical
with the ones in the original electric theory, except that this theory is strongly coupled.
Mass deformation
To discuss the mass deformation, we again add a large mass term for the Nf -th flavour,
Wtree = mM
NfNf /2 to the superpotential (5.6.4),
Wfull = − 1
32Λ2Nc−5Nc,Nc−1
detM +
1
2
mMNfNf . (5.6.8)
The above discussions shows that in flat directions, near the origin of moduli space, the dynamics
is strongly coupled, and the theory has a confinement branch and hence there exist monopoles.
Away from the origin, in the case m≪Λ, the massive fields can be integrated out. From (5.6.8)
the equations of motion of these massive fields lead to:
dNf ·dNf = d̂i·dNf = 0, î = 1, · · ·, Nf − 1(= Nf − 2). (5.6.9)
(5.6.9) implies that dNf = 0 while d̂i may not vanish. If d̂i 6=0, the SO(Nc) gauge symmetry
will break to SO(2)∼=U(1), the massless fields being M̂ î̂j = d̂i·d̂j. However, rewriting the
superpotential
Wfull = − 1
32Λ2Nc−5Nc,Nc−1
det M̂MNfNf +
1
2
mMNfNf
=
1
2
m
(
1− det M̂
16mΛ2Nc−5Nc,Nc−1
)
dNf ·dNf = 1
2
m
1− det M̂
16Λ
2(Nc−2)
Nc,Nc−2
 d+·d−, (5.6.10)
where we have used the decoupling relation (5.2.10), we see that in the region det M̂ = 16Λ2Nc−2Nc,Nc−2,
there are also light fields coming from dNf , denoted as d± according to their U(1) charges. The
fields d± can be interpreted as the dyons E± of the low energy Nf = Nc− 2 theory. Recall that
these dyons were found in Subsect. 5.3.4 by means of a strong coupling analysis of the electric
theory and in Subsect. 5.4.2 by a strong coupling analysis of the magnetic theory, while here we
recognize them in a weak coupling analysis of the dyonic theory. This means that in the dyonic
dual theory, the dyon is a fundamental particle. As a natural consequence, an oblique confining
superpotential like (5.4.28) should be present in the tree level Lagrangian of the dyonic theory
(5.6.4).
Finally, to clearly show the triality between electric, magnetic and dyonic theories, let us see
what the magnetic dual and dyonic dual descriptions of this dyonic theory look like [15]. First
we consider the magnetic dual of the dyonic theory with superpotential (5.6.4). It is an SO(3)
gauge theory with Nf quarks qi and singlet fieldsM
ij . Its superpotential should be composed of
the superpotential (5.4.11) of the magnetic SO(3) gauge theory and the tree level superpotential
(5.6.4) of the dyonic theory,
W =
1
2µ
M ij (qi·qj)− 1
64
˜˜
Λ
2Nc−5
Nc,Nc−1
detM +
1
32
˜˜
Λ
2Nc−5
Nc,Nc−1
detM. (5.6.11)
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According to (5.6.2) and the square root of (5.4.12),
˜˜
Λ
2Nc−5
Nc,Nc−1 = −Λ2Nc−5Nc,Nc−1, we see that (5.6.11)
is the same as (5.4.11), so the magnetic dual of the dyonic dual theory is exactly the magnetic
dual of the original electric theory. If we take the dyonic dual of the dyonic theory with super-
potential (5.6.4), according to (5.6.6) and (5.6.7), the vacuum theta angle will be shifted by π
again and this will lead to a superpotential which cancels (5.6.4). Thus the dyonic dual of the
dyonic dual theory is the original electric theory.
To summarize, the SO(Nc) theory with Nf = Nc − 1 flavours has three equivalent descrip-
tions: the original electric SO(3) theory discussed in Subsect. 5.3.4, the magnetic SO(3) theory
described in Subsect. 5.4.2 and the dyonic SO(Nc) theory considered here. Taking the dual of
the dual theory permutes these three descriptions.
5.7 A brief introduction to Sp(Nc = 2nc) gauge theory with Nf = 2nf quarks
In this section we shall give a brief introduction to the non-perturbative phenomena, especially
the electric-magnetic duality, of N = 1 supersymmetric Sp(Nc) gauge theory with Nf flavours
of matter in the fundamental representation. These phenomena such as the generation of a
dynamical superpotential, the erasing of the classical vacuum degeneracy by non-perturbative
quantum effects, the appearance of a conformal window and the relevant duality are qualitatively
similar to those found in the SU(Nc) gauge theory with matter in the fundamental representation
and in the SO(Nc) gauge theory with matter in the vector representation [99]. In fact, it was
shown that the dynamics behaviours of the Sp(Nc) gauge theory are parallel to that of the
SO(Nc) theory since by formally extrapolating the parameter Nc in the SO(Nc) to negative
value, the result obtained in the SO(Nc) theory can be easily adapted to the Sp(Nc) theory
[100]. Thus in the following we shall only state the main results.
5.7.1 Some aspects of Sp(Nc = 2nc) gauge theory
Sp(Nc) gauge theory
First we briefly introduce the unitary symplectic group Sp(Nc). It is composed of the
transformations that preserve the antisymmetric inner product ηAJ
ABξB [101], with
(JAB) =
(
0 1
−1 0
)
= 1Nc/2×Nc/2⊗iσ2, (5.7.1)
where the element 1 denotes Nc/2×Nc/2 unit matrix. Thus the number of colours Nc should be
even, Nc = 2nc. The dimension of this group is Nc(Nc + 1)/2 = nc(2nc + 1). In particular, the
number Nf of flavours must be even since for an odd number of (chiral) fermions there exists
a discrete global anomaly [102], which will make the theory inconsistent at the quantum level.
So, we write Nf = 2nf . It should be emphasized that the fundamental representation of Sp(Nc)
is always pseudo-real.
The classical Lagrangian of supersymmetric Sp(2nc) gauge theory has the same form as
(5.1.1) and (5.1.2). The classical global flavour symmetry is SU(2nf )×UA(1)×UR0(1) and the
explicit transformations of the fields are similar to those listed in (5.1.3), (5.1.4) and (5.1.5). At
the quantum level, the UA(1) and UR0(1) symmetries will suffer from the ABJ chiral anomaly.
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SU(2nf ) UA(1) UR0(1) UR(1)
Qi 2nf +1 0 (nf − 1− nc)/nf
λ 0 0 +1 +1
Table 5.7.1: Representation quantum numbers of fundamental fields.
The corresponding operator anomaly equations are
∂µj
µ
A = 4nf
1
32π2
ǫµνλρF aµνF
a
λρ;
∂µj
µ
R0
=
[
4nf − 4(nc + 1) 1
32π2
]
ǫµνλρF aµνF
a
λρ, a = 1, 2, · · ·, nc(2nc + 1), (5.7.2)
respectively. In the same way as in the SU(Nc) and SO(Nc) cases, one can combine UA(1) and
UR0(1) to get an anomaly-free R-symmetry with the R-charge [51]
R = R0 +
nf − nc − 1
nf
A. (5.7.3)
Thus the quantum theory has anomaly-free global symmetries SU(2nf )×UR(1). According
to (5.7.3), the various U(1) quantum numbers of the quark superfield and gaugino and their
representation dimension under SU(2nf ) are listed in Table 5.7.1. The perturbative theory
gives the one-loop beta function coefficient [51]:
β0 = 3(Nc + 2) − 2Nf = 3(2nc + 2)− 2nf . (5.7.4)
Classical moduli space
The classical moduli space is described by the D-flatness directions. Q may have non-
vanishing expectation values in a D-flat direction. Up to gauge and global rotations, these
expectation values 〈Qir〉 can be written in the following matrix forms [99]
Q =

a1 0 · · · 0 0 · · · 0
0 a2 · · · 0 0 · · · 0
...
...
. . .
...
...
. . . 0
0 0 · · · anf 0 · · · 0
⊗12×2 (5.7.5)
for nf < nc and
Q =

a1 0 · · · 0
0 a2 · · · 0
...
...
. . .
...
0 0 · · · anc
0 0 · · · 0
...
...
. . . 0
0 0 · · · 0

⊗12×2 (5.7.6)
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for nf≥nc. (5.7.5) shows that for generic ai these expectation values break Sp(2nc) to Sp(2nc−
2nf ) by the Higgs mechanism for nf < nc and completely break Sp(nc) for nf≥nc. Thus the
moduli space of vacua is described by the expectation values of the “meson” superfields
Mij = Qi·Qj = ǫrsQir·Qjs = −Mji. (5.7.7)
Note that the fundamental representation of Sp(2nc) is always pseudo-real, so the metric in the
colour space is antisymmetric. The number of fields Mij is nf (2nf −1). For nf < nc, this is just
the number of the matter fields left massless after the Higgs mechanism. For nf > nc, since from
(5.7.6) and (5.7.7) rank(〈M〉)≤2nc, the Mij should be subjected to the classical constraints [99]
ǫ
i1···i2nfMi1i2Mi3i4 · · ·Mi2nc+1i2nc+2 = 0. (5.7.8)
In particular, for nf = nc + 1, the above constraint can be written as
PfM = 0, (5.7.9)
where PfM is the Pfaffian of the antisymmetric matrix M . Note that the moduli space of 〈M〉
subject to the constraint (5.7.8) is singular on submanifolds with rank(〈M〉)≤2(nc − 1) since in
this case some of the ai are zero and Sp(2nc) is not broken to Sp(2nc − 2nf ). Consequently,
there exist additional massless bosons on these singular manifolds.
The number of the meson superfields M ij subject to the constraints (5.7.8) is 4nfnc −
nc(2nc + 1). It is precisely the number of the matter fields Q
i
r remaining massless after the
Higgs mechanism. Note that there are no baryons in distinction to the SU(Nc) and SO(Nc)
cases since the invariant tensor ǫr1···r2nc of Sp(2nc) is always reducible, i.e. it can always be
broken up into sums of products of the second rank anti-symmetric tensor J ij . Therefore, the
baryons always decompose into mesons.
5.7.2 Quantum moduli space and non-perturbative dynamics
The non-perturbative quantum effects will modify the classical moduli space. Like in the SU(Nc)
and SO(Nc) cases, the dynamics is very sensitive to the relative numbers of colours and flavours.
Different ranges of the colour and flavour numbers will present distinct physical pictures [99].
nf≤nc: dynamically generated superpotential and erasing of classical vacuum
This range is very similar to the SU(Nc) case. In the low energy theory there is a dynamically
generated superpotential and it lifts all the classical vacuum degeneracy. The explicit form of this
dynamically generated superpotential is determined by the holomorphicity and the anomaly-free
global SU(2nf )×UR(1) symmetry as well as the mass dimension 3. The representation quantum
numbers of the quantities entering the superpotential are listed in Table 5.7.2. Similarly to the
dynamical superpotential (3.4.32) of the SU(2) case, and since M is an antisymmetric matrix,
the dynamical superpotential should be
W = A(nc, nf )
(
Λβ0/2
PfM
)1/(nc+1−nf )
= A(nc, nf )
Λ3(nc+1)−nfnc,nf
PfM
1/(nc+1−nf ) . (5.7.10)
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SU(2nf ) UA(1) UR0(1) UR(1)
M ij nf (2nf − 1) +2 0 2(nf − 1− nc)/nf
detM 0 4nf 0 4(nf − 1− nc)
Λβ0 0 4nf −4(nf − 1− nc) 0
Table 5.7.2: Representation quantum numbers of the quantities composing of the dynamical superpo-
tential, Λ being the dynamical scale.
A(nc, nf ) can be determined from the low energy limit and the explicit instanton calculation.
First, the one-loop beta function coefficient (5.7.4) and (3.4.4) give the running coupling
e2iπτ = e−8π
2g−2(q)+iθ =
(
Λ
q
)3(nc+1)−nf
. (5.7.11)
Considering the large aNf limit, (5.7.5) shows that the Sp(2nc) theory with 2nf flavours becomes
the low energy Sp(2nc − 2) theory with 2nf − 2 flavours. In the low energy theory
Pf M̂ = a−2nf PfM, (5.7.12)
where M̂ denotes the mesons corresponding to the light flavours. With (5.7.11) the identification
of the running coupling at the energy q = anf gives the relation between the high energy and
low energy scales
Λ
3nc−(nf−1)
nc−1,nf−1
=
2Λ
3nc−nf
nc,nf
a2nf
. (5.7.13)
As in the SU(Nc) case discussed in Sect. 3.4.1, the requirement that the superpotential (5.7.10)
properly reproduces the superpotential of the low energy theory, restricts the coefficients A(nc, nf )
to the form:
A(nc, nf ) = 2
nf/(nc+1−nf )A(nc − nf , 0) = 2nf/(nc+1−nf )A(nc − nf ). (5.7.14)
Further, giving the (2nf − 1)-th and 2nf -th flavours a large mass by introducing a tree level
superpotential, Wtree = mM2nf−1,2nf , the low energy theory is the Sp(2nc) theory with 2nf − 2
flavours with the scale given by the matching of the running couplings of the high and low energy
theories at the energy q = m:
Λ
3(nc+1)−(nf−1)
nc,nf−1
= mΛ
3(nc+1)−nf
nc,nf . (5.7.15)
After integrating out the two heavy flavours, the low energy superpotential coincides with the
general form of (5.7.10) only when the A(nc, nf ) satisfy(
A(nc, nf )
nc + 1− nf
)nc+1−nf
=
(
A(nc, 0)
nc + 1
)nc+1
. (5.7.16)
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To ensure (5.7.14) and (5.7.16) A(nc, nf ) must be equal to
A(nc, nf ) = (nc + 1− nf )e2inπ/(nc+1−nf )
(
2nc−1A
)1/(nc+1−nf )
,
n = 1, 2, · · ·, nc + 1− nf . (5.7.17)
The constant A can be determined from the instanton contribution. An explicit calculation
in the modified dimensional regularization scheme shows that A = 1 [103]. The dynamically
generated superpotential is now finally fixed:
W = (nc + 1− nf )e2inπ/(nc+1−nf )
2nc−1Λ3(nc+1)−nfnc,nf
PfM
1/(nc+1−nf ) ,
n = 1, 2, · · ·, nc + 1− nf . (5.7.18)
As mentioned in the SU(Nc) case, the concrete dynamical mechanisms generating the su-
perpotential (5.7.18) for nf < nc and nf = nc are different. For nf = nc, the gauge group
Sp(2nc) is completely broken, and (5.7.18) is generated by an instanton in the broken Sp(2nc).
A similar calculation as in the SU(Nc) case can explicitly verify this [32]. For nf < nc, (5.7.18)
is associated with gaugino condensation in the Sp(2nc−2nf ) supersymmetric Yang-Mills theory,
W = (nc + 1− nf )
(
− 1
32π2
WαWα
)
|Sp(2nc−2nf ). (5.7.19)
Like in the Nf < Nc case of the SU(Nc) theory, the dynamically generated superpotential
(5.7.19) has lifted all the classical vacua since it leads to non-vanishing F -term, F = ∂W/∂Q 6=0.
As the SU(Nc) and SO(Nc) cases, this is another typical example of dynamical supersymmetry
breaking. However, if we add a mass term Wtree = mijM
ij/2 to (5.7.18) and integrate the
massive fields, the low energy Sp(2nc−2nf ) Yang-Mills theory has nc+1 supersymmetric vacua
represented by the expectation values of Mij ,
〈Mij〉 = e2inπ/(nc+1)
(
2nc−1PfmΛ
3(nc+1)−nf
nc,nf
)1/(nc+1)
(m−1)ij . (5.7.20)
This conclusion can also be obtained from calculating the Witten index [31]. Note that now the
mass matrix of the Sp(2nc) quarks is antisymmetric.
nf = nc + 1: Smoothing of classical singular moduli space and chiral symmetry breaking
The superpotential (5.7.18) does not make sense for nf≥nc+1, so the dynamically generated
superpotential W = 0. Consequently, the vacuum degeneracy is not lifted for nf≥nc + 1 and
there exists a continuous quantum moduli space parametrized by the expectation values of Mij.
Giving masses to all of these 2nf flavours, their expectation values should still be given by
(5.7.20). This leads to a constraint to the quantum moduli space expressed in terms of the
Pfaffian
PfM = 2nc−1Λ2nc+1nc,nc+1. (5.7.21)
This is a quantum deformation of the classical constraint (5.7.8) as for the Nf = Nc case of the
SU(Nc) theory. This quantum correction is due to the contribution from instantons. Because of
187
triangle diagrams anomaly coefficients
and gravitational anomaly
Sp(2nf )
2UR(1) −2ncTr(t˜At˜B)
UR(1)
3 −nc(2nc + 3)
UR(1) −nc(2nc + 3)
Table 5.7.3: ’t Hooft anomaly coefficients, t˜A here denoting the generators of Sp(2nf).
the quantum deformation, there are no longer any classical singularities on the quantum moduli
space. Thus the quantum moduli space of vacua is smooth and there are no other additional
massless fields. This conclusion can be verified by the ’t Hooft anomaly matching.
It is easy to see from (5.7.6) and (5.7.7) that the non-vanishing 〈Mij〉 satisfying (5.7.21)
break the global SU(2nf )×UR(1) chiral symmetry to Sp(2nf )×UR(1) since Mij is antisymmet-
ric. We can check the ’t Hooft matching conditions for this unbroken global symmetry. The
fundamental massless fermions are the gaugino λa and the quarks Qir. Their representation di-
mensions and anomaly-free R-charges under the gauge group Sp(2nc) and the global symmetry
Sp(2nf )×UR(1) are (nc(2nc + 1), 1)−1 and (2nc, 2nf )−1, respectively. The massless composite
fermions are the fermionic components of the fluctuations of M around 〈M〉 satisfying (5.7.21)
and their representation quantum numbers are (1, nf (2nf − 1) − 1)−1. We can write down the
Sp(2nf )×UR(1) Noether currents and the energy-momentum tensors composed of the funda-
mental massless fermions and the fermionic components of quantum moduli as in the SU(Nc)
and SO(Nc) cases. It can be easily calculated that for nf = nc + 1, the anomalies do match.
The explicit non-vanishing anomaly coefficients are listed in Table 5.7.3
We make two flavours heavy by adding a mass term Wtree = mM2nf−1,2nf . From the high
energy and low energy scale relation (5.7.15) and the constraint (5.7.21), after integrating out the
two heavy flavours, we immediately get the superpotential (5.7.18) for the low energy nf = nc
theory.
nf = nc + 2: Confinement without chiral symmetry breaking
Before discussing the quantum moduli space let us first have a look at the classical moduli
space given by the constraints (5.7.8), which now become
ǫi1···i2nc i2nc+1i2nc+2i2nc+3i2nc+4Mi1i2 · · ·Mi2nc+1i2nc+2 = 0. (5.7.22)
(5.7.22) shows that the number of constraints is
(
4
2
)
= 6. Thus the classical low energy theory
has nf (2nf − 1)− 6 =(nc+2)(2nc +3)− 6 =nc(2nc +7) light fields M . In the quantum theory,
the light fields in the low energy theory are nf (2nf − 1) =(nc + 2)(2nc + 3) =nc(2nc + 7) + 6
antisymmetric fields M but subject to the dynamics given by the superpotential
W = − PfM
2nc−1Λ2nc+1nc,nc+2
. (5.7.23)
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Triangle diagrams Anomaly coefficients
and gravitational anomaly
SU(2nf )
3 2ncTr(t
A{tB , tC})
SU(2nf )
2UR(1) −2nc(nc + 1)/(nc + 2)Tr(tAtB)
UR(1)
3 −n3c(2nc + 3)/(nc + 2)2
UR(1) −nc(2nc + 3)
Table 5.7.4: ’t Hooft anomaly coefficients for both high and low-energy theories, tA being the generators
of SU(2nf)
The classical constraints can arise as the equations of motion from this superpotential. This can
be easily seen for rank (〈M〉) = 2nc. The superpotential gives masses to
(
2nf − 2nc
2
)
= 6
components ofM , hence only nc(2nc+7) fields remain massless. This coincides with the classical
case as it should be.
A new phenomenon is that there will be singular submanifolds in the quantum moduli space
when rank (〈M〉)≤2(nc − 1). In distinction from the classical physical interpretation, here the
singularity implies that some of the quantum components of M become massless on these sub-
manifolds. At the origin of the moduli space, rank (〈M〉) = 0, all the (nc+2)(2nc+3) components
of M are massless and the full global SU(2nf )×UR(1) chiral symmetry is unbroken. Thus we
can check whether the ’t Hooft anomalies match for the massless fermions at both fundamental
and composite levels. The massless fundamental fermions are the gaugino and quarks, and their
quantum numbers under SU(2nf )×UR(1) are given in Table 5.7.1. The massless composite
fermions are the fermionic components of the quantum moduli around the origin 〈M〉 = 0 and
their SU(2nf )×UR(1) quantum numbers are (nf (2nf − 1))−1. One can easily calculate the ’t
Hooft triangle anomaly diagrams and the UR(1) axial gravitational anomaly. The non-vanishing
anomaly coefficients are collected in Table 5.7.4 and they indeed match. Note that at Mij = 0
the chiral symmetry does not break but the colour degrees of freedom are confined. A similar
phenomenon was also observed in the Nf = Nc + 1 case of the SU(Nc) theory.
Making two flavours heavy by adding Wtree = mM2nf−1,2nf to the superpotential (5.7.23)
and integrating out these two massive fields, we can get the constraint (5.7.21) in the low energy
nf = nc + 1 theory as an equation of motion.
nf > nc + 2: Conformal window and duality
Increasing the number of flavours, we now reach the theories with nf > nc + 2. (5.7.4)
shows that for nf≥3(nc + 1) the one-loop beta function coefficient β0≤0, the theory is not
asymptotically free. It is free in the infrared region. So this range is not interesting. In the range
3(nc + 1)/2 < nf < 3(nc + 1), there is a non-trivial infrared fixed point of the renormalization
group flow at which the theory is in an interacting non-Abelian Coulomb phase. From the
discussions on the phases of gauge theory in Subsect. 2.4, the theory in this phase can have a
self-dual description. It was found [99] that the dual description is an Sp(2nf − 2nc − 4) gauge
theory with 2nf matter fields q
i in the fundamental conjugate representation of SU(2nf ), gauge
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Triangle diagrams Anomaly coefficients
and gravitational anomaly
SU(2nf )
3 2ncTr(t
A{tB , tC})
SU(2nf )
2UR(1) −2nc(nc + 1)/nfTr(tAtB)
UR(1)
3 −nc(2nc + 3)
UR(1) nc(2nc + 1)− 4nc(nc + 1)3/n2f
Table 5.7.5: ’t Hooft anomaly coefficients contributed by the massless fermions of the electric and
magnetic theories, tA being the generators of SU(2nf).
singlets Mij = −Mji and a superpotential
W =
1
4µ
Mijq
i
rq
j
sJ
rs, (5.7.24)
where µ is a parameter with mass dimension. The one-loop beta function coefficient of the gauge
coupling of the dual theory is, according to (5.7.4),
β˜0 = 3 [2(nf − nc − 2) + 2]− 2nf = 6(nf − nc − 1)− 2nf . (5.7.25)
(5.7.25) shows the reason to require nf > 3(nc + 1)/2: this choice makes β˜0 > 0 and the dual
theory has an identical fixed point of the renormalization group flow as the electric theory, at
which the electric and magnetic theories give physically equivalent description. Similarly to the
SU(Nc) and SO(Nc) cases, the relation between the dynamical scale Λ of the electric theory
and the scale Λ˜ of magnetic theory is
Λ
3(nc+1)−nf
nc,nf Λ˜
3(nf−nc−1)−nf
nf−nc−2,nf
= C(−1)nf−nc−1µnf . (5.7.26)
This scale relation will lead to typical electric-magnetic duality features as described for the
SO(Nc) and SU(Nc) theories. The low energy electric theory is equivalent to high energy
magnetic theory and vice versa.
Taking the singlet M to transform as the meson fields Mij = Qi·Qj of the electric the-
ory, the magnetic theory theory with the superpotential (5.7.24) has a global anomaly-free
SU(2nf )×UR(1) flavour symmetry as the electric theory, under which M is in the represen-
tation (nf (2nf − 1))2(1−(nc+1)/nf ) and the magnetic quark superfields qi in (2nf )(nc+1)/nf . At
〈M〉 = 0, the global SU(2nf )×UR(1) is unbroken in both the electric and magnetic theories.
One can easily check that the ’t Hooft anomalies contributed by the massless fermions in the
electric Sp(2nc) theory, gaugino and quarks, match those contributed from the massless fermions
in the magnetic theory: magnetic gaugino, magnetic quarks and the fermionic components of
the singlet M . Both sets of massless fermions give identical ’t Hooft anomaly coefficients as
listed in Table 5.7.5.
Along the lines of discussion of the SU(Nc) and SO(Nc) theories, we shall discuss the dy-
namical behaviour in the flat directions and under the mass deformation of the magnetic theory.
Let us first find the flat directions in the magnetic theory. The equations of motion for M from
the superpotential (5.7.24) and the D-terms of the Sp(2nc − 2nf − 4) gauge theory give the
flat directions parametrized by 〈qi〉 = 0 and arbitrary 〈Mij〉. Now giving M2nf−1,2nf a large
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expectation value, the quark superfields Q2nf−1 and Q2nf of the electric theory will get large
expectation values and they will break the electric Sp(2nc) theory with 2nf flavours to a low
energy Sp(2nc − 2) theory with 2nf − 2 flavours and the scale
Λ
3nc−(nf−1)
nc−1,nf−1
=
2Λ3(nc+1)−nf
〈M2nf−1,2nf 〉
, (5.7.27)
which is obtained from matching the running couplings at the energy 〈M2nf−1,2nf 〉. On the other
hand, in the magnetic theory, a large 〈M2nf−1,2nf 〉 will give a large mass (2µ)−1〈M2nf−1,2nf 〉 to
q2nf−1 and q2nf . The low energy magnetic theory is an Sp(2nf − 2nc − 4) theory with 2nf − 2
flavours, a superpotential of the form (5.7.24) and a scale
Λ˜
3(nf−nc−1)−(nf−1)
nf−nc−2,nf−1
= (2µ)−1M2nf−1,2nf Λ˜
3(nc+1)−nf . (5.7.28)
(5.7.24) and (5.7.28) show that the scale relation is preserved for the low energy electric and
magnetic theories and hence the duality relation remains.
Another interesting example is giving large values to rank(〈M〉) eigenvalues of M . Then
rank(〈M〉) magnetic quarks get heavy masses, and the low energy magnetic theory is the
Sp(2nf − 2nc− 4) gauge theory with 2nf − rank(〈M〉) flavours. From the above discussions, we
know that the electric Sp(2nc) gauge theory with nf≥nc+2 has a vacuum at the origin, 〈Q〉 = 0,
while the Sp(2nc) theory with nf≤nc + 1 does not: when nf≤nc, the dynamical superpotential
has erased all the vacua and the classical vacuum at the origin cannot escape from this fate;
when nf = nc + 1, the instanton correction smoothes out the singularity at the origin. In the
magnetic theory, for 2nf − rank(〈M〉)≤2nf −2nc−2 = 2(nf −nc−2)+2, i.e. rank(〈M〉)≥nc+1
there should exist no vacuum at 〈q〉 = 0 due to strong coupling effects. Since the equation of
motion of M requires the vacuum to be at 〈q〉 = 0, there is no supersymmetric vacuum for
rank(〈M〉)≥nc + 1. This is an obvious classical constraint in the electric theory, while in the
magnetic theory it is recovered from the strong coupling dynamics and the equations of motion
of M .
In the following we consider mass deformation. Giving a mass to the (2nf −1)-th and 2nf -th
flavours by adding the superpotential Wtree = mM2nf−1,2nf , the low energy electric theory is an
Sp(2nc) gauge theory with 2nf − 2 flavours and the scale
Λ
3(nc+1)−(nf−1)
nc,nf−1
= mΛ
3(nc+1)−nf
nc,nf . (5.7.29)
On the other hand, the equations of motion for M2nf−1,2nf obtained from Wtree and the super-
potential (5.7.24) yield
〈q2nf−1·q2nf 〉 = −2µm. (5.7.30)
This expectation value breaks the dual Sp(2nf − 2nc− 4) theory to Sp(2nf − 2nc− 6). Further-
more, the equations of motion of M
î2nf−1
and M
î2nf
, î = 1, · · ·, 2(nf − 1) yield
〈q̂i·q2nf−1〉 = 〈q̂i·q2nf 〉 = 0. (5.7.31)
This means that
M
î,2nf−1
=M
î,2nf
= 0. (5.7.32)
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(5.7.30) and (5.7.32) imply that the light fields in the low energy Sp(nf −nc− 3) theory are the
singlets M
î̂j
and the 2nf − 2 magnetic quarks q̂i with a superpotential of the form (5.7.24). The
matching of the running couplings at the energy 〈q2nf−1·q2nf 〉 gives the scale relation between
the low energy and high energy magnetic theories,
Λ˜
3(nf−nc−2)−(nf−1)
nf−nc−3,nf−1
= −(µm)−1Λ˜3(nf−nc−1)−nfnf−nc−1,nf . (5.7.33)
(5.7.29) and (5.7.33) show that the dual scale relation (5.7.26) is still satisfied and hence the
duality is preserved in the low energy theory.
Another kind of mass deformation consists of assigning masses to some of the flavours by
adding a mass term Wtree = m
ijMij/2 with rank(m
ij) = 2r. The low energy electric theory is
an Sp(2nf − 2r − 2nc − 4) gauge theory with 2nf − r flavours. If one chooses the mass matrix
m to satisfy nf − r − nc − 2 = 0, the magnetic gauge group will be completely broken and
there will arise a contribution to the superpotential from the instanton in the broken magnetic
gauge group. On the other hand, this also occurs in the low energy electric theory when nf =
nc + 2. Turning on the mass term Wtree = mM2nf−1,2nf in the electric Sp(2nc) theory with
nf = nc + 3 and integrating out the (2nf − 1)-th and 2nf -th flavours, we get the low energy
Sp(2nc) gauge theory with nf = nc +2. In the magnetic theory, with the addition of Wtree, the
equation of motion for M2nf−1,2nf yields 〈q2nf−1·q2nf 〉 = −2µm. The other magnetic quarks
q̂i, î = 1, · · ·, 2nf − 2 = 2(nc + 2) get masses 〈M̂ î̂j〉/(2µ). This is implied by the superpotential
(5.7.24). Thus Sp(2nc) breaks to Sp(2) and the instanton in this magnetic Sp(2) gauge group
yields a low energy superpotential
W =
Λ˜
6−(nc+3)
1,nc+3 Pf
(
M̂/(2µ)
)
q2nf−1q2nf
= − Λ˜
6−(nc+3)
1,nc+3 Pf M̂
(2µ)nc+3m
= − C Pf M̂
2nc+3(mΛ2ncnc,nc+3
= − C Pf M̂
2nc+1Λ2nc+1nc,nc+2
, (5.7.34)
where we have used the scale relation (5.7.26) Λ2ncnc,nc+3Λ˜
6−(nc+3)
1,nc+3 = Cµ
nc+3, and the decoupling
relation Λ2nc+1nc,nc+2 = mΛ
2nc
nc,nc+3. (5.7.34) shows that if the constant appearing in (5.7.26) is
C = 16, the superpotential (5.7.34) is precisely the superpotential (5.7.23) for the nf = nc + 2
case of the electric theory. Therefore, all the results for nf≤nc + 2 in the electric theory can be
obtained from the dual magnetic theory with nf≤nc + 3 by flowing down through introducing
mass terms.
To summarize, supersymmetric Sp(2nc) gauge theory with matter fields in the fundamen-
tal representation is another typical example that exhibits duality and other interesting non-
perturbative dynamical phenomena. Therefore, all the N = 1 supersymmetric gauge theories
have conformal windows and dual descriptions. This is in fact a generalization of Montonen-
Olive-Osborn duality of the N = 4 supersymmetric theory and Seiberg-Witten duality of the low
energy N = 2 supersymmetric theory. However, there are some differences between N = 1 dual-
ity and N = 2, 4 duality. In the N = 1 duality the original electric theory and the dual magnetic
description have different gauge groups and matter field contents. Especially, the N = 4 and
N = 2 dualities are thought to be exact, while N = 1 duality only arises in the infrared region.
In spite of this limitation, the potential application of N = 1 duality in exploring the non-
perturbative dynamics should not be underestimated since N = 1 supersymmetry can be easily
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broken to get a non-supersymmetric theory. In addition, the associated conformal windows also
have great significance since we get a large number of non-trivial interacting four-dimensional
conformal quantum field theories [104].
6 New features of N = 1 four-dimensional superconformal field
theory and some of its relevant aspects
The discussion in the previous sections shows that non-Abelian electro-magnetic duality emerges
in the IR fixed point of N = 1 supersymmetric gauge theory, where the theory is described by
an interacting superconformal invariant field theory. This is a new conformal invariant quantum
field theory in four-dimensions [104]. The only known non-trivial superconformal field theories
known before in four dimensions were the N = 4 supersymmetric Yang-Mills theory [105] and
the special N = 2 theories with vanishing β-function [106]. In fact, conformal invariance and
duality depend on each other: superconformal symmetry, manifested by the vanishing of the
NSVZ β-function, is the necessary environment for the survival of electric-magnetic duality,
otherwise the running of the coupling will ruin the electric-magnetic duality. On the other
hand, duality is very useful in understanding the dynamical structure of superconformal field
theory. The combination of electric-magnetic duality and superconformal symmetry has revealed
a large number of non-perturbative dynamical phenomena. Furthermore, some non-perturbative
information beyond the IR fixed point can be acquired by investigating the renormalization
group flow. Note that the realistic colour number Nc = 3 and flavour number Nf = 6 satisfy
the conformal window condition, 3Nc/2 < Nf < 3Nc. In this section we shall introduce some
of the new features of these non-trivial four-dimensional superconformal field theories and some
related aspects including the critical behaviour of the various anomalous currents, anomaly
matching in the presence of higher order quantum corrections, the universality of the operator
product expansion and the evidences for the existence of a four-dimensional c-theorem provided
by duality and superconformal symmetry.
6.1 Critical behaviour of anomalous currents and anomaly matching
As shown in (2.5.8), in a superconformal field theory, the supersymmetry algebra determines
that the energy-momentum tensor, the supersymmetry current and the chiral R-current all lie in
a single supermultiplet. Consequently, the axial anomaly of the R-current, the γ-trace anomaly
of the supersymmetry supercurrent and the trace anomaly of the energy-momentum tensor
also belong to the same supermultiplet. However, the trace anomaly of the energy-momentum
tensor is proportional to the β-function and thus cannot be saturated by the one-loop quantum
correction, while it was for a long time believed that the axial anomaly only receives contributions
from the one-loop quantum correction [107]. This used to be the famous anomaly puzzle in
supersymmetric gauge theory. A series of investigations have concluded that this paradox is
actually due to the difference between the operator form and the matrix element form of the
chiral anomaly equation [108]-[114]: the operator form of the anomaly equation is one-loop
only, while the matrix element form can receive multi-loop contributions. It was pointed out in
Ref. [114] that this difference actually occurs in any gauge theory, since the gauge invariance of
the regularization schemes adopted in calculating the anomaly can only unambiguously fix the
form of the renormalized matrix elements, while the form of the operator equation is conditional.
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Only in supersymmetric gauge theory, has this anomaly paradox been exposed because of the
anomaly supermultiplet.
In previous sections we only considered the one-loop ’t Hooft anomaly matching as a check
of the duality and other non-perturbative dynamical phenomena. Since N = 1 duality only
exists in the IR fixed point of the theory, where the theory is in a strong coupling region, the
effects of higher order quantum corrections cannot be neglected. Therefore, we must now check
’t Hooft’s anomaly matching including higher order quantum corrections.
Among the various anomalous currents participating in ’t Hooft anomaly matching, only the
singlet chiral R-current is affected by higher order quantum corrections [115]. Eq. (3.1.21) shows
that in supersymmetric SU(Nc) QCD with Nf flavours the anomaly-free R-current at the one-
loop level is a combination of two classically conserved but quantum mechanically anomalous
axial vector currents. One is the current R0 lying in the same supermultiplet with the energy-
momentum and the supersymmetry supercurrent. It was given by Eq. (3.1.13) and can be
rewritten in the following two-component field form [115]
R0αα˙ =
2
g2
Tr(λ†α˙λα)−
Nf∑
i=1
(
ψi†α˙ψ
i
α + ψ˜
i†
α˙ ψ˜
i
α
)
(6.1.1)
which is the fermionic part of the lowest (θ = θ = 0) component of the supercurrent superfield
[108, 115],
J0αα˙ = − 2
g2
Tr
(
Wαe
VW †α˙e
−V
)
+
Z
4
[({[
Dα
(
e−VQ
)]
eVDα˙
(
e−VQ†
)
+ Qe−VDα
[
eVDα˙
(
e−VQ†
)]
+QDα˙
(
e−VDαQ
†
)}
−
{
Q→ Q†, V → −V
})
+
(
Q→Q˜, V→− V
)]
, (6.1.2)
where Z is the wave function renormalization constant of the quark chiral superfields. Note that
here and in what follows, for the convenience of discussion, we have rescaled the vector supermul-
tiplet V−→V/g. Another axial current is the flavour singlet axial vector current Kµ composed
only of the matter fields, and its two-component field form is Kαα˙ =
∑Nf
i=1
(
ψi†α˙ψ
i
α + ψ˜
i†
α˙ ψ˜
i
α
)
.
This chiral current is usually called the Konishi current, it is the fermionic part of the θθ com-
ponent of the following superfield [29],
K˜αα˙ = −Z
4
({[
Dα
(
e−VQ
)]
eVDα˙
(
e−VQ†
)
− 1
2
Qe−VDα
[
eVDα˙
(
e−VQ†
)]
− QDα˙
(
e−VDαQ
†
)
−
(
Q→ Q†, V → −V
)}
+
{
Q→ Q˜, V → −V
})
= −Z
2
[Dα,Dα˙]
(
Q˜eVQ
)
+
(
Q→ Q†, V → −V
)
, (6.1.3)
which corresponds to the transformation invariance of the chiral superfields:
Wα →Wα, Q→ eiβQ, Q˜→ eiβQ˜. (6.1.4)
The anomaly of this current comes only from the one-loop quantum correction, and can be read
from the Konishi anomaly relation [29],
D
2
K˜ = D
2
Z
Nf∑
i=1
(
Q†ie
VQi + Q˜ie
−V Q˜†i
)
=
Nf
2π2
TrW 2, (6.1.5)
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here and in what follows, W 2 =WαWα. The superfield
K =
Nf∑
i=1
(
Q†ie
VQi + Q˜ie
−V Q˜†i
)
(6.1.6)
is usually called Konishi supercurrent due to the Konishi anomaly relation [29].
The higher order effects of the R0 anomaly can be easily inferred from the operator anomaly
equation of the supercurrent J0αα˙ found a long time ago [115],
D
α˙
J0αα˙ = −1
8
Dα
3Nc −Nf
2π2
TrW 2 + γD
2
Z
Nf∑
i=1
(
Q†ie
VQi + Q˜ie
−V Q˜†i
) , (6.1.7)
with γ being the anomalous dimension of the matter fields, γ = −µ∂ lnZ/∂µ = −d lnZ/d lnµ.
The many loop effects are reflected in the term proportional to γ in Eq.(6.1.7). The combination
of (6.1.5) and (6.1.7) gives the multi-loop anomaly equation for R0,
∂µR0µ =
1
16π2
[3Nc −Nf (1− γ)]FµνaF˜ aµν . (6.1.8)
The anomaly coefficient is proportional to the NSVZ beta function of the gauge coupling, given
by Eq.(3.4.96). The θ2 component of the Konishi anomaly relation (6.1.5) gives the axial anomaly
of the Konishi current,
∂µKµ =
1
16π2
NfF
µνaF˜ aµν . (6.1.9)
Eqs. (6.1.8) and (6.1.9) suggest that the anomaly-free R-current with the inclusion of the higher
order effects should be the following combination
Rµ = R
0
µ +
(
1− 3Nc
Nf
− γ
)
Kµ. (6.1.10)
In the dual magnetic theory, complications will arise in constructing the anomaly-free R-
current due to the cubic superpotential (4.1.5) involving the magnetic quarks q, q˜ and the
colour singlet M . The magnetic Konishi current consists of a magnetic quark part and a singlet
field part,
Kαα˙ ≡ Kqαα˙ +KMαα˙,
Kqαα˙ =
Nf∑
i
Nf−Nc∑
r˜=1
(
ψir˜†qα˙ψ
i
qr˜α
+ ψ˜ir˜†qα˙ ψ˜
i
qr˜α
)
,
KMαα˙ =
Nf (Nf+1)/2∑
k=1
ψk†Mψ
k
M. (6.1.11)
The R0-current in the magnetic theory has the same form as in the electric theory,
R˜0αα˙ =
2
g˜2
Tr(λ˜α˙λ˜α)−Kqαα˙. (6.1.12)
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The superpotential provides an additional classical source for current non-conservation. The
anomaly equations of the supercurrent superfield J˜ and the Konishi relation are thus modifica-
tions of Eq. (6.1.7) and (6.1.5), respectively [115],
D
α˙
J˜0αα˙ = Dα

3W − Nf∑
i=1
Φi
∂W
∂Φi
−
 β˜0
16π2
TrW˜ 2 +
1
8
Nf∑
i=1
γiZiD
2
(
Φi†eV˜ Φi
) , (6.1.13)
1
8
Nf∑
i=1
γiZiD
2
(
Φi†eV˜ Φi
)
=
Nf∑
i=1
(
1
2
Φi
∂W
∂Φi
+
Ci
16π2
TrW˜ 2
)
, (6.1.14)
where Φi is a certain general chiral superfield contained in the superpotential W, γi and Zi are
the anomalous dimension and the wave function renormalization for Φi, β˜0 = 3Nc −∑Nfi=1Ci is
the coefficient of the first order β-function, Ci is defined by the normalization Tr(T˜ a˜T˜ b˜) = Ciδ
a˜˜b
with T a being the matrix representation to which the Φis belong, and W is a general classical
superpotential.
According to (6.1.13) and (6.1.14), the conserved R-current of the magnetic theory with the
inclusion of the higher order quantum corrections should be the following combination [115]:
R˜µ = R˜0µ +
[
1− 3(Nf −Nc)
Nf
− γq
](
Kqµ − 2KMµ
)
− (2γq + γM )KMµ
≡ R˜0µ + cqKqµ + cMKMµ ,
cq =
3Nc − 2Nf
Nf
− γq≡c0q − γq; cM = −2
3Nc − 2Nf
Nf
− γM = c0M − γM , (6.1.15)
where γq and γM are the anomalous dimensions of the fields q, q˜ and M , respectively. The
meaning of the terms and their coefficients in (6.1.15) is as follows: the special combination
Kqµ−2KMµ is classically conserved and its coefficient is the numerator of the NSVZ beta function
of the magnetic gauge theory; the coefficient of KMµ is proportional to the beta function βf =
f(2γq + γM ) of the Yukawa coupling f of the cubic superpotential Wf = fq ir˜ Mij q˜jr˜. 10
Although the higher order quantum corrections in constructing the anomaly-free R-current
are considered, they actually do not affect ’t Hooft’s anomaly matching. Since the ’t Hooft
anomaly is an external gauge anomaly, the theory should be put in a background of some
external gauge fields. It was explicitly demonstrated that all the higher order contributions to
the external anomalies of the R-current cancel exactly [115]. We first consider the UR(1)UB(1)
2
triangle diagram. Introducing the external UB(1) gauge field Gµ to couple to the baryon number
current, one can easily calculate the anomaly of the R0-current of the electric theory [115],
∂µR
µ
0 = −
1
48π2
NfNc(1− γ)GµνG˜µν , (6.1.16)
10The form of this beta function can be easily understood: due to the non-renormalization theorem of Wf , the
Yukawa vertex f(ψqφMψ
q˜
+ψqψMφ
q˜
+ ψMφMψ
q˜
) is not renormalized, hence the renormalization of the coupling
constant f is determined by the wave function renormalization constants, fR = Z
−1
q Z
−1/2
M f . Thus the beta
function is βf = 2γq + γM .
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where Gµν = ∂µGν − ∂νGµ is the external UB(1) gauge field strength. The anomaly for the
Konishi current Kµ in the external field background, like the internal anomaly, comes only from
one-loop quantum corrections,
∂µK
µ =
1
48π2
NfNcG
µνG˜µν . (6.1.17)
(6.1.10), (6.1.16) and (6.1.17) lead to
∂µR
µ = − 1
16π2
(−2N2c )GµνG˜µν . (6.1.18)
Thus the external anomaly of the R-current in the triangle diagram UR(1)UB(1)
2 receives no
higher order contributions. This cancellation is actually attributed to the definition (6.1.10) of
Rµ, which ensures that the higher order contribution of the triangle diagram containing R0 is
dismissed. Note that the anomalies we used to derive Eq. (6.1.10) are the internal ones. On the
magnetic theory side, it can also easily be found from (6.1.7) that ∂µR
µ = N2c /(8π
2)GµνG˜µν
[115]. Thus the ’t Hooft anomalies for the triangle diagram UR(1)UB(1)
2 match exactly as in
the one-loop case. Similarly, the other two triangle diagrams containing the R-current, the axial
gravitational anomaly UR(1) and the triangle diagram UR(1)SU(Nf )
2, also match exactly as in
the one-loop case.
There remains the UR(1)
3 triangle diagram. This diagram only concerns the UR(1) current.
It was argued from the holomorphic dependence of the quantum effective action on the external
field that the external anomaly for this triangle diagram gets only contributions from one-
loop quantum corrections [115]. It is well known that the Wilson effective action of a pure
supersymmetric Yang-Mills theory depend holomorphically on the gauge coupling and field
strength [112, 113]. In the presence of matter fields such as quarks and mesons, the Wilson
effective action of a supersymmetric gauge theory with the inclusion of an external gauge field
takes in Pauli-Villars regularization the following general form [113, 115],
SW (µ) =
1
16π2
[
8π2
g20
−
(
3CG ln
M0
µ
−
∑
i
ln
Mi
µ
)] ∫
d4xd2θTrW 2
+
1
16π2
[∑
i
Cexti ln
Mi
µ
] ∫
d4xd2θTrW 2ext
+
∑
i
Zi
4
∫
d4xd2θd2θΦi†eV Φi +
[
1
2
∫
d4xd2θW(Φ) + h.c.
]
, (6.1.19)
where g0 is the bare gauge coupling, µ is the renormalization scale, it also plays the role of
infrared cut-off in the Wilson effective action [113]. M0 and Mi are the Pauli-Villars regulator
masses for the ghost superfields and matter fields, respectively. The ghost fields arise due to
the (super-)gauge-fixing. CG is the Ci in the adjoint representation of gauge group; Wext is the
superfield strength corresponding to the external gauge field; Cexti are defined similar to Ci for
the generators when they appear in the interaction term with the external gauge field. W(Φi)
is the superpotential, and its presence or absence depends on the concrete model.
The holomorphy of the vector part of the Wilson effective action determines that the coeffi-
cients in front of W 2 and W 2ext are saturated by only the one-loop quantum correction. Higher
order quantum corrections only enter the wave function renormalization constant Z, and are
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absent for the coupling constant. Note that the Wilson effective action is actually an opera-
tor action. Its expectation value yields the usual quantum effective action, i.e. the generating
functional of the 1PI Green functions,
〈eiSW (µ)〉 = eiΓ(µ). (6.1.20)
The one-loop contribution to the R0 anomaly (including both the internal and external anoma-
lies) can be obtained through the action of the operator M0∂/∂M0+
∑
iMi∂/∂Mi on the vector
field part of the one-loop quantum effective action,
Γone−loop =
1
16π2
[
8π2
g20
−
(
3CG ln
M0
µ
−
∑
i
ln
Mi
µ
)]∫
d4xd2θTrW 2
+
1
16π2
[∑
i
Cexti ln
Mi
µ
] ∫
d4xd2θTr
(
W 2ext
)
. (6.1.21)
The anomaly for the Konishi current is also given by the differentiation Mi
∂
∂Mi
Γone−loop. This
way of calculating the anomaly confirms that the R-currents constructed in Eqs. (6.1.10) and
(6.1.15) indeed have no internal anomaly, since the WαWα term of Γ
one−loop is invariant under
the action of the operator
M0
∂
∂M0
+
∑
i
Mi
∂
∂Mi
(
1 + c
(0)
i
)
, c
(0)
i = c
(0)
q , c
(0)
M . (6.1.22)
The non-invariance of the W 2ext part in (6.1.21) under the action of (6.1.22) gives the external
anomaly of the R-current. The higher order quantum effect is reflected in the presence of the
wave function renormalization factors Zi, which can be included by the replacement [112]
Mi−→Mi = Mi
Zi
, M0−→M0 = M0
(g0/g)2/3
. (6.1.23)
Eq. (6.1.23) also implies that the role of Zi for the ghost regulator mass M0 is played by the
factor (g0/g)
2/3. Consequently, the multi-loop quantum effective action is
Γmulti−loop =
1
16π2
[
8π2
g20
−
(
3CG ln
M0
(g0/g)2/3µ
−
∑
i
ln
Mi
Ziµ
)]∫
d4xd2θTrW 2
+
1
16π2
[∑
i
Cexti ln
(
Mi
Ziµ
)] ∫
d4xd2θTrW 2ext. (6.1.24)
The W 2 part of this multi-loop quantum effective action is invariant under the action of the
modified operator
M0 ∂
∂M0 +
∑
i
Mi ∂
∂Mi
(
1 + c
(0)
i
)
. (6.1.25)
This means that the R-current remains internal anomaly-free in the presence of higher order
quantum correction, as it should be, while the action of (6.1.25) on the W 2ext part of Γ
multi−loop
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yields the external anomaly of the R-current. With the relation (6.1.23) it can be easily found
that [
M0 ∂
∂M0 +
∑
i
Mi ∂
∂Mi
(
1 + c
(0)
i
)]
Γmulti−loop
=
[
M0
∂
∂M0
+
∑
i
Mi
∂
∂Mi
(
1 + c
(0)
i
)]
Γone−loop. (6.1.26)
This implies that the external anomaly of the R-current is exhausted by the one-loop quantum
correction, and thus the anomalies of the UR(1)
3 triangle diagram match like in the one-loop
case.
The above discussion is a detailed analysis of the infrared behaviour of the R-current with the
inclusion of the higher order quantum correction carried out in the operator form of the anomaly
equation. One can also start from the matrix element form of the anomaly equation [116].
The matrix element form of the anomaly equation for the Konishi current has indeed revealed
some more interesting features than its operator form. The operator anomaly equations for the
Konishi current, Eqs. (6.1.9) and (6.1.17), imply that its internal and external anomalies have
only one-loop character, but from the matrix element form one sees that the external anomaly of
the Konishi current is proportional to the β-function and hence presents multi-loop character.
Furthermore, the matrix element form shows that the Konishi current must be renormalized
and thus it receives an anomalous dimension. This implies that the Konishi current remains
anomalous at the critical point, despite the fact that the matrix element of its operator anomaly
equation is proportional to the β-function, which vanishes at the critical point. In the following
we shall illustrate this by working out two examples, supersymmetric QED and QCD.
For supersymmetric QED, its generating functional in the presence of an external vector
superfield Vext is
Z =
∫
DVDΦDΦ˜eiS(V,Vext,Φ,Φ˜) = eΓ[Vext], (6.1.27)
where S[V, Vext,Φ, Φ˜] is the classical action of supersymmetric QED,
S =
∫
d4x
{
1
4g20
[∫
d2θW 2 + h.c.
]
+
∫
d2θd2θ
[
Φ†e−(V+Vext)Φ+ Φ˜e−(V+Vext)Φ˜†
]}
+ gauge fixing part, (6.1.28)
and Γ is the quantum effective action. We consider the case that the external momentum
k≫|W 2ext(k)|, then only the terms quadratic in Wext survive in an expansion in powers of
|W 2ext(k)|/|k|3. Thus the quantum effective action in this energy region is [47]
Γ [Vext] =
∫
d4xd2θ
1
4g2eff (k)
W 2ext + h.c. . (6.1.29)
Eqs. (6.1.5) and (6.1.7) show that the operator form of the Konishi anomaly D
2
K and the su-
percurrent anomaly D
α˙
Jαα˙ are proportional to the vector superfield strength operators W
2 and
DαW
2, respectively. Thus to determine the matrix element of the operator anomaly, one should
first compute the expectation value 〈W 2〉. From Eqs.(6.1.27) and (6.1.28), this expectation value
199
can be expressed in terms of the external field Vext, integrated over d
4xd2θ, and it is obtained
by taking the logarithmic derivative of Z with respect to 1/g20 ,∫
d4xd2θ〈W 2〉+ h.c. = −4i ∂
∂(1/g20)
lnZ. (6.1.30)
Omitting the integration over x and θ, (6.1.29) and (6.1.30) imply that the matrix element of
the chiral superfield operator W 2 is directly connected to the external superfield strengths W 2ext
[114, 116],
〈W 2〉 =
[
∂
∂(1/g20)
1
g2eff(k)
]
W 2ext =
∂g20
∂(1/g20)
∂g2eff
∂g20
∂
∂g2eff
(
1
g2eff
)
W 2ext
=
g40
g4eff(k)
β[g2eff (k)]
β(g20)
W 2ext =
β(g2eff )
β0(g2eff)
β0(g
2
0)
β(g20)
W 2ext. (6.1.31)
Here β0 = g
4/(2π2) is the one-loop β-function of supersymmetric QED [114, 116]. The factor
β0(g
2
0)/β(g
2
0) depends on the UV cut-off Λ, and hence it can be identified as a renormalization
factor of the operator W 2, i.e.
W 2 =
β0(g
2
0)
β(g20)
W 2ren. (6.1.32)
Consequently, Eq. (6.1.31) becomes
〈W 2ren〉 =
β(g2eff )
β0(g
2
eff)
W 2ext. (6.1.33)
(6.1.33) and the Abelian analogue of the operator anomaly equations, (6.1.5) and (6.1.7) [113],
D
α˙
Jαα˙ = −β(g
2
0)
6g40
DαW
2, DαD
2
K =
β0(g
2
0)
g40
DαW
2, (6.1.34)
lead to the renormalized matrix elements of the operator anomaly equation in the external
background field Vext,
〈Dα˙Jαα˙〉 = −β(g
2
0)
6g40
〈DαW 2〉 = − 1
6(2π)2
β(g20)
β(g20)
〈DαW 2〉 = − 1
6(2π)2
〈DαW 2ren〉
= − 1
6(2π)2
β(g2eff )
β0(g
2
eff )
〈DαW 2ext〉 = −
β(g2eff)
6g4eff
DαW
2
ext,
〈D2K〉ren = β(g
2
eff )
g4eff
W 2ext. (6.1.35)
(6.1.31) and (6.1.35) imply that the supersymmetry supercurrent is not renormalized and it
is conserved at the fixed point, whereas the Konishi current must be renormalized with the
renormalization factor ZK(g
2
0) = β(g
2
0)/β0(g
2
0), and the renormalized Konishi current is
Kren = ZKK. (6.1.36)
Therefore, the Konishi current will stay anomalous at the IR fixed point despite the fact that
the matrix element of its anomaly equation is proportional to the beta function.
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For supersymmetric QCD, the analysis is not so simple as in the Abelian case because the
external background gauge field is charged with respect to the gauge group, otherwise it cannot
participate in the interaction with the matter fields. Furthermore, the matrix element of a
current operator depends on gauge fixing. However, in the kinematic region where the currents
carry zero momentum, their matrix elements can be reduced to a form similar to (6.1.35) [47].
With the one-loop form of the Wilson effective action (6.1.19)
SW [µ] =
∫
d4xd2θ
[
1
2g20
+ β0 ln
(
Λ
µ
)]
Tr
(
W 2 +W 2ext
)
+
∫
d4xd2θd2θ
Nf∑
i=1
Zi
4
(
Qi†eVQi + Q˜ie−V Q˜i†
)
=
1
2g2one−loop
∫
d4xd2θTr
(
W 2 +W 2ext
)
+
∫
d4xd2θd2θ
Nf∑
i=1
Zi
4
(
Qi†eVQi + Q˜ie−V Q˜i†
)
, (6.1.37)
and the relation between SW [µ] and Γ[µ], (6.1.20), the differentiation of the 1PI effective action
with respect to the one-loop coupling 1/g2one−loop gives
〈TrW 2〉 = β(α)
β0(α)
β0(α0)
β(α0)
1
1− α0Nc/(2π)TrW
2
ext, (6.1.38)
where β(α) is the NSVZ β function, and β0 is the first order one. The matrix elements form of
the anomaly equations (6.1.5) and (6.1.7) at the renormalization scale µ, can be derived in the
same way as in the QED case,
〈Dα˙Jαα˙〉 = β(α)
24πα2
Tr
(
DαW
2
ext
)
, 〈D2Kren〉 = Nf
2π2
β(α)
β1(α)
TrW 2ext, (6.1.39)
where the renormalized Konishi current is defined as [47]
Kren =
(
1− α0Nc
2π
)
ZK(α0)K (6.1.40)
and the renormalization factor ZK(α0) = β(α0)/β0(α0).
Furthermore, the renormalization group invariance of the two-point correlator of the Konishi
current shows that its anomalous dimension is related to the slope of the beta function at the
critical point. The scale dimension for a general local operator O(x) at the fixed point is the
sum of its canonical dimension d0 and anomalous dimension γ(α⋆) at the critical value of the
coupling constant, which can be determined from the scaling behaviour of its two-point correlator
〈O(x)O(y)〉 at large distance (|x−y|→∞). The Callan-Symanzik equation (in coordinate space)(
|x− y| ∂
∂|x− y| + 2d0 + 2γ(α) + β(α)
∂
∂α
)
〈O(x)O(y)〉 = 0 (6.1.41)
determines that the correlator should be of the form
〈O(x)O(y)〉 = [ZO(x− y)]2 φ [α(x− y)] , (6.1.42)
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where ZO is the renormalization factor for the operator O, α(x − y) is the running coupling
constant defined at the scale µ ∼ 1/|x − y|, φ[α(x − y)] is an unknown function up to some
space-time or internal indices. At the critical point, β(α⋆) = 0, γ(α) = γ⋆, the correlator
(6.1.42) behaves as
〈O(x)O(y)〉∼ 1|x− y|2d0+2γ⋆ . (6.1.43)
For the Konishi current, as discussed above, its renormalization factor depends on the beta
function. It is enough to look at the two-point correlator of its axial vector component,
aµ∼
[
Dα˙,Dα
]
J |θ=0. (6.1.44)
(6.1.36), (6.1.40), the Lorentz covariance and the renormalization group equation for 〈aµ(x)aν(y)〉
lead to [116]
〈aµ(x)aν(y)〉 =
[
β(α)
β0(α)
]2 [φ1(α)gµν
|x− y|6 +
(x− y)µ(x− y)νφ2(α)
|x− y|8
]
, (6.1.45)
where the form factors φ1,2(α) cannot be explicitly determined from the Callan-Symanzik equa-
tion. At large distance, the running gauge coupling α(|x − y|) flows to α∗, i.e. the value at the
IR fixed point. Without losing generality, we assume that the β-function has only a simple zero.
Hence near the critical point,
β(α) = β′(α∗) (α− α∗) . (6.1.46)
The definition of the β function at the scale µ∼1/|x − y|, β [α(µ)] = dα(µ)/d lnµ, gives
α∗ − α = |x− y|−β′(α∗), near |x− y|−→∞. (6.1.47)
In the case that φ1,2 have no pole at the critical point, the substitution (6.1.47) into (6.1.45)
yields [116],
〈aµ(x)aν(y)〉∼ φ1(α)gµν|x− y|6+2β′(α∗) +
(x− y)µ(x− y)νφ2(α)
|x− y|8+2β′(α∗) , (6.1.48)
Thus the anomalous dimension of the Konishi current is related to the slope of the beta function.
In the dual magnetic theory, similarly to the operator form, the matrix element form of the
Konishi current anomaly equation will become quite complicated due to the flavour interaction
superpotential among the magnetic quarks and the singlet fields. The conservation of the Konishi
current is spoiled by both the superpotential and the gauge anomaly. To extract the matrix
element form of the Konishi current anomaly, a technique was invented [116] which consists of
first constructing an anomaly-free Konishi current for the Kutasov-Schwimmer model introduced
in Sect. 4.3 [83, 85, 86], then making the adjoint matter field decouple by introducing a large
mass term for it. In this way, one can obtain the Konishi current in the usual supersymmetric
QCD, which is thus called minimal supersymmetric QCD as in Refs. [83, 85, 86]. Recall that the
electric theory side of the Kutasov-Schwimmer model allows the superpotential (4.3.26), Wel =
gkTrX
k+1, X being the matter field in the adjoint representation of the SU(Nc) gauge group.
The magnetic theory has a superpotential (4.3.40) Wmag = g˜kTrY
k+1 +
∑k
p=1 tpM˜pq˜Y
k−hq, gk,
202
g˜k and tp are the corresponding coupling constants, which are explicitly written out here. In the
critical point of the model, the singlet field M˜p is identical to the meson field Mp in the electric
theory defined by (4.3.27) due to the duality.
When the Kutasov-Schwimmer model is at the critical point, the various couplings including
both the electric and magnetic gauge coupling and those appearing in the superpotentials Wel
and Wmag take their critical values, α = α♯, α˜ = α˜♯, s = s♯ etc. The anomaly-free Konishi cur-
rents in both the electric and magnetic theories are given by the Noether currents corresponding
to the non-anomalous UA(1) transformations on the matter fields. According to Eqs. (4.3.12) and
(4.3.16), the absence of the U(1) anomalies in both the electric and magnetic theories requires
that
NfqQ +NcqX = 0,
Nfqq − (Nc −Nf )qY = 0, (6.1.49)
where qQ(= qQ˜), qX , qq(= qq˜), qY are the corresponding U(1) charges of Q, Q˜, X, qq, qq˜,
respectively. At the same time, the U(1) invariance of the superpotentials Wel and Wmag in
both the electric and magnetic theories assign the coupling s, s˜, tp with the charges
qs = −(k + 1)qX , qs˜ = −(k + 1)qY ,
qtp =
(
2Nc
Nf
+ 1− p
)
qX +
(
p− k + 2Nf −Nc
Nf
)
qY , p = 1, 2, · · · , k, (6.1.50)
where use was made of the first relation of (6.1.49) and the identification of the singlet fields
M˜p in the magnetic theory with the meson fields Mp of the electric theory at the critical point.
Furthermore, matching the coupling constant tp at the scale of decoupling one heavy flavour
requires that the charges qtp remain identical under a deformation Nf−→Nf − 1. This leads to
[116]
qX = qY , (6.1.51)
and hence
qs = qs˜, qtp = −qs
3− k
k + 1
. (6.1.52)
The relations (6.1.50), (6.1.51) and (6.1.52) determine that the non-anomalous Konishi super-
current in the critical electric and magnetic Kutasov-Schwimmer model is a linear combination
of the Konishi current in the minimal supersymmetric QCD and a current constructed from the
adjoint matter fields [116],
Kel =
Nf∑
i=1
(
Qi†eVQi + Q˜ie−V Q˜i†
)
− Nf
Nc
Tr
(
X†eVXe−V
)
,
Kmag =
Nf∑
i=1
(
qi†eV qi + q˜ie−V q˜i†
)
− Nf
Nc
Tr
(
Y †eV Y e−V
)
+
[
2 + (1− k) Nf
Nc
]
Tr
(
M †M
)
, (6.1.53)
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where the U(1) charges of the electric quark supermultiplet are chosen as 1 as shown in (6.1.4).
We decouple the adjoint field X in the electric theory by introducing its mass term mTrX2.
After X is integrated out, the theory returns to the minimal supersymmetric QCD with only
quark superfieldsQ, Q˜. Furthermore, due to the duality map of the chiral operators at the critical
point of the Kutasov-Schwimmer model [83, 85, 86], Y also acquires a mass term mTrY 2, thus
in the magnetic theory the minimal supersymmetric QCD will be reproduced in the low-energy
limit with the matter fields q, q˜ and M . There are two delicate points to make clear in realizing
this: first, to precisely produce the minimal dual magnetic theory, one must choose a phase to
ensure that the magnetic gauge group SU(kNf −Nc− k) breaks down to SU(Nf −Nc). This in
principle should be under control. Second, despite starting from a critical Kutasov-Schwimmer
model and decoupling the heavy field X (in the electric theory ) or Y (in the magnetic theory
), usually one does not get the minimal supersymmetric QCD still at the critical point. This
can be understood from another viewpoint: the heavy fields X and Y can be thought of as
the regulator fields of the minimal supersymmetric QCD away from its critical point and their
massesm as the UV cut-off. Consequently, the resulting Konishi operators in the minimal theory
should be thought of as bare operators defined at the scale given by m. Equivalently speaking,
the Konishi operators in the Kutasov-Schwimmer model may be thought of as operators of the
minimal supersymmetric QCD regularized in a particular way. Therefore, the Konishi operators
in the minimal (electric or magnetic) theories can be defined by directly dropping the fields X
and Y . This immediately gives
Kel =
Nf∑
i=1
(
Qi†eVQi + Q˜ie−V Q˜i†
)
;
Kmag = 2Tr
(
M †M
)
+
Nf∑
i=1
(
qi†eV qi + q˜ie−V q˜i†
)
≡2JM + Nf −Nc
Nf
Jq. (6.1.54)
Eq.(6.1.54) shows that the electric Konishi current obtained in this way has its usual form,
and hence is expected to flow in the infrared region to the corresponding current in the critical
minimal theory.
The magnetic Konishi current needs a delicate analysis. Since the Kmag given in (6.1.54) is
obtained by the reduction of the magnetic Konishi current in the critical Kutasov-Schwimmer
model, it is defined at the scale m. At this scale the various couplings of the magnetic mini-
mal supersymmetric QCD are equal to their critical values with the heavy field Y present, i.e.
the critical values of the coupling constants in Kutasov-Schwimmer model, α˜ = α˜♯, λ = λ♯.
Below the scale m, as stated above, the low energy theory is the usual non-critical minimal
supersymmetric QCD. Thus the Konishi operator in (6.1.54) is actually defined on a particular
renormalization group trajectory, which is a path in the space parametrized by the couplings
(α˜, λ) of the non-critical minimal supersymmetric QCD. After this point is clear, one can easily
see how the Konishi current flows to the IR fixed point of the magnetic theory of the minimal
supersymmetric QCD. Note that the Konishi current operator is a composite operator, thus
in general its renormalization will lead to mixing with operators of lower dimensions. How-
ever, before the decoupling of the heavy fields X and Y , the electric and magnetic Konishi
current operators are identical in the critical Kutasov-Schwimmer model. Thus their dynamical
behaviour along the renormalization group trajectory, i.e. at any distance (or energy scale),
should be identical. This means that the magnetic Konishi current operator is renormalized
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multiplicatively, and hence it cannot mix with operators of lower dimension as soon as this is
true for the electric Konishi current operator in the off-critical electric theory. Therefore, the
magnetic Konishi current operator can be rewritten as a linear combination of renormalization
group invariant operators in an off-critical minimal magnetic theory,
Kmag = AK1 +BK2, (6.1.55)
where K1 and K2 are two fundamental renormalization group invariant operators constituting a
basis for any other renormalization group invariant operators. These two operators diagonalize
the anomalous dimensions matrix, i.e. that they do not mix with each other along the trajectory
of renormalization group flow. A and B are two constants determined by the original critical
Kutasov-Schwimmer model, thus they depend only on the critical values of the couplings, α˜ = α˜♯,
λ = λ♯.
The decomposition (6.1.55) is explicitly suitable for analyzing the IR behaviour of the mag-
netic Konishi current near the fixed point. K1 and K2 can be constructed by inspecting the
various U(1) currents and their anomalies as well as their relations with the Konishi current
operator. In the off-critical minimal supersymmetric QCD, one well known renormalization
group invariant operator is the non-anomalous R-current. However, it does not mix with the
Konishi current since they belong to current supermultiplet with different superspins. Thus this
R-current should be excluded from the candidates for K1 andK2. Two other possible candidates
are combinations of KM and Kq defined in (6.1.15). One is KW≡Kq − 2KM , whose divergence
is given by the gauge anomaly, and the other current is Ksp≡KM , whose divergence is only
proportional to the superpotential. The magnetic Konishi current (6.1.54) can be rewritten in
the following form in terms of these two new currents,
Kmag =
Nf −Nc
Nc
KW + 2
Nf
Nc
Ksp. (6.1.56)
Unfortunately, KW and Ksp mix under the renormalization group flow, so they cannot play the
roles of K1 and K2. It is found that K1 is actually the following combination [116],
K1 =
2Nf − 3Nc +Nfγq
48π2
KW + β˜λKsp = β˜α˜KW + β˜λKsp, (6.1.57)
where β˜λ = λ(γM + 2γq)/2 is the beta function of λ, and γq, γM are the anomalous dimensions
of the fields q, q˜ and M , respectively. This form of K1 explicitly remains invariant along the
trajectory of the renormalization group flow since its DαD
2
divergence is proportional to the
anomaly of the supercurrent Jαα˙,
DαD
2
K1 = D
α˙
Jαα˙ = −2Nf − 3Nc +Nfγq
48π2
DαD
2
TrW 2mag + β˜λDαD
2W, (6.1.58)
where Wmag is the gauge superfield strength of the magnetic gauge theory and W is the inter-
action superpotential among the magnetic quarks and the gauge singlet, W = λqiM ij q˜j . To
find the renormalization group invariant combination K2 requires determining the matrix Γ˜ of
anomalous dimensions. A similar procedure to the one used to derive (6.1.36) and (6.1.40) shows
that the entries of Γ˜ are proportional to linear combinations of the beta functions in the IR limit.
Thus the magnetic Konishi current (6.1.56) in the minimal supersymmetric QCD can formally
be written as
Kmag = A(α˜♯, λ♯,m)K1 +B(α˜♯, λ♯,m)K2. (6.1.59)
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In particular, A(α˜♯, λ♯,m) and B(α˜♯, λ♯,m) have well defined non-vanishing limits at m−→∞.
The form of Eq. (6.1.59) makes it possible to compute the anomalous dimension of the magnetic
Konishi current. Like what was done in the electric theory, we consider the two-point correlator
〈a˜µ(x)a˜ν(y)〉 of its axial vector component a˜µ. The large distance behaviour of this correlator
is determined by the matrix of anomalous dimensions [116] and hence by the renormalization
factors Z˜. These renormalization factors take into account the mixing of the operators TrW 2mag
and W. Since, as shown above, the entries of the Z˜ matrix are given by a combination of the
beta functions, the correlator 〈a˜µ(x)a˜ν(y)〉 at large distance must depend on the beta functions
of the coupling constants taken at the scale ∼ 1/|x − y|. Assuming that the beta functions
only have simple zeros at the critical point, one has the following asymptotic expansion in the
neighbourhood of the critical point, α˜ = α˜⋆, λ˜ = λ˜⋆,
β˜α = β˜
′
αα(α˜⋆, λ⋆)(α˜− α˜⋆) + β˜′αλ(α˜⋆, λ⋆)(λ− λ⋆),
β˜λ = β˜
′
λα(α˜⋆, λ⋆)(α˜− α˜⋆) + β˜′λλ(α˜⋆, λ⋆)(λ− λ⋆), (6.1.60)
where the constants β˜′αα, β˜
′
αλ, β˜
′
λα and β˜
′
λλ are the elements of the matrix β˜
′
ij(α˜⋆, λ⋆) = ∂β˜(i)/∂j
i, j = α˜, λ. A similar calculation as in the electric theory gives
〈a˜µ(x)a˜ν(y)〉∼ 1
|x− y|2β˜′min+6
, (6.1.61)
where β˜′min is the minimal eigenvalue of the matrix (β˜
′
ij). The identification of the correlators
〈aµ(x)aν(y)〉∼〈a˜µ(x)a˜ν(y)〉 at the critical points yields
β′(α⋆)el = β˜
′(α˜⋆, λ⋆)mag, (6.1.62)
i.e. the anomalous dimensions of the electric and magnetic Konishi currents are identical at
the critical points and are given by the slope of the beta functions evaluated at the critical
points. This is one of the most important conclusions revealed by the matrix element form of
the anomaly equation of the Konishi current.
6.2 Universality of operator product expansion
The operator product expansion (OPE) is an axiomatic-algebraic way to study conformal in-
variant quantum field theory. It had achieved great success in two dimensions [117], where the
quantum conformal algebras, the Virasoro and Kac-Mody algebras, are derived with the use of
the OPE, and all of the two-dimensional conformal field theories are classified according to the
unitary representations of the conformal algebra. Thus a natural idea is to look at the OPE
in the four-dimensional case. Some new features of the four-dimensional superconformal field
theories have indeed been revealed by the OPE:
First, in contrast to the two-dimensional case, the OPE of products of energy-momentum
tensors Tµν does not form a closed algebra. A new operator Σ with lower dimension arises. An
explicit calculation in a free superconformal field theory shows that Σ is the Konishi current
operator. In particular, Σ develops an anomalous dimension. Thus, the discussions in Sect. 6.1
suggests that even in an interacting four-dimensional superconformal field theory Σ may also be
identified with the Konishi current operator [47].
Secondly, the OPE of Tµν ’s and the OPE of Σ’s show that there are two central charges, c
and c′, where c is related to the gravitational trace anomaly of the theory. In addition, the OPE
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of Tµν and Σ implies that Σ has a non-vanishing conformal dimension h. These three numbers,
c, c′ and h characterize a four dimensional superconformal field theory. In the context of a free
four-dimensional field theory, an explicit calculation gives [118]
c =
1
120(4π)2
(
12N1 + 6N1/2 +N0
)
, (6.2.1)
where N1, N1/2 and N0 are the numbers of real vector fields, Majorana spinor fields and real
scalar fields. For a supersymmetric gauge field theory with gauge group G, there are Nv≡dimG
components of the vector superfield and Nχ≡dimT components of the chiral superfield in the
representation T . The central charge (6.2.1) hence becomes
c =
1
24
(3dimG+ dimT ) =
1
24
(3Nv +Nχ). (6.2.2)
It was found that in a free supersymmetric field theory [116], Σ = Φ†Φ, h = 0, and
c′ = Nχ = dimT. (6.2.3)
(6.2.1), (6.2.2) and (6.2.3) mean that c depends on the total number of degrees of freedom of
the theory, while c′ counts the degree of freedom of the chiral matter superfields.
Thirdly, higher quantum corrections show that c and c′ are universal, i.e. they are constants
independent of the couplings, while h is not.
In the following we shall illustrate these features by working out several examples of four
dimensional conformal field theories such as free massless scalar and spinor field theories and
N = 1 supersymmetric gauge theory at the IR fixed point.
The simplest example of a four dimensional conformal field theory is a massless free scalar
field theory with the following Lagrangian and propagator in Euclidean space [116],
L = 1
2
∂µφ∂µφ, 〈φ(x)φ(y)〉 = 1
(x− y)2 , (6.2.4)
and the energy-momentum tensor
Tµν(x) =
2
3
∂µφ∂νφ− 1
6
δµν(∂ρφ)
2 − 1
3
φ∂µ∂νφ. (6.2.5)
The correlator 〈φ(x)φ(y)〉 immediately leads to the OPE of Tµν ’s,
Tµν(x)Tρσ(y) = −c 1
360
Xµνρσ
1
(x− y)4 −
1
36
Σ(y)Xµνρσ
1
(x− y)4−h + · · · (6.2.6)
with c = 1 and h = 2, where the omitted terms are less singular terms, and the tensor operator
X is
Xµνρσ(x) = 2δµνδρσ✷
2 − 3 (δµρδνσ + δνρδµσ)✷2 − 2 (δµν∂ρ∂σ + δρσ∂µ∂ν)✷
−2 (δµρ∂ν∂σ + δµσ∂ν∂ρ + δνσ∂µ∂ρ + δνρ∂µ∂σ)✷− 4∂µ∂ν∂ρ∂σ . (6.2.7)
The OPE (6.2.6) is fixed by the symmetry of Tµν , the conservation ∂
µTµν = ∂
νTµν = 0 and the
tracelessness T µµ = 0. In particular, it shows that a new operator Σ = φ
2 arises. The OPE
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algebra is closed by the expansions,
Σ(x)Σ(y) =
2c′
(x− y)2h +
2
(x− y)hΣ(y) + · · · ,
Tµν(x)Σ(y) = −h
3
Σ(y)∂µ∂ν
1
(x− y)2 + · · · (6.2.8)
with c′ = 1. Note that in this special case c = c′ = 1, but they are in general not equal. The
generalization to the case of n free massless scalar fields φi, i = 1, 2, · · ·, n is straightforward,
where now c = c′ = n, h = 2 and Σ =
∑
i φ
iφi.
Another familiar example of a four-dimensional conformal field theory is the free massless
fermionic field (in Euclidean space),
L = 1
2
(
ψ/∂ψ − ∂µψγµψ
)
, 〈ψ(x)ψ(y)〉 = /x− /y
(x− y)4 ,
Tµν =
1
2
(
ψγµ∂νψ + ψγν∂µψ − ∂µψγνψ − ∂νψγµψ
)
− gµνL. (6.2.9)
The correlator, the symmetry and conservation of Tµν and the parity determine that the form
of the OPE of Tµν ’s should be of the form [116],
Tµν(x)Tρσ(y) = −c 1
360
Xµνρσ
1
(x− y)4
+
1
4
J5β(y) {[ǫµραβ∂ν∂σ∂α + (µ↔ ν)] + [ρ↔ σ]}
1
(x− y)2 + · · · (6.2.10)
with c = 6. The Σ-term involves the axial vector current operator J5µ = ψγ5γµψ. This is
required by the conservation of parity since the parity odd tensor ǫµνλρ appears in the OPE.
These two simple examples show that the non-closure of the OPE of Tµν is a general feature
of four-dimensional conformal field theory and that the OPE should be the form of (6.2.6) and
(6.2.8) with c, c′ and h generic.
Now we turn to the supersymmetric case. There is a long known four-dimensional super-
conformal field theory, N = 4 supersymmetric Yang-Mills theory. There also exist some N = 2
superconformal gauge theories with certain matter field contents. They all have identically van-
ishing beta functions, and their first central charges do not receive any higher order quantum
corrections. Thus to reveal the special features of superconformal field theory we need to con-
sider an N = 1 supersymmetric gauge theory in the IR fixed point. Here we choose a general
classical (four-component form) Lagrangian including both supersymmetric QCD (3.1.6) and a
cubic superpotential W = YrstQ
rQsQt/6 [48],
L = 1
4
(Fµν)
2 +
1
2
λ/Dλ+ (DµΦ)†DµΦ+
1
2
Ψ/DΨ
+i
√
2g
[
λ
a
Φ⋆r (T a) sr (1− γ5)Ψs −Ψ
r
(1 + γ5) (T
a) sr Φsλ
a
]
−1
2
[
Ψ
r
(1− γ5)YrstΦtΨs +Ψr(1 + γ5)Y ⋆rstΦ⋆tΨs
]
+
1
2
g2 [Φ∗r (T a) sr Φs]
2 +
1
4
YrstY
∗rmnΦsΦtΦ∗mΦ
∗
n, (6.2.11)
208
where Φ and Ψ are the four-component form of the quark superfieldQir and the flavour indices are
suppressed. Since the energy-momentum tensor Tµν , the R-current R0µ and the supersymmetry
current lie in the same supermultiplet, it is enough to work out the OPE of the lowest component
of this supermultiplet, i.e. the R0-current, R0µ(x) = λ
a
γµγ5λ
a/2−ψγµγ5ψ/2. Then the OPE of
the whole supermultiplet can be obtained through supersymmetry transformations. Note that
at the IR fixed point the R0-current is identical to the anomaly-free R-current, Rµ(x). The
dimension and conservation of the R-current require that the OPE of Rµ(x) should be [48]
Rµ(x)Rν(y)|x→y = 1
3π4
(∂µ∂ν −✷δµν) c
(x− y)4
+
2
9π2
Σ(y) (∂µ∂ν −✷δµν) c
(x− y)2−h + · · ·, (6.2.12)
where the new operator Σ(x) is the lowest component of the real superfield Σ(z) (z = (x, θ, θ)),
and is related to the renormalized Konishi operator by
Σ(z) = ρ(g, Y )Kren(z). (6.2.13)
ρ(g, Y ) is a function of the couplings that can be determined from an explicit perturbative
calculation [48, 38]. It is dimensionless since Krem is a renormalized operator and carries the
power µh of the renormalization scale µ. Similarly, the OPE of Σ(x)’s should be of the following
form [47, 38],
Σ(x)Σ(y)|x→y = 1
16π4
c′
(x− y)2−h + · · · , (6.2.14)
where the omitted parts in (6.2.12) and (6.2.14) denote less singular terms.
The second central charge c′ and anomalous dimension h can be obtained by an explicit
perturbative calculation. There are two independent methods[48]. The first one is calculat-
ing the connected four-point correlation function 〈Rµ(x)Rν(y)Rρ(z)Rσ(w)〉 in the asymptotic
region where |x− y|, |z−w|≪|x− z|, |y−w|. However, this method cannot give the proportion-
ality function ρ(g, Y ). The second method is to consider the two- and three-point correlators
〈Kren(x)Kren(y)〉 and 〈Rµ(x)Rν(y)Kren(z)〉, Kren(x) being the lowest component of Kren(z).
Since for a conformal invariant field theory, the two- and three-point functions can be fixed up
to a constant, the general forms of 〈Kren(x)Kren(y)〉 and 〈Rµ(x)Rν(y)Kren(z)〉 can be easily
written out. Concretely, scale and translation invariance lead to
〈Kren(x)Kren(y)〉 = A
16π4(x− y)4 , (6.2.15)
where A = c′/ρ2 due to (6.2.13). The tensor form of 〈Rµ(x)Rν(y)Kren(z)〉 is fixed by the
conservation of the R-current and the correct transformation properties under inversion, xµ −→
x′µ = xµ/x2, since any conformal transformation can be generated by combining inversions with
rotations and translations [53]. Thus
〈Rµ(x)Rν(y)Kren(z)〉 = B
36π6
1
(x− y)4−h(x− z)2+h(y − z)2+h
[(
1− h
4
)
Iµν(x− y)
−1
2
(
1 +
h
2
)
Iµρ(x− z)Iρν(z − y)
]
, (6.2.16)
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where Iµν(x) = ∂x
′
µ/∂x
ν = δµν − 2xµxν/x2. In the limit x∼y, the most singular term is
〈Rµ(x)Rν(y)Kren(z)〉∼ B
72π6(h− 2)
1
(y − z)4+2h (∂µ∂ν − δµν✷)
1
(x− y)2−h . (6.2.17)
The comparison of (6.2.15) and (6.2.17) with the OPEs (6.2.12) and (6.2.14) leads to the relations
c′(g, Y ) =
B2
(h− 2)2A, ρ =
B
(h− 2)A. (6.2.18)
A and B can be obtained through an explicit perturbative calculation. We thus finally get [48]:
c′ = Nχ + 2γ
r
r, h =
3
π2Nχ
YrstY
∗rst. (6.2.19)
The quantum corrections to the first central charge was calculated from a general renormalizable
theory containing vector, spinor and scalar fields in curved space-time [38]. Specialized to the
N = 1 supersymmetric gauge theory (6.2.11), the result is [48]
c =
1
24
(
3Nv +Nχ +Nv
β(g)
g
− γrr
)
. (6.2.20)
In (6.2.19) and (6.2.20), Nv = dimG and Nχ = dimT as shown in (6.2.2) and (6.2.3). The
gauge beta function β(g) and the anomalous dimensions γrs of the chiral matter superfields at
the one-loop level of the model (6.2.11) are the following:
16π2β(g) = g3
[
−3C(g) + TrC(T )
dimG
]
,
βrst =
1
3!
(Ymrsγ
m
t + Ymtrγ
m
s + Ymstγ
m
r)
16π2γrs =
1
2
Y rmnY ∗smn − 2g2 [C(T )]rs ,
C(G)δab = facdf bcd, [C(T )]rs = (T
aT a)rs. (6.2.21)
The comparison of (6.2.19) and (6.2.20) with the free field case, (6.2.2) and (6.2.3), shows that
the quantum corrections to c and c′ are proportional to a combination of anomalous dimen-
sion γrr and the beta function β(g). As we know, if the conformal symmetry is preserved at
quantum level, the beta function and anomalous dimensions must vanish. Hence from (6.2.19)
and (6.2.20), the first and second central charges c and c′ are identical to their classical values.
Conversely, if both c and c′ receive no quantum correction, then the theory remains confor-
mally invariant, whereas the second relation of (6.2.19) shows that under these conditions the
anomalous dimension h remains non-vanishing if we consider the cubic superpotential composed
of the chiral superfield. This means that c and c′ are independent of the couplings and hence
are universal, while the anomalous h is not. The above conclusion is the one-loop result. From
the NSVZ beta function (1.1) and the relation between βrst and the anomalous dimension γ
r
s
given in (6.2.21), we conclude that to all orders in the couplings g and Y there exists a fixed
surface of the renormalization group flow provided that the matter representation is chosen so
that 3dimGC(G) − TrC(T ) = 0 and g, Y are such that γrs = 0. Therefore, an important
feature of four dimensional superconformal field theory has been revealed: there exists a space
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of continuously connected conformal field theories and their central charges are universal, i.e.
c and c′ are constants, independent of the couplings in this space. Such quantities are called
invariants of a four-dimensional superconformal field theory. The third quantity contained in the
OPE, the anomalous dimension h is, as stated above, not an invariant of a four-dimensional su-
perconformal field theory, it actually manifests the inequivalence of the continuously connected
four-dimensional superconformal field theories in this space. These may be the essential features
of a superconformal field theory in four dimensions [48].
6.3 Possible existence of a four-dimensional c-theorem
The c-theorem was proposed by Zamolodchikov in the context of two-dimensional conformal
quantum field theory [37]. Its main idea is to define an appropriate function c(g) on the space of
the couplings, which monotonically decreases along the trajectory of the renormalization group
flow from the UV region to the IR one. At the fixed point g = gf of the beta function, β(gf ) = 0,
the c function c(gf ) should be equal to the central charge of the Virasoro algebra of the resulting
two-dimensional conformal field theory. Since this theorem can show how the dynamical degrees
of freedom are lost along the trajectory of the renormalization group flow from the UV region
to the IR region, a theorem, if it exists in four dimensions, will be quite helpful to understand
the dynamical mechanisms of some non-perturbative phenomena such as confinement and chiral
symmetry breaking. The search for a four-dimensional c-theorem began immediately after the
invention of the two-dimensional c-theorem. It was first suggested by Cardy that a c-function
in the four-dimensional case should depend on the expectation value of the trace of the energy-
momentum tensor of a quantum field in a curved space-time, integrated over a 4-dimensional
sphere S4 with constant radius [40]
C = N
∫
S4
〈T µµ〉
√
gd4x. (6.3.1)
Here N is a positive numerical factor and its value depends on the normalization of the c-
function. In a curved background space-time, the trace 〈T µµ〉 takes the following general form,
〈T µµ〉 = −aG+ bF + d✷R+ eB, (6.3.2)
where G = 1/4(ǫµνσρǫαβγδR
αβ
µν)
2 = (R˜µνλρ)
2 is the Euler topological number density, R is the
Riemann scalar curvature, F = CµνσρCµνσρ with Cµνσρ the Weyl tensor, which in a general
n-dimensional space-time can be expressed in terms of the Riemann curvature,
Cµνσρ = Rµνσρ − 2
n− 2 (gµσRνρ − gµρRνσ − gνσRρµ + gνρRσµ)
+
2
(n− 1)(n− 2) (gµσgνρ − gµρgνσ)R. (6.3.3)
The last term in (6.3.2) represents the contribution from other external background fields. For
example, in a background gauge field Aaµ, B = F
a
µνF
aµν [39]. The coefficients a and b in (6.3.2)
have an universal meaning and they have been calculated [41],
a =
1
360(4π)2
(
N0 + 11N1/2 + 62N1
)
,
b =
1
120(4π)2
(
N0 + 6N1/2 + 12N1
)
. (6.3.4)
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One can see that the coefficient b is just the central charge c given in (6.2.1). The coefficient d
has no universal meaning and its value can be defined at will by introducing a local counterterm
proportional to the integral R2, so it is renormalization scheme dependent coefficient.
A four-dimensional c-theorem was first attempted in the SU(Nc) gauge theory coupled to
Nf massless Dirac fermions in the fundamental representation by choosing the coefficient a of
the Euler number density to be the c-function [40]. If the flavour number Nf is sufficiently
small, the theory is asymptotically free and g = 0 is the UV fixed point. At g→0, the particle
spectrum contains N2c − 1 gauge bosons and NcNf fermions. In the low energy case, the theory
will be strongly coupled, g→∞ is the IR fixed point. The chiral symmetry SUL(Nf )×SUR(Nf )
breaks to SUV (Nf ) due to quark condensation, yielding N
2
f − 1 Goldstone bosons. Therefore,
at the UV fixed point
cUV = lim
g→0
c(g) =
1
360(4π)2
[
62(N2c − 1) + 11NcNf
]
, (6.3.5)
and at the IR fixed point
cIR = lim
g→∞
c(g) =
1
360(4π)2
(
N2f − 1
)
. (6.3.6)
(6.3.5) and (6.3.6) show that the requirement of a c-theorem, cUV − cIR > 0, is not satisfied
identically.
Later it was proposed by Osborn et al. [41] that one can directly choose a coefficient a
in the trace anomaly as a c-function even away from the fixed point and modify it to satisfy
the renormalization group flow equation. This scheme is an exact analogue of Zamolodchikov’s
procedure in two dimensions. This c-function can reduce to the coefficient a of the trace anomaly
when approaching the critical point [39]. However, the monotonically decrease of the c-function
along the trajectory of renormalization flow cannot be explicitly shown.
Another attempt was to define a c-function by using the spectral representation of the two-
point correlator of the energy-momentum tensor and constructing a reduced spectral density
for the spin-0 intermediate state [42]. The concrete steps are as follows. First work out the
spectral representation of two-point correlator of energy-momentum tensors in n-dimensional
(Euclidean) space-time,
〈Tµν(x)Tσρ(0)〉 = 〈Tµν(x)Tσρ(0)〉s=0 + 〈Tµν(x)Tσρ(0)〉s=2
= An
[∫ ∞
0
dµc(0)(µ)Π(0)µν,σρ(∂)G(x, µ) +
∫ ∞
0
dµc(2)(µ)Π(2)µν,σρ(∂)G(x, µ)
]
, (6.3.7)
where
An =
2πn/2
2n−1Γ(n/2)(n + 1)(n − 1)2 , (6.3.8)
and s = 0, 2 denotes spin.
G(x, µ) =
∫
dnx
(2π)n
eip·x
p2 + µ2
=
1
2π
(
µ
2π|x|
)(n−2)/2
K(n−2)/2(µ|x|) (6.3.9)
is the two-point correlator of the fields involved. Lorentz covariance and the conservation of the
energy-momentum tensor determine that there are only two possible Lorentz structures for the
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intermediate states: s = 0 and s = 2. The tensors Π
(s)
µν,σρ are, respectively,
Π(2)µν,σρ(∂) =
1
Γ(n− 1)
[
n− 1
2
(πµσπνρ + πµρπσν + πµνπρσ)− πµνπρσ
]
,
Π(0)µν,σρ(∂) =
1
Γ(n)
Πµνπσρ, πµν = ∂µ∂ν −✷δµν . (6.3.10)
Away from criticality, owing to the UV divergence, the spectral density must be scale depen-
dent, c(s)(µ) = c(µ)(µ,Λ). The analysis shows that the candidate for c-function should be the
“reduced” spin-0 spectral density [42], c(µ,Λ) = c(0)(µ,Λ)/µn−2, and this indeed satisfies
lim
Λ→0
c(µ,Λ) = (cUV − cIR)δ(µ)≡∆c(0)δ(µ). (6.3.11)
This c-function candidate indeed monotonically decreases along the trajectory of the renormal-
ization group flow from short distance to short distance and becomes stationary at the fixed
point, but its physical meaning at the fixed points is not clear. It has only been checked that in
free scalar and spinor field theories, c(µ,Λ) coincides with the coefficients a of the trace anomaly
(6.3.2).
The above attempts at establishing a four dimensional c-theorem imply that if the c-function
exists it will reduce to the coefficients a or b of the trace anomaly at the fixed points.
The new non-perturbative results make it possible to test a c-theorem in four-dimensional
supersymmetric gauge theory [45]. The introduction in Sects. 3.4, 4.1 and 4.2 shows that the
particle spectrum of N = 1 supersymmetric QCD in the IR region can be deduced, hence a
theorem can be explicitly checked for most of the ranges of Nf and Nc. The analysis supports
the existence of a four-dimensional c-theorem [45]. At the UV fixed point the theory is a free
theory with a particle spectrum composed of N2c − 1 vector supermultiplets and 2NfNc scalar
supermultiplets. Since for a free theory the c-function reduces to the sum of the central charges
carried by the free fields, one has in the UV fixed point
cUV = (N
2
c − 1)cV + 2NfNccS , (6.3.12)
where cS and cV are central charges corresponding to the scalar and vector supermultiplets.
At the IR fixed point, the low energy dynamics of the theory depends heavily on the relative
number of Nf and Nc and one must perform the analysis according to different values of Nf and
Nc. First, considering the Nf = 0 case, the low-energy pure supersymmetric Yang-Mills theory
is strongly coupled, the gluons and gluoninos condensate into massive colour singlets and hence
they develop a mass gap [51], so the IR theory contains only the vacuum state. Consequently,
cIR = 0. (6.3.13)
For 0 < Nf < Nc, the dynamically generated superpotential erases all the vacua and the
particle spectrum is not clear. For Nf = Nc, there exists a smooth moduli space described by
the expectation values of N2f meson supermultiplet operators M
i
j , the baryon B and antibaryon
superfield operators B˜ with the constraint (3.4.52), detM −BB˜ = Λ2Nc , so that at the IR fixed
point, there are N2f + 2 − 1 massless scalar superfields, since the quantum fluctuations must
satisfy the constraint. Thus we get
cIR = (N
2
f + 1)cS . (6.3.14)
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For Nf = Nc+1, the quantum moduli space has singularities associated with additional massless
particles. The maximum number of massless particles is at the origin of the moduli space, there
are N2f free massless mesons and 2Nf free massless baryons. Their contribution to the central
charge is
cIR = (N
2
f + 2Nf )cS . (6.3.15)
In the range Nc + 2≤Nf≤3/2Nc, the low energy theory is effectively described by a magnetic
SU(Nf −Nc) gauge theory with Nf magnetic quarks, Nf magnetic antiquarks and N2f mesons.
All these particles are free at the IR fixed point and hence the central charge is
cIR = [(Nf −Nc)2 − 1]cV + [2Nf (Nf −Nc) +N2f ]cS . (6.3.16)
In the range 3/2Nc≤Nf≤3Nc, the IR region is described by a superconformal field theory, and
can be parametrized equivalently by the magnetic or electric variables. However, both versions of
the theory are interacting theories, the one-loop results (6.3.2) and (6.3.4) for the trace anomaly
are not enough to extract the central charge cIR. A technique of computing exactly the trace
anomaly and hence cIR for these interacting superconformal field theories will be introduced in
next section. In the range Nf≥3Nc, the theory ceases to be asymptotically free, the particle
spectrum at the UV fixed point is not clear and hence the central charge at the UV fixed point
cannot be calculated. The above known central charges at the IR and UV fixed points all give
cUV − cIR > 0. (6.3.17)
This hints at the possible existence of a c-theorem for a supersymmetric gauge theory.
More explicit and concrete evidence for the existence of a four dimensional c-theorem was
provided by calculating exactly the renormalization group flows of the central charges of N = 1
supersymmetric QCD in the conformal window 3/2Nc≤Nf≤3Nc [36]. The explicit formula for
the flows of the trace anomaly coefficients were given. It was shown that the coefficient a
of the Euler number density in the trace anomaly (6.3.2) is always monotonically decreasing
aUV − aIR > 0. This is a strong support for the existence of a four-dimensional c-theorem in
N = 1 supersymmetric gauge theory. The following section will give a detailed introduction.
6.4 Non-perturbative central functions and their renormalization group flows
A quantitative investigation of the existence of a four dimensional c-theorem was made by work-
ing out the explicit non-perturbative formula for the renormalization group flow of the central
functions. The central functions are the central charges away from the conformal criticality [44].
If an asymptotic gauge theory has a non-trivial infrared fixed point, at which the theory be-
comes an interacting conformal field theory, then the quantum field theory away from criticality
can be regarded as a radiative interpolation between a pair of four dimensional conformal field
theories. To extract certain non-perturbative information about this quantum field theory, one
should first identify relevant physical quantities and observe their renormalization group flow
from the UV fixed points to the IR ones. As stated in previous sections, at the fixed points, the
c-functions coincide with the central charges. These central charges are the coefficients of the
leading terms in the operator product expansion of the various conserved quantities in the fixed
points. In the conformal window 3Nc/2 < Nf < 3Nc of N = 1 supersymmetric QCD, the NSVZ
β-function shows that the theory has a non-trivial IR fixed point, where the theory admits an
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equivalent dual magnetic description but with strong/weak coupling exchanged. In the follow-
ing, we shall review the derivation of the renormalization group flow of the non-perturbative
central functions associated with the various conserved quantities developed in Ref. [36]. The
explicit non-perturbative formula for the central functions shows that the appropriate candidate
for the c-function should depend on the coefficient of the Euler term in the trace anomaly.
In a supersymmetric gauge theory, several facts help to determine non-perturbatively the
renormalization group flow of the central functions. First, the energy-momentum tensor Tµν(x)
and the R0-current R0µ(x) lie in the same supermultiplet, so do the trace anomaly T
µ
µ and the
anomalous divergence of the R0-current, ∂µR
µ
0 . This fact makes the coefficients of the trace
anomaly and ∂µR
µ
0 relevant. Secondly, if one introduces external source fields for the flavour
current jµ(x) and the energy-momentum tensor Tµν(x), the trace anomaly has a close relation
with the two-point correlators 〈jµ(x)jν(y)〉 and 〈Tµν(x)Tλρ(y)〉 and their central charges. Finally,
the anomalous divergence of the R0-current can be exactly calculated at an infrared fixed point
through ’t Hooft anomaly matching. As shown in Eq. (6.1.10), the R0-current can be combined
with the Konishi current to an (internal) anomaly-free R-current, and the combination coefficient
of the Konishi current is just the numerator of the NSVZ β-function. Thus at the IR fixed point
the R0-current will coincide with the (internal) anomaly-free R-current, whereas the ’t Hooft
anomalies for this internal anomaly-free R-currents can be calculated in the whole energy range
from only the one-loop triangle diagram. Therefore, the ’t Hooft anomalies of the R0-current
can be exactly determined at the IR fixed point. In the UV region, g = 0 must be the UV fixed
point due to asymptotic freedom, so all the anomalies can be computed in the context of a free
field theory. We are going to show the non-perturbative derivation of the renormalization group
flow of the central functions.
TheN = 1 supersymmetric QCD has the anomaly-free global symmetry SUL(Nf )×SUR(Nf )
×UB(1)×UR(1). The fermionic parts of flavour currents corresponding to SUL(Nf )×SUR(Nf )
×UB(1) given in Sect. 3 are rewritten in four-component form [36],
jAµ =
1
2
ψγµ(1− γ5)tAψ, j˜Aµ =
1
2
ψ˜γµ(1− γ5)tAψ˜,
j5µ =
1
2Nc
(
ψγµγ5ψ − ψ˜γµγ5ψ˜
)
. (6.4.1)
If written in two-component form they are the θθ component of the current superfields Q†tAQ,
Q˜t
A
Q˜† and (Q†Q+ Q˜Q˜†), respectively; tA and t
A
being the generators of SU(Nf ) in the funda-
mental and conjugate fundamental representation. The anomaly-free R-symmetry current is the
combination (6.1.10) of the anomalous Konishi current and the R0-current, and the fermionic
parts of their four-component forms are
Kµ =
1
2
ψγµγ5ψ +
1
2
ψ˜γµγ5ψ˜, R0µ =
1
2
λ
a
γµγ5λ
a − 1
2
(
ψγµγ5ψ + ψ˜γµγ5ψ˜
)
. (6.4.2)
Note that in (6.4.1) and (6.4.2) the flavour and colour indices carried by the quarks are sup-
pressed.
Let jµ denote one of the flavour currents listed in (6.4.1). The conservation of the current,
the dimensional analysis and the renormalization effects restrain the two-point correlator of jµ
to be of the form
〈jµ(x)jν(y)〉 = 1
(2π)4
(
∂µ∂µ − ∂2δµν
) b[g(1/x)]
x4
. (6.4.3)
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Since jµ is conserved at quantum level, it has no anomalous dimension. As a consequence, the
Callan-Symanzik equation [
µ
∂
∂µ
+ β(g)
∂
∂g
]
〈jµ(x)jν(y)〉 = 0 (6.4.4)
and the β-function β[g(µ)] = µdg(µ)/dµ determine that the function b depends only on the
running coupling g(1/x). At the UV and IR fixed points of the renormalization group flow, gUV
and gIR, the following limits exist:
bUV ≡ lim
x→0
b[g(1/x)] = b[gUV ],
bIR ≡ lim
x→∞
b[g(1/x)] = b[gIR]. (6.4.5)
To determine the renormalization flow bUV − bIR, we first consider the correlation function
(6.4.3) to any order in perturbation theory, and then make reasonable arguments to extract
the all orders result. In perturbation theory, one unavoidable result is the emergence of UV
divergences. To regulate all the sub-divergences contained in b[g(1/x)], we first expand the
function b[g(1/x)] to any finite order of g,
b[g(1/x)] =
∑
n≥0
bn[g(µ)]t
n, t≡ ln(xµ), (6.4.6)
where bn[g(µ)] is a polynomial in g(µ). Evaluating Eq.(6.4.6) at x = 1/µ gives
b[g(µ)] = b0[g(µ)]. (6.4.7)
(6.4.3) and the Callan-Symanzik equation (6.4.4) yield
µ
∂b[g(1/x)]
∂µ
= 0,
β(g)
dbn(g)
dg
+ (n+ 1)bn+1(g) = 0,
bn+1(g) = − β(g)
n+ 1
dbn(g)
dg
. (6.4.8)
Eq.(6.4.8) shows that all bn(g) with n≥1 can be expressed in terms of β(g), b0(g) and its
derivatives. However, when inserting (6.4.6) into (6.4.3), one can easily see that at short distance
tn/x4 is too singular to have a Fourier transform in momentum space. This is actually the
reflection of the UV divergence in coordinate space. With a newly developed regularization
method in coordinate space called differential regularization [119], the overall divergence near
x = 0 can be regulated as follows [36, 44]:
[ln(xµ)]n
x4
= − n!
2n+1
∂2
n∑
k=0
2ktk+1
(k + 1)!x2
− anδ(4)(x). (6.4.9)
The fully regulated form factor of the correlator (6.4.3) thus becomes
b[g(1/x)]
x4
= −
∑
n
bn[g(µ)]
[
n!
2n+1
∂2
n∑
k=0
2ktk+1
(k + 1)!x2
+ anδ
(4)(x)
]
. (6.4.10)
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Consequently, the scale derivative of b[g(1/x)]/x4 can be written as the sum of the local contri-
bution of the k = 0 term plus a non-local term proportional to β(g) due to Eq. (6.4.8),
µ
∂
∂µ
b[g(1/x)]
x4
= 2π2b˜[g(µ)]δ(4)(x) + β[g(µ)]∂2
[
F (x)
x2
]
, (6.4.11)
where
b˜[g(µ)] =
∑
n
bn[g(µ)]
n!
2n
, (6.4.12)
and F (x) is the sum of all the terms with k≥1 in the scale derivative. In particular, with
Eq. (6.4.8), the scale derivative of b˜[g(µ)] yields a differential equation for b˜[g(µ)] [36],
β(g)
db˜(g)
dg
+ 2b˜(g) = 2b(g). (6.4.13)
Eq. (6.4.13) means that the functions b[g(µ)] and b˜[g(µ)] coincide at the fixed points of the
renormalization group flow. This result is an important step towards the non-perturbative
determination of the renormalization flow of the b-function. It should be emphasized that
Eqs. (6.4.8)—(6.4.13) were derived within perturbation theory, but they can be regarded as
non-perturbative results [36].
The function b˜[g(µ)] turns out to be the coefficient e of the external field part of the trace
anomaly (6.3.2). This can be easily shown by writing down the generating functional for the
current correlation function (6.4.3),
e−Γ[Bµ] =
∫
[dϕ]e−S[ϕ]+i
∫
d4xjµ(x)Bµ(x), (6.4.14)
where ϕ denotes all the fields appearing in the functional integral including the ghost fields
associated with gauge fixing. Bµ is the external field coupled to the flavour current jµ listed
in (6.4.1). Since the action of the scale derivative is equal to the insertion of the trace of the
energy-momentum tensor with zero momentum, i.e. the insertion of
∫
d4xT µµ [101],
∂αd
α = Tαα = β(g)
∂Γ
∂g
= µ
∂Γ
∂µ
, (6.4.15)
we have
µ
∂
∂µ
e−Γ =
∫
[dϕ]e−S[ϕ]+i
∫
d4xjµ(x)Bµ(x)
∫
d4z
[
−3Nc −Nf (1− γ)
32π2
(F aµν)
2 +
1
4
q(Bµν)
2
]
,
(6.4.16)
where the general from of the trace anomaly of N = 1 supersymmetric gauge theory plus an
external anomaly was used:
T µµ = −
3Nc −Nf (1− γ)
32π2
(F aµν)
2 +
1
4
q(Bµν)
2, (6.4.17)
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q being a coefficient needing to be determined. On the other hand, the scale derivative of the
flavour current correlator (6.4.3) gives
µ
∂
∂µ
〈jµ(x)jν(y)〉 = 〈jµ(x)jν(y)
∫
d4zθµµ(z)〉 = µ
∂
∂µ
[
δ
iδBµ(x)
δ
iδBν(y)
e−Γ
]
=
δ2
δBµ(x)δBν(y)
∫
[dϕ]e−S[ϕ]+i
∫
d4xjµ(x)Bµ(x)
∫
d4z
[
−3Nc −Nf (1− γ)
32π2
(F aµν)
2 +
1
4
q(Bµν)
2
]
= q(∂µ∂ν − δµν✷)δ(4)(x)− 3Nc −Nf (1− γ)
32π2
〈Jµ(x)Jν(y)
∫
d4z(F aµν)
2〉. (6.4.18)
Comparing the above equation with (6.4.11), one can immediately identify the coefficients of
their local terms up to contributions O(β[g(µ)]) which will vanish at the fixed points,
q =
1
8π2
b˜[g(µ)] +O(β[g(µ)]). (6.4.19)
The renormalization group flow of b˜[g(µ)], can be computed from the anomalous diver-
gence ∂µR
µ
0 , which lies in the same supermultiplet with the trace anomaly and hence their
coefficients should be identical. In particular, as shown in Eq. (6.1.10), the Rµ0 -current can be
combined with the Konishi current to form an (internal) anomaly-free R-current. The (exter-
nal) anomalous divergence 〈∂µRµ〉 can be calculated exactly from the one-loop triangle dia-
gram 〈Rµ(x)jν(y)jρ(z)〉. Note that ’t Hooft anomaly matching holds only for the correlator
〈Rµ(x)jν(y)jρ(z)〉, not for 〈R0µ(x)jν(y)jρ(z)〉 or 〈Kµ(x)jν(y)jρ(z)〉. This is because R0µ(x) and
Kµ(x) have internal anomalies, so in the higher order triangle diagrams, there will arise so-
called “rescattering graphs” [114] containing an internal triangle diagram in which the axial
vector current will communicate with a pair of gluons due to the internal anomaly coming from
the sub-fermionic triangle diagram. This will produce higher order non-local contributions to
the chiral anomaly. In view of this, the expectation values of the anomalous divergence of Rµ,
R0µ and Kµ in the presence of the external field Bµ coupled to the flavour current jµ are as the
following:
〈∂µRµ〉≡ 1
48π2
sBµνB˜µν ,
〈∂µR0µ〉 = − 1
48π2
b˜[g(µ)]BµνB˜µν + · · ·,
〈∂µKµ〉 = − 1
48π2
k˜[g(µ)]BµνB˜µν + · · ·. (6.4.20)
The omitted terms in 〈∂µR0µ〉 denote the non-local contributions proportional to the internal
anomaly β[g(µ)]Fµν F˜
µν . There is a similar non-local contribution to 〈∂µKµ〉, which will cancel
the corresponding terms of 〈∂µR0µ〉 in the linear combination (6.1.10) and leads to 〈∂µRµ〉. In
fact, these non-local contributions are irrelevant for the following analysis since their local terms
are of the order O (β[g(µ)]); The quantity s is a constant independent of the renormalization
scale.
The combination of (6.1.10) and (6.4.20) implies that the external anomaly coefficients satisfy
the relation
b˜[g(µ)] +
(
1− 3Nc
Nf
− γ[g(µ)]
)
k˜[g(µ)] = −s. (6.4.21)
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This relation holds along the whole trajectory of the renormalization group flow since s is
independent of the renormalization scale. For an asymptotically free supersymmetric gauge
theory, g = 0 is the UV fixed point and the anomalous dimension γ(gUV ) vanish at the UV
fixed point. Consequently, b˜UV and k˜UV can be calculated from the one-loop triangle diagrams
〈R0JJ〉 and 〈KJJ〉 in the context of a free field theory. The coincidence of Eq. (6.4.21) at scale
µ and in the UV limit gives
b˜[g(µ)] = bUV + γ[g(µ)]k˜UV −
(
1− 3Nc
Nf
− γ[g(µ)]
) (
b˜[g(µ)]− k˜UV
)
. (6.4.22)
As for the IR aspect, in the conformal window 3Nc/2 < Nf < 3Nc, the theory flows to a non-
trivial fixed point g⋆. The vanishing of the NSVZ β-function gives the exact infrared limit value
of the anomalous dimension,
γIR = 1− 3Nc
Nf
. (6.4.23)
Then, at the IR fixed point, Eq. (6.4.22) becomes:
bIR − bUV = γIRk˜UV . (6.4.24)
Furthermore, based on the observation that the gaugino does not contribute to the flavour
current correlator, and that the quark and antiquark contribution to the combination R0µ+Kµ
cancels, we obtain in the UV limit,
〈∂µR0µ〉+ 〈∂µKµ〉 = 0. (6.4.25)
This equation together with (6.4.20) yields
bUV = −k˜UV . (6.4.26)
The calculation of the one-loop 〈∂µRµ(x)j5ν (y)j5ρ(z)〉 gives bUV = 2Nf/Nc. (6.4.23), (6.4.24) and
(6.4.26) lead to bIR = 6. The total renormalization group flow of the central function b from
the UV limit to the IR fixed point is thus obtained,
bUV − bIR = 6
(
Nf
3Nc
− 1
)
. (6.4.27)
One can easily see that this flow is always negative in the whole conformal window, 3Nc/2 <
Nf < 3Nc, This contradicts the c-theorem and hence the b-function is excluded from being a
candidate for a c-function.
In the magnetic theory, the four-component form of the flavour currents corresponding to
the global symmetry SU(Nf )q×SU(Nf )q˜×UB(1)×UR(1) is
j˜Aqµ =
1
2
ψqγµ(1− γ5)tAψq, j˜Aq˜µ =
1
2
ψ˜q˜γµ(1− γ5)tAψ˜q˜
j˜5µ =
1
Nf −Nc
(
1
2
ψq˜γµγ5ψq˜ −
1
2
ψ˜q˜γµγ5ψ˜q˜
)
. (6.4.28)
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The anomaly-free magnetic R-current is given by the combination (6.1.15), where the four-
component form of the Konishi current and the original R-current are
Kµ = K
q
µ +K
M
µ ; K
q
µ =
1
2
ψqγµγ5ψq +
1
2
ψ˜q˜γµγ5ψ˜q˜,
KMµ =
1
2
ψMγµγ5ψM , R˜0µ =
1
2
λ
a
γµγ5λ
a −Kµ. (6.4.29)
The flavour interaction superpotential Wf = fqriMij q˜jr makes the analysis of the identification
of the external trace anomaly coefficient e with the central function b quite complicated, since
now b is a function of both g(1/x) and f(1/x). However, the same analysis as in the electric
theory shows that they indeed coincide at the fixed points [36].
The derivation of the renormalization group flow of the central function b˜ in the magnetic
flavour current correlator is similar to the electric theory, and the difference is only in the
Konishi current part. The combination (6.1.15) and the matrix elements of the external anomaly
equations
〈∂µR˜µ〉 = 1
48π2
s˜BµνB˜µν ,
〈∂µR˜0µ〉 = − 1
48π2
b˜[g(µ), f(µ)]BµνB˜µν + · · · ,
〈∂µKqµ〉 = −
1
48π2
k˜(q)[g(µ), f(µ)]BµνB˜µν + · · · ,
〈∂µKMµ 〉 = −
1
48π2
k˜M [g(µ), f(µ)]BµνB˜µν + · · · (6.4.30)
as well as the scale independence of s˜, lead to the relation
b˜ = b˜UV + γqk˜
(q)
UV + γM k˜
(M)
UV + (2γq + γM )
(
k˜(M) − k˜(M)UV
)
−
[
1− 3(Nf −Nc)
Nf
] (
k˜(q) − 2k˜(M) − k˜(q)UV + 2k˜(M)UV
)
, (6.4.31)
where, as in the case of the electric theory, a quantity with subscript UV means that it is
evaluated from the lowest order triangle diagrams at high energy, while the other quantities are
defined at an arbitrary renormalization scale µ.
At the IR fixed point, the vanishing of the β-functions for both the gauge magnetic coupling
and the Yukawa coupling gives
γIRq = −
1
2
γIRM = 1−
3(Nf −Nc)
Nf
. (6.4.32)
The above anomalous dimensions and the relation (6.4.31) lead to the renormalization group
flow
b˜IR − b˜UV = γIRq k˜(q)UV + γIRM k˜(M)UV . (6.4.33)
Eq. (6.4.33) is the non-perturbative formula for the flow of the central function of the flavour
currents in the magnetic theory. For the baryon number current listed in (6.4.28), the one-loop
triangle diagram 〈j˜5µjνjρ〉 and 〈∂µR˜0µ〉+ 〈∂µKµ〉 = 0 in the UV limit yield
b˜UV = −k˜(q)UV =
2Nc
Nf −Nc , k˜
(M)
UV = 0. (6.4.34)
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(6.4.33) and (6.4.34) determine that bIR = 6. Therefore, the flow of the central function of the
baryon number current is
b˜IR − b˜UV = 6
[
1− Nf
3(Nf −Nc)
]
= 2
2Nf − 3Nc
Nf −Nc . (6.4.35)
This flow is again positive throughout the whole conformal window of the magnetic theory,
3(Nf −Nc)/2 < Nf < 3(Nf −Nc) (i.e. 3Nc/2 < Nf < 3Nc). Moreover, the central functions in
the electric and magnetic theories have the same IR values, bIR = b˜IR = 6. The above results
are actually an inevitable outcome of the electric-magnetic duality in the conformal window.
They can be regarded as support for Seiberg’s electric-magnetic duality conjecture.
Having verified explicitly that the central functions of the flavour currents are not suitable
candidates for the c-function, we turn to the gravitational central functions [44]. These central
functions are contained in the operator product expansion of the energy-momentum tensor Tµν .
The conservation of Tµν implies that the two-point correlator of the energy-momentum tensor
should be of the form [44]:
〈Tµν(x)Tρσ(0)〉 = − 1
48π4
Πµνρσ
c[g(1/x)]
x4
+ πµνπρσ
f [ln(xµ), g(1/x)]
x4
, (6.4.36)
where πµν = ∂µ∂ν − δµν✷ and Πµνρσ is the transverse traceless spin 2 projective tensor, the
n = 4 case given in Eq. (6.3.10)
Πµνρσ = 2πµνπρσ − 3 (πµρπνσ + πµσπνρ) ,
Πµµρσ = Π
ρ
µνρ = 0, ∂
µΠµνρσ = ∂
νΠµνρσ = ∂
ρΠµνρσ = ∂
σΠµνρσ = 0. (6.4.37)
With a non-local redefinition [44]
Tµν = Tµν(x) + 1
3
1
✷
πµνT
ρ
ρ, (6.4.38)
one can get the two-point correlator of the energy-momentum tensor with an improved trace
property and a simple correlator:
〈Tµν(x)Tρσ(0)〉 = − 1
48π4
Πµνρσ
c[g(1/x)]
x4
. (6.4.39)
As for the flavour current, the central function c[g(1/x)] is connected to the coefficient of the
Weyl tensor part of the gravitational anomaly. For N = 1 supersymmetric QCD, we introduce
the background metric gµν(x) for the energy-momentum tensor Tµν(x) and the external U(1)
gauge field Vµ for the R0µ-current. According to the general form (6.3.2) of the trace anomaly
in the presence of external fields, the trace anomaly at the fixed point is
〈T µµ〉 =
c˜
16π2
CµνρσC
µνρσ − a
16π2
R˜µνρσR˜
µνρσ +
c˜
16π2
VµνV
µν , (6.4.40)
where Vµν = ∂µVν − ∂νVµ is the field strength of Vµ. The coefficients of (Cµνρσ)2 and (Vµν)2 are
identical since ∂µR0µ and the trace anomaly are in the same supermultiplet. The coefficient of
the Euler number density is an independent constant [39].
The renormalization group flow of the c-function and the a-function can be determined using
a similar technique as in the flavour current case. First, the c- and a-functions in the UV limit
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can be calculated in a free field theory due to the asymptotic freedom. In a free supersymmetric
gauge theory with Nv vector and Nχ chiral supermultiplets, the central function c at the UV
fixed point is given by (6.2.2) and the a-function is [39, 118],
aUV =
1
48
(9Nv +Nχ) . (6.4.41)
For N = 1 supersymmetric QCD, Nv = N
2
c − 1 and Nχ = 2NcNf . Off criticality there will arise
internal trace anomaly terms in 〈T µµ〉, but they are proportional to the β function for gauge
coupling, β[g(µ)], and hence give no contribution to the flow. The central charges thus depend
on the running gauge coupling, c = c[g(µ)], a = a[g(µ)]. The next step is still to resort to the
R0µ anomaly since the coefficient of the ∂
µR0µ is connected to the trace anomaly coefficient. In
particular, ∂µR0µ can be exactly evaluated in the IR region. In the presence of the background
gravitational field and the external gauge field coupled to the R0-current, the external field part
of the ∂µR0µ anomaly is of the following general form:
∂µR0µ = (uc+ va)R
µνρσR˜µνρσ + (rc+ sa)V
µν V˜µν , (6.4.42)
where u, v, r and t are universal (or model independent) coefficients, and they can be calculated
in the UV limit from free field theory due to asymptotic freedom. With the observation that
gauginos and quarks have opposite R-charges, +1 and −1, respectively ucUV +vaUV and rcUV +
saUV can be evaluated from the triangle diagrams 〈R0TT 〉 and 〈R0R0R0〉, respectively:
ucUV + vaUV =
3Nv −Nχ
24π2
,
rcUV + saUV =
27Nv −Nχ
24π2
. (6.4.43)
With the values of cUV and aUV given in (6.4.41), it can be easily found that
〈∂µ (√gR0µ)〉UV = cUV − aUV
24π2
RµνρσR˜µνρσ +
5aUV − 3cUV
9π2
V µν V˜µν . (6.4.44)
The same procedure as for deriving Eq. (6.4.19) shows that off criticality the coefficient
c˜[g(µ)] of (Wµνρσ)
2 and (Vµν)
2 in the trace anomaly (6.4.40) is related to the central function
c[g(µ)] as
c˜[g(µ)] = c[g(µ)] +O[β(g)]. (6.4.45)
So they coincide at the fixed points of the renormalization group flow. The anomaly coefficients
of the terms in ∂µR0µ appear as the combination c− a and 5a− 3c. The renormalization group
flow of c˜[g(µ)] − a[g(µ)] and 5a[g(µ)] − 3c˜[g(µ)] can be determined in the same way as deriving
Eq. (6.4.27). First, the triangle axial gravitational anomalies 〈RTT 〉, 〈R0TT 〉 and 〈KTT 〉 give
〈∂µ(√gRµ)〉 = 1
12π2
s1ǫ
µνλρRµνσδR
σδ
λρ,
〈∂µ(√gRµ0 )〉 =
1
12π2
(c˜[g(µ)] − a[g(µ)]) ǫµνλρRµνσδRσδλρ + · · ·,
〈∂µ(√gKµ)〉 = 1
12π2
k[g(µ)]ǫµνλρRµνσδR
σδ
λρ + · · ·, (6.4.46)
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where the omitted are the non-local O[β(g(µ))] terms coming from the internal anomaly. In the
UV limit, the quantities k[g(µ)] and c˜[g(µ)]−a[g(µ) can be calculated exactly from the one-loop
triangle diagrams, 〈R0TT 〉UV and 〈KTT 〉UV [36],
kUV = − 1
16
Nχ = −1
8
NfNc,
cUV − aUV = − 1
16
(
Nv − 1
3
Nχ
)
= − 1
16
(
N2c − 1−
2
3
NfNc
)
. (6.4.47)
The scale independence of s1 and the combination Eq. (6.1.10) lead to
c˜[g(µ)] − a[g(µ)] = cUV − aUV + 1
3
γ[g(µ)]kUV
−1
3
(
1− 3Nc
Nf
− γ[g(µ)]
)
(k[g(µ)] − kUV ) . (6.4.48)
The non-perturbative formula for 5a− 3c can be obtained from the triangle diagram 〈R0R0R0〉.
Eq. (6.4.2) shows that the fermionic part of the R0-current is contributed by the gaugino, the
left- and right-handed quarks, all of which are Majorana spinors, and these three contributions
have the same form Ψγµγ5Ψ/2. The amplitude of the triangle diagram formed by three identical
axial currents composed of Majorana spinors has a Bose symmetry. A calculation in the UV
limit yields [120]
∂
∂zρ
〈Jµ(x)Jν(y)Jρ(z)〉UV = − 1
12π2
ǫµνλρ
∂
∂xλ
∂
∂yρ
δ(4)(x− z)δ(4)(y − z)
≡ 16
9
Cµν(x, y, z),
Cµν(x, y, z) = Cνµ(y, x, z). (6.4.49)
With Eq.(6.4.49), rewriting the combination (6.1.10) as R0µ = Rµ+(γ−γIR)Kµ/3 and consider-
ing the various Bose symmetric contributions of gaugino and quarks to the anomalous divergence
of the triangle 〈R0R0R0〉, one can write down the following anomaly equations [36]:
∂
∂zρ
〈R0µ(x)R0ν(y)R0ρ(z)〉 = (5a [g(µ)] − 3c [g(µ)]) Cµν(x, y, z),
∂
∂zρ
〈Rµ(x)Rν(y)Rρ(z)〉 = s2Cµν(x, y, z),
∂
∂zρ
[〈Rµ(x)Rν(y)Kρ(z)〉 + 〈Kµ(x)Rν(y)Rρ(z)〉
+〈Rµ(x)Kν(y)Rρ(z)〉] = 3k1 [g(µ)] Cµν(x, y, z),
∂
∂zρ
[〈Rµ(x)Kν(y)Kρ(z)〉 + 〈Kµ(x)Kν(y)Sρ(z)〉
+〈Kµ(x)Rν(y)Kρ(z)〉] = 3k2 [g(µ)] Cµν(x, y, z),
∂
∂zρ
〈Kµ(x)Kν(y)Kρ(z)〉 = k3 [g(µ)] Cµν(x, y, z), (6.4.50)
where the coefficient s2 stays constant along the trajectory of the renormalization group flow
since the Rµ-current is internal anomaly-free. The above Bose symmetric anomaly equation and
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the combination (6.1.10) yield
5a− 3c = s2 + k1 (γ − γIR) + 1
3
(γ − γIR)2 k2 + 1
27
(γ − γIR)3 k3. (6.4.51)
In the UV limit, the coefficients of the triangle anomaly involved in (6.4.50) can be exactly
calculated in a free theory,
γUV = 0, k1UV =
9
16
Nχ
(
Nc
Nf
)2
, k2UV = − 9
16
Nχ
Nc
Nf
,
k3UV =
9
16
Nχ, Nχ = 2NfNc. (6.4.52)
Thus Eq. (6.4.52) becomes
5aUV − 3cUV = s2 − k1UV γIR + 1
3
γ2IRk2UV −
1
27
γ3IRk3UV . (6.4.53)
Eqs. (6.4.51) and (6.4.53) give
5a[g(µ)] − 3c[g(µ)] = 5aUV − 3cUV + h,
h≡γIRk1UV − 1
3
k2UV γ
2
IR +
1
27
k3UV γ
3
IR + k1 [g(µ)] (γ − γIR)
+
1
3
k2 [g(µ)] (γ − γIR)2 + 1
27
k3 [g(µ)] (γ − γIR)3 . (6.4.54)
With Eqs. (6.4.48) and (6.4.54), the non-perturbative formula for the central functions turns out
to be
c = cUV +
5
6
(γ − γIR) k [g(µ)] + 5
6
γIRkUV +
1
2
h,
a = aUV +
1
2
(γ − γIR) k [g(µ)] + 1
2
γIRkUV +
1
2
h. (6.4.55)
Evaluating c[g(µ)] and a[g(µ)] at the IR fixed point, we get the renormalization group flow of
the central charges,
cIR − cUV = 5
6
γIRkUV +
1
2
γIRk1UV − 1
6
γ2IRk2UV +
1
54
γ3IRk3UV
=
NcNf
48
γIR
9(Nc
Nf
)2
+ 3
Nc
Nf
− 4
 ,
aIR − aUV = 1
2
γIRkUV +
1
2
γIRk1UV − 1
6
γ2IRk2UV +
1
54
γ3IRk3UV
= −NcNf
48
γ2IR
(
2 + 3
Nc
Nf
)
. (6.4.56)
In deriving (6.4.56) we have used the values listed in (6.4.47) and (6.4.52).
In fact, the values of the central functions at both the UV and IR fixed points can be
calculated directly. Since the NSVZ β-function vanishes at the IR fixed point, the combination
(7.1.10) shows that R0µ and Rµ coincide at the IR fixed point. Because the anomaly-free Rµ
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has one-loop exact external anomalies and the coefficients are scale independent, the IR values
of the external Rµ anomaly coefficients must be equal to the UV ones. This fact means
∂
∂zρ
〈R0µ(x)R0ν(y)R0ρ(z)〉IR = ∂
∂zρ
〈Rµ(x)Rν(y)Rρ(z)〉IR
=
∂
∂zρ
〈Rµ(x)Rν(y)Rρ(z)〉UV . (6.4.57)
Using RUVµ = R0µ + (1 − 3Nc/Nf )Kµ with R0µ and Kµ given in (6.4.2) and considering the
relative contributions from the gaugino and quarks, one can find [36]
5aIR − 3cIR = 9
16
Nv −Nχ
(
Nc
Nf
)3 = 9
16
N2c − 1− 2NcNf
(
Nc
Nf
)3 . (6.4.58)
Calculating ∂/∂zρ〈Rµ(x)Rν(y)Rρ(z)〉 in the UV limit as in free field theory, we obtain:
5aUV − 3cUV = 9
16
(
N2c − 1−
2
27
NcNf
)
. (6.4.59)
Applying a similar procedure to the axial gravitational triangle diagram 〈TTR〉, we find:
cIR − aIR = 1
16
(
N2c − 1 + 2
)
=
1
16
(
N2c + 1
)
;
cUV − aUV = − 1
16
(
N2c − 1−
2
3
NfNc
)
. (6.4.60)
The values of the central functions at the fixed points are thus fixed:
cIR =
1
16
7(N2c − 1) − 9NcNf
(
Nc
Nf
)3
+ 5
 = 1
16
(
7N2c − 2− 9
N4c
N2f
)
,
aIR =
3
16
2(N2c − 1) − 3NcNf
(
Nc
Nf
)3
+ 1
 = 3
16
(
2N2c − 1− 3
N4c
N2f
)
;
cUV =
1
24
[
3(N2c − 1) + 2NfNc
]
, aUV =
1
48
[
9(N2c − 1) + 2NfNc
]
. (6.4.61)
It can be easily checked that the flow equation (6.4.56) is satisfied with the above explicit values
for the central charges. In a similar way, the flow of central charges in the dual magnetic theory
can be worked out:
c˜IR − c˜UV = 1
24
(
1− 3
2
Nc
Nf
)(
9
N3c
Nf
− 6N2c + 6N2f +NcNf
)
,
a˜IR − a˜UV = − 1
12
(
1− 3
2
Nc
Nf
)2 (
3N2c + 4NcNf + 3N
3
f
)
. (6.4.62)
The result given in Eqs. (6.4.56) and (6.4.62) shows that the flow of the c-function can be both
positive and negative. For example, in the electric theory, cIR − cUV is negative near the lower
edge of the conformal window, Nf∼3Nc/2, but positive near the upper edge, Nf∼3Nc, while
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in the magnetic theory cIR − cUV is positive in the entire conformal window. Thus there is no
c-theorem for this c-function in supersymmetric gauge theory. However, the flow of the central
charge function a always satisfies aIR−aUV < 0 for both the electric and magnetic theories in the
whole range of the conformal window. This fact seems to suggest the existence of an “a-theorem”,
i.e. a suitable c-function would be the coefficient of the Euler term of the trace anomaly. In
Sect. 6.3 we have already introduced the partial quantitative result obtained by Bastianelli that
both cIR − cUV and aIR − aUV are negative [45]. Now the explicit non-perturbative formula
shows that the c-theorem is only applicable to the a-function. This coincides with the initial
choice made by Cardy [40].
7 Concluding remarks
7.1 A brief history of electric-magnetic duality
The status of QCD as a true theory describing strong interaction has been generally accepted
for more than 20 years. Due to the property of asymptotic freedom, its predictions at small
distances such as deep inelastic scattering processes can be calculated and coincide with the
results of experimental tests. However, its description for the low energy dynamics of quarks
is not clear yet. It is well known that the remarkable strong interaction phenomena at low
energy are colour confinement and chiral symmetry breaking [121], but the mechanisms for both
of them are still not fully understood. Although some phenomenological models have been
proposed, the final truth should be determined by an exact solution of QCD. However, with the
present methods, it is impossible to find an exact quantum action of QCD since it is a highly
non-linear theory. Perturbative calculations become invalid at low-energy due to the strong
coupling. Therefore, understanding the non-perturbative dynamics of strong interaction theory
is a big problem awaiting to be solved.
Duality has provided a possibility to tackle this problem since it relates the strong coupling
in one theory to the weak coupling in another theory. The other feature of duality is that it
interchanges fundamental quanta in the theory with the solitons of its dual theory. It has long
been known that such a duality relation really occurs in two-dimensional relativistic quantum
field theories. Based on Skyrme’s conjecture, Coleman and Mandelstam found that the bosonic
sine-Gordon model is completely equivalent to the massive Thirring model [122, 123]. The strong
and weak coupling in these two theories are exchanged and the solitons of the sine-Gordon theory
corresponds to the fundamental fermions of the massive Thirring model.
The search for duality in four-dimensional gauge theory has a long history. It was noticed
early one, that classical electrodynamics, formulated in terms of field strengths, possesses an
electric-magnetic duality symmetry, if magnetic charges and currents are introduced as sources.
The quantum theory of magnetic charges was found by Dirac [124]. He found the famous
quantization condition ensuring the consistency of the quantum mechanics of a magnetically
charged particle moving in an electromagnetic field. This quantization condition implies that
the electric-magnetic duality, if it exists, exchanges strong and weak couplings.
However a consistent quantum field theory with magnetic monopoles was not found until
after more than 40 years. In 1974, ’t Hooft [65] and Polyakov [66] independently found finite
energy classical solutions in the Georgi-Glashow model and that they can be interpreted as
monopoles. At large distance, this classical solution behaves as a Dirac monopole. Furthermore,
another kind of soliton solutions carrying both electric charge and magnetic charge (dyon) was
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found by Julia and Zee [69]. In the Prasad-Sommerfield limit, the explicit analytic solutions for
the magnetic monopole and the dyon were worked out. In this limit the classical masses of the
magnetic monopole and dyon saturate the Bogomol’nyi bound and hence such monopole and
dyon solutions are called BPS solutions [74]. A comparison of the classical masses and charges of
the BPS monopoles with those of the fundamental quantum particles such as the massive gauge
bosons and Higgs particles produced by spontaneously symmetry breaking in the Georgi-Glashow
model [74] shows that the whole particle spectrum including the BPS magnetic monopoles is
invariant under electric-magnetic duality provided that the BPS monopoles are interchanged
with the massive gauge vector bosons [7]. This observation motivated the Montonen-Olive
duality conjecture that there should exist a dual description of the Georgi-Glashow model where
the elementary gauge particles should be BPS magnetic monopoles and they should form a
gauge triplet together with the photon, while the massive magnetic bosons should behave as
“electric monopoles”. This conjecture was further reinforced by the fact that two very different
calculations for the long-range force between the massive gauge bosons (done by computing the
lowest order Feynman diagrams contributed by photon and Higgs particle exchange [7]), and
that between the BPS magnetic monopoles ( a calculation due to Manton [125]) yielded identical
results. Later Witten considered the strong CP violation effects (i.e. including a θ-term) in the
Georgi-Glashow model and found that the θ-term shifts the allowed values of the electric charge
in the monopole sector [126]. As a consequence, Montonen-Olive duality was extended from
Z2 to SL(2, Z) duality since the θ-parameter and the coupling constant of the theory can be
combined into one complex parameter.
However, the Montonen-Olive conjecture suffers from several serious drawbacks. First, owing
to the Coleman-Weinberg mechanism [127], a non-zero scalar potential will be generated by
quantum corrections even if the classical potential vanishes, consequently, the classical mass
formula will be modified. Thus there is no reason to believe that the electric-magnetic duality
of the whole particle spectrum is not broken by radiative corrections through a renormalization
of the Bogomol’nyi bound. Secondly, it is well known that the massive gauge bosons have
spin one, while the magnetic monopoles are spherical symmetric solutions and should have spin
zero. Thus although the mass spectrum is invariant under duality, the quantum states and
quantum numbers in two dual theories do not match. In addition, there is the difficulty to test
this conjecture since the duality relates weak to strong coupling and we know very little about
solutions of four dimensional strongly coupled theory. Fortunately supersymmetry provides a
way to circumvent these problems.
The main physical motivation to introduce supersymmetry is to solve the gauge hierarchy
problem [128], To some extent, it prevents the generation of quantum corrections to the mass
terms and provides a naturalness to mass relations in quantum field theory. In (extended) su-
persymmetric gauge theories with central charges, the supersymmetry has another effect: the
Bogomol’nyi bound is a property of some representations of the supersymmetry algebra. Due
to the work of Witten and Olive [129], the physical meaning of the central charges was made
clear: they are precisely the electric and magnetic charges. Thus supersymmetry protects the
Bogomol’nyi bound against quantum corrections, guaranteeing that the bound is true both at
the classical and the quantum levels. The main reason for this is that the BPS mass formula is a
necessary condition for the existence of the short representations of the supersymmetry algebra.
A typical example with a non-vanishing central charge is N = 2 supersymmetric Yang-Mills
theory, which is obtained by the dimensional reduction of N = 1 supersymmetric Yang-Mills
theory in six dimensions and whose bosonic part is just the Georgi-Glashow model [130]. So
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the supersymmetric generalization of the BPS magnetic monopole and dyon solutions can be
naturally obtained. Observing the massive supermultiplets arising out of higgsing this model,
one can see that they are only four-fold degenerate and not sixteen-fold degenerate as usually
expected from the representation of supersymmetry algebra realized on massive particle states.
This fact indicates that the central charge of N = 2 supersymmetry saturates the bound. Nev-
ertheless, this also shows that the states in the short massive supermultiplet have spin 1/2 and
0, but not spin 1, or 1/2 and 1, but not 0. Thus N = 2 supersymmetric Yang-Mills theory is not
an appropriate theory admitting Montonen-Olive duality. This obstacle is surmounted in N = 4
supersymmetric Yang-Mills theory, which can be obtained through a dimensional reduction of
ten-dimensional N = 1 supersymmetric Yang-Mills theory [8]. This model also admits the Higgs
mechanism and has BPS monopole solutions. The massive vector multiplets naturally saturate
the Bogomol’nyi bound. However, in this model, thanks to the larger supersymmetry, the short
supermultiplet containing the BPS states and the one containing the massive vector bosons are
isomorphic, both of them have spin s = 0, 1/2 and 1 states. Further, the N = 4 theory pos-
sesses another remarkable feature: the β-function vanishes identically [105]. This means that
the gauge coupling is a genuine constant and does not run. This property not only makes the
relation between the couplings of the electric and magnetic theories generally valid, but also
present a first non-trivial superconformal field theory in four dimensions, since the trace of the
energy momentum tensor is measure of conformal symmetry and it is proportional to the β
function [22].
This is far from the end of the duality story. After more than a decade, Seiberg and Witten,
in two papers [1, 2] which already have become classical, based on the general form of the
low-energy Wilson effective action of N = 2 supersymmetric Yang-Mills theory [3], made the
conjecture that there exists an effective electric-magnetic duality inN = 2 supersymmetric Yang-
Mills theory. Further using this conjecture they determined the explicit instanton coefficients
appearing in the low-energy effective action and the whole structure of quantum vacua. The
results of Seiberg and Witten were supported by explicit instanton calculations and hence this
duality conjecture is convincing. As a consequence, Seiberg-Witten’s work set off a new upsurge
in the search for dualities in quantum field theory [131].
In addition, in an exciting development Seiberg found that if the numbers of colours and
flavours satisfy 3Nc/2 < Nf < 3Nc, the N = 1 supersymmetric SU(Nc) QCD has a definite
infrared fixed point, where the theory becomes an interacting superconformal field theory. A
duality also then arises in the IR fixed point. Moreover, a series of non-perturbative results
including those in SO(Nc) and Sp(2nc) gauge theories have been obtained [11, 14, 15, 16].
N = 1 supersymmetric theories have the possibility for practical physical applications after
breaking the supersymmetry. Therefore, a confirmation of N = 1 duality would be remarkably
significant.
7.2 Possible application of non-perturbative results and duality of N = 1
supersymmetric QCD to non-supersymmetric case
To conclude this report, we mention some possible physical applications of Seiberg’s N = 1
duality. A natural expectation is that we can get some understanding on the non-perturbative
aspects of ordinary QCD from the exact results of supersymmetric QCD deformed by breaking
the supersymmetry. It was first investigated in Ref. [132] how to extend Seiberg’s exact results
on supersymmetric QCD to nonsupersymmetric models by considering the effects of soft super-
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symmetry breaking terms. In the electric theory a soft breaking term is composed of the mass
terms of squark fields and the gaugino:
LSB = −m2Q(φ∗rQiφQri + φ∗rQ˜iφQ˜ri) +mgλ
aλa +m⋆gλ
a
λ
a
. (7.1)
This term can be rewritten in a superfield form:
LSB =
∫
d4θMQ(Q
†egVQ+ Q˜e−gV Q˜†)−
∫
d2θMgTr(W
αWα)
−
∫
d2θM∗gTr(W α˙W
α˙
), (7.2)
where MQ is a vector superfield whose D-component equals −m2Q and Mg (M∗g ) is a chiral
(anti-chiral) superfield whose F -component equals mg (m
∗
g). At the low energy, there are many
possible gauge invariant soft supersymmetry breaking terms that can be built from the meson
M and baryons, B and B˜. For the case Nf≤Nc + 1, the soft term (precisely speaking, the first
order expansion of soft supersymmetry breaking terms near the origin of moduli space) was
proposed to be [132],
LSB =
∫
d4θ
[
CMMQTr(M
†M) + CBMQ(B
†B + B˜†B˜) + CMM(M,B, B˜) + h.c.
]
−
[∫
d2θMg〈Tr (WαWα)〉+ h.c.
]
, (7.3)
where CM , CB and CM are normalization constant coefficients, M(M,B, B˜) is a function of
the composite chiral superfield and is invariant under the global symmetry SUL(Nf ) ×SUR(Nf )
×UB(1) ×UR(1). The expectation value 〈Tr (WαWα)〉 in (7.3) should be understood as a combi-
nation of the various chiral superfields appearing in the low energy effective Lagrangian which has
the same quantum numbers as Tr (WαWα). The rationale in introducing this soft breaking term
lies in that 〈S〉≡−〈Tr (WαWα)〉 exists in the low-energy effective Lagrangian of supersymmetric
gauge theory [98]. As pointed out in Ref. [132], the soft breaking terms in (7.3) are not the most
general terms that can be written down. There are term of higher order in the fields, suppressed
by powers of Λ, of the form Tr(M †M)2(n+1)/Λ2n, Tr(B†B)2(n+1)/Λ2n and Tr(B˜†B˜)2(n+1)/Λ2n.
However, (7.3) may be true near the origin of the moduli space 〈M〉 = 〈B〉 = 〈B˜〉 = 0, thus
the vacuum under consideration with the above soft breaking terms is the one near the origin
of the moduli space. For the range Nf≥Nc + 2, as seen in Sect. 4.1, the theory has a dual
description and the composite superfield is effectively replaced by the dual magnetic quarks.
Correspondingly, near the origin of the moduli space, 〈M〉 = 〈q〉 = 〈q˜〉 = 0, the soft breaking
term is
L˜SB = C˜Mm2MTr(φ†MφM ) + Cqm2q(φ†qφq + φ†q˜φq˜), (7.4)
where C˜M and Cq are normalization coefficients. With these soft breaking terms at the funda-
mental and composite field levels, it is found that in the case of Nf < Nc, the standard vacuum
of ordinary QCD with both confinement and chiral symmetry breaking can be obtained. How-
ever, when Nf≥Nc, some strange phenomena arise: there appear new vacua with spontaneously
broken baryon number for Nf = Nc and a vacuum state with unbroken chiral symmetry for
Nf > Nc, These exotic vacua contain massless composite fermions and especially, in some cases
229
dynamically generated gauge bosons. This indicates that it is not straightforward to obtain a
complete understanding of non-perturbative QCD starting from supersymmetric QCD. However
one encouraging result is that Seiberg’s electric-magnetic duality seems to persist in the presence
of small soft supersymmetry breaking.
In fact, due to the existence of the superpotentialW = qiM ij q˜j in the dual magnetic theory,
the Lagrangian (7.4) does not exhaust all the possible soft breaking terms. Another trilinear
interaction term (called A-term) is allowed by soft supersymmetry breaking [133]
L˜′SB = hφqiφ
i
Mjφ
j
q˜
, (7.5)
where the trilinear coupling h is introduced as a free parameter. Note that this A-term, like
the gaugino mass term, breaks the R-symmetry. The effects of (7.5) on the phases of the
range Nf≥Nc + 1, the vacuum structure and the fate of duality in the soft breaking N = 1
supersymmetric QCD was investigated in Refs. [134, 135]. With the inclusion of (7.5), the whole
scalar potential containing the soft breaking term is:
V (φq, φq˜, φM ) =
1
kT
Tr
(
φqφ
†
qφ
†
q˜
φq˜
)
+
1
kT
Tr
(
φqφMφ
†
Mφ
†
q + φ
†
q˜
φ†MφMφq˜
)
+
g˜2
2
(
Trφ†qT˜
aφq − Trφq˜T˜ aφ†q˜
)2
+m2qTr(φ
†
qφq) +m
2
q˜
Tr(φ†
q˜
φq˜)
+ m2MTr(φ
†
MφM )−
(
hTrφqiφ
i
Mjφ
j
q˜
+ h.c.
)
, (7.6)
where T˜ a is the generator of the magnetic gauge group SU(Nf − Nc) and g˜ is the gauge cou-
pling constant. The third term is the D-term of the magnetic gauge theory. kq, kM are the
normalization parameters for q, q˜ and M so that their kinetic terms (Ka¨hler potentials) take
the canonical form [132, 133]
K(q, q˜,M) = kqTr
(
q†eg˜V˜ q + q˜e−g˜V˜ q˜†
)
+ kM
(
M †M
)
. (7.7)
The phase structure can be revealed by analyzing the minimum of the above scalar potential.
With the assumption that h is real, the minimum of the potential can be obtained along the
diagonal direction
φrqi =
{
φq(i)δ
r
i i, r = 1, · · ·, Nf −Nc
0 i = Nf −Nc + 1, · · · , Nf , φ
r
q˜i
=
{
φq˜(i)δ
r
i i, r = 1, · · ·, Nf −Nc
0 i = Nf −Nc + 1, · · · , Nf ,
φiMj =
{
φM(i)δ
i
j, i, j = 1, · · ·, Nf −Nc
0 i, j = Nf −Nc + 1, · · · , Nf . (7.8)
It is found that the trilinear term plays an important role in the realization of the broken phase
and leads to a rich vacuum structure [134, 135].
• In the direction φq(i) = q and φq˜(i) = 0 (or φq(i) = 0 and φq˜(i) = q), the vacuum expectation
value 〈φM(i)〉 = 0. If m2q < 0 (or m2q˜ < 0), the scalar potential will be unbounded from
below [134] and the theory becomes unphysical. Ifm2q > 0 (orm
2
q˜
> 0), the scalar potential
has the minimum V = 0 at q = 0 and thus the theory is in the gauge and chiral symmetric
phase.
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• In the flat direction of the D-term, φq(i) = φq˜(i) = Xi. A broken phase arises when the
solution of the expectation value equation
G
[
〈φM(i)〉
]
=
(
2
kq
〈φM(i)〉 − h
)
f(〈φM(i)〉)−
2
kM
m2M 〈φM(i)〉 = 0 (7.9)
satisfies the following inequalities
f(〈φM(i)〉)≡
2
kq
〈φM(i)〉2 − 2h〈φM(i)〉+m2q +m2q˜≤0. (7.10)
Otherwise, the theory will be in a (gauge and chiral) symmetric phase. (7.9) requires that
the soft breaking parameters should satisfy
h2≥ 2
kq
(
m2q +m
2
q˜
)
, (7.11)
having then a non-trivial solution:
h−
√
h2 − 2(m2q +m2q˜)/kq
2/kq
≤〈φM(i)〉≤
h+
√
h2 − 2(m2q +m2q˜)/kq
2/kq
. (7.12)
The sufficient condition for the existence of a broken phase is that the local maximum
point of G
[
〈φM(i)〉
]
should be within the region (7.12) and further at that point the value
of of G
[
〈φM(i)〉
]
should not be negative. This requires
1
3
h2 +
2m2M
3kM
− 2
3
m2q +m
2
q˜
kq
3 − (m2M
kM
h
)2
≥0. (7.13)
Depending on the ratio ρ≡2m2M/(m2q + m2q˜)kq/kM , the phase structure in these D-flat
directions can present various patterns [134]. For example, in the phase diagram labelled
by (h2, (m2q +m
2
q˜
)/2), when ρ = 1, the theory has only a chiral symmetry breaking phase
and an unbroken phase if all m2q, m
2
q˜
and m2M are positive, whereas when ρ = 20, e.g., the
theory presents two unbroken phases and two kinds of broken chiral symmetry phases. In
addition, in this direction, if all m2q , m
2
q˜
and m2M are negative, the scalar potential is still
unbounded from below and hence the theory becomes unphysical.
We still use the ’t Hooft anomaly matching to check the survival of duality in the presence of
the trilinear term. Since the trilinear term violates the R-symmetry explicitly, it can be checked
that in the unbroken phase the ’t Hooft anomalies SUL(R)(Nf )
3 and SUL(R)(Nf )
2UB(1) still
match as in the supersymmetric limit. This seems to imply the existence of Seiberg’s duality
in this phase after soft supersymmetry breaking with the inclusion of the trilinear term. In the
broken phase, the situation will become complicated since a large symmetry breaking takes place.
However, there is a simple case where conclusions can be drawn. It should be first emphasized
that when adding the soft supersymmetry breaking terms we break the global flavour symmetry
SUL(Nf−Nc)×SUR(Nf−Nc) into SUL(Nf−Nc−1)×UL(1)×SUR(Nf−Nc)×UR(1) breaking
terms [133]. Assume that in the dual magnetic theory the first flavour has soft scalar masses mq1
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and mq˜1, different from the other Nf −1 flavours, mq and mq˜ and that only mq1 and mq˜1 satisfy
the conditions (7.12) and (7.13) for the broken phase. In this case only the vacuum expectation
values 〈φq(1)〉 = 〈φq˜(1)〉 = X1 and 〈φM(1)〉 do not vanish. Consequently, the following gauge
symmetry breaking occurs,
SU(Nf −Nc)−→SU(Nf −Nc − 1). (7.14)
Furthermore, the other Nf − 1 flavours of the dual magnetic quarks and (Nf − 1)2 singlet
fermion components ψM remain massless. Thus the resulting theory has the global symmetry
SUL(Nf − 1)×SUR(Nf − 1)×UB′(1), under which massless dual quarks, ψq, ψq˜ and the singlet
fermion ψM transform as (N f , 0, Nc/(Nf−Nc−1)), (0, Nf ,−Nc/(Nf−Nc−1)) and (Nf , N f , 0),
respectively.
Now let us consider the corresponding electric theory. The soft breaking Lagrangian consist-
ing only of the mass terms of squarks and gaugino is (7.1). If at the supersymmetry breaking
scale, the flavour symmetry is broken in the same way as in the magnetic theory, i.e. the re-
maining global flavour symmetry is SUL(Nf − 1)×SUR(Nf − 1), then nothing can prevent the
appearance of the superpotential W1 = M1Q
1·Q˜1. Consequently, a soft breaking term corre-
sponding to this superpotential can be added to (7.1). Especially, a B-term, −M2BQ1·Q˜1 can
also arise as a soft breaking term. Thus the (mass)2 matrix of the first flavour of squarks, φQ1
and φ
Q˜1
can be written as follows,
M211 =
(
m2Q1 +M
2
1 −M2B
−M2B m2Q˜1 +M
2
1
)
. (7.15)
If det(M211) > 0, the potential minimum corresponds to 〈φQ1〉 = 〈φQ˜1〉 = 0 and the gauge
symmetry SU(Nc) remains unbroken. In this case it can be checked that the ’t Hooft anoma-
lies SUL(R)(Nf − 1)3 and SUL(R)(Nf − 1)2UB(1) match with those in the magnetic theory,
SUL(R)(Nf − 1)3 and SUL(R)(Nf − 1)2UB′(1). This seems to suggest that the N = 1 duality
remains after supersymmetry breaking with a trilinear term even in the broken phase.
In the case that det(M211) < 0 and m
2
Q1 +m
2
Q˜1
+ 2M21 > 2|M2B |, the squarks φQ1 and φQ˜1
will acquire the vacuum expectation values and the gauge symmetry is broken to SU(Nc − 1).
This case seems to correspond to the dual magnetic theory with the scalar potential unbounded
from below and hence the duality disappears [134].
It was further shown that the trilinear soft breaking term plays an important role in de-
termining the vacuum structure in the cases Nf≤Nc + 1 [135]. In particular, for the range
Nf = Nc + 1, the trilinear term is just the flavour interaction among the scalar components of
the baryon and mesons,
L˜SB = h′φBiφiMjφjB . (7.16)
The chiral symmetry can be broken if |h′| is sufficiently large. This is completely different from
the case that the soft breaking Lagrangian is only composed of mass terms of superpartners[132,
133], where the chiral symmetry is always preserved for Nf = Nc + 1.
Overall, the duality should have physical applications in exploring non-perturbative dynam-
ics, but ahead of us there is still a long way to go.
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